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Abstract—This paper is focused on non-cooperative target
position estimation via the joint use of Two-Dimensional (2D)
hyperbolic and elliptic passive location techniques based on Time
Difference Of Arrival (TDOA) and Passive Coherent Locator
(PCL) measurements, respectively. A fusion strategy is laid down
at the signal processing level to obtain a reliable estimate of the
current target position. With reference to the scenario with a
single transmitter of opportunity, the mathematical model for
joint exploitation of TDOA and PCL strategies is formulated.
Then, the Cramer Rao Lower Bound (CRLB) for the cartesian
coordinates of the target is established and the theoretical
performance gains achievable over the localization technique
using only TDOA or PCL observations are assessed. Finally,
TDOA-PCL hybrid 2D localization algorithms are provided and
their performance in terms of Root Mean Square Error (RMSE)
is compared with the square root of the CRLB.

Keywords—Time Difference of Arrivals, Passive Coherent Loca-
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I. INTRODUCTION

A big challenge in modern localization systems is the
possibility to estimate the position of a non-cooperative target
via passive techniques [1]-[10]. These approaches are of great
strategic interest being able to operate without the availability
of a dedicated transmitter which is indeed mandatory in active
localization systems. The remarkable consequence is a signif-
icant reduction of the system cost as well as the possibility to
localize a target without being localized.

Due to the importance of the problem, numerous solutions
have been proposed in open literature mostly relying on
hyperbolic and elliptic positioning [11]-[16]. The former class
is based on Time Difference Of Arrival (TDOA) measurements
from signals transmitted by the target of interest (radar or
communication waveforms depending on the target’s mission)
and collected at the receiving nodes. The latter, usually referred
to in radar literature as a Passive Coherent Locator (PCL),
can be accomplished using bistatic target range measurements
obtained via signals transmitted by one/multiple illuminators
of opportunity [17, Chap. 11], reflected by the target, and
acquired by the passive receiver/receivers. Basically, each
measurement localizes the target over an ellipsoid and the
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intersection of multiple ellipsoids due to different transmitter-
receiver pairs enables target positioning. In this respect dif-
ferent transmitters of opportunity could be considered such as
frequency modulated radio [18], [19], digital audio broadcast
and digital video broadcast terrestrial [20]. Many prototypes,
possibly exploiting multiple transmitters [19], have been de-
veloped over the years [21] and their performance has been
assessed [22], [23] with reference to a multitude of applications
ranging form Air Traffic Control (ATC) to indoor surveillance
[24]-[26].

In open literature several algorithms have been proposed
to estimate the cartesian coordinates of the target with ref-
erence to TDOA or elliptic (in particular PCL) localization
approaches. Some examples are represented by the Least
Squares (LS) [27], the Constrained Least Squares (CLS) [11],
[27], the Two-Step Estimation (TSE) [28], and the Iterative
Constrained Least Squares (ICLS) algorithms. Furthermore, to
capitalize the benefits of the possible availability of TDOA
and PCL measurements, some fusion algorithms have been
developed to improve the estimation accuracy achieved using
only one of the aforementioned approaches [29].

However, it is worth pointing out that previous strategies
have been mainly focused on the independent operation of
each sub-system up to bistatic tracking of targets [29]; fusion
is then performed at the data processing level. In this respect
the present study is settled up before the tracking process, i.e.
when the measurements of TDOA and PCL are jointly used to
obtain an estimate of the target position which could be then
used for track update. Otherwise stated, fusion is performed
at signal processing level. Other studies on TDOA and PCL
fusion can be found in [30] and [31].

The paper is organized as follows. With reference to a
two-dimensional (2D) scenario' with a single transmitter of
opportunity, in Section II, the mathematical model for the joint
exploitation of TDOA and PCL observations is developed. In
Section III, the Cramer Rao Lower Bound (CRLB) for the
cartesian coordinates of the target is established and the per-
formance gains achievable over localization techniques using
only TDOA or PCL is assessed. In addition, a discussion on
the identifiability of the studied localization problem is carried
on. In Section IV, TDOA-PCL hybrid localization algorithms
are provided to estimate target position, whereas, in Section
V, their performance is assessed resorting to Monte-Carlo
simulations and considering as figure of merit the position Root
Mean Square Error (RMSE). Finally, in Section VI conclusions

'Note that, it is straightforward to generalize the developed approach to a
three-dimensional (3D) scenario.

Copyright (c) 2020 IEEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.



SUBMITTED TO IEEE TRANS. ON AEROSPACE AND ELECTRONIC SYSTEMS

are drawn and some future research is discussed.

NOTATION

We adopt the notation of using boldface for vectors a
(lower case), and matrices A (upper case). The n-th element
of a and the (n,m)-th entry of A are denoted by a, and
A,, n, respectively. The transpose operator is represented by
the symbol (-)T. I and O indicate respectively the identity
matrix and the matrix with zero entries (their size is determined
from the context). The trace operator is denoted by Tr(-)
and || - || indicates the Euclidean vector norm. E[-] stands for
statistical expectation whereas RY and RV*M are the sets of
N-dimensional vectors of real numbers and of N x M real
matrices, respectively. diag (a) indicates the diagonal matrix
whose ¢-th diagonal element is the i-th entry of a. Finally,
the curled inequality symbol > is used to denote generalized
matrix inequality: for any A € RV*N_ A = 0 means that A
is a positive semi-definite matrix.

II. PROBLEM FORMULATION AND SYSTEM MODEL

Let us consider a passive location system composed of N
sensor nodes each equipped with both a Time Of Arrival
(TOA) and a PCL receiver. Let

o s; = [z,,y:]" € R% i =1,...,N, the sensor nodes

positions;

o u=[re,y.]" €R? the target position;

o t = [act,yt]T € R? the transmitter of opportunity

position.

The vectors s; and ¢ are supposed perfectly known and the
TDOA measurements are computed with respect to a specific
sensor which, without loss of generality, is s;. Using the above
definitions, in the next 3 sub-sections the observation models
for TDOA, PCL, and hybrid TDOA/PCL are laid down.

A. TDOA System Model

Consider sensor 1 as reference node and denote by 7; the
TOA of the signal emitted by the target and received at the
i-th sensor node. TDOA measurements can be expressed as

i=2,...,N. (1)

Til = Ty — T1,

If c is the speed of light in the vacuum, equation (1) can be
rewritten in terms of range-difference measurements as

Ti1 =CTj1 = CT; —CT1 =T7; —11 = HSZ 7’U,|| — H81 7’U,||,
i=2,...,N.
(2)

Solving for ||s; — u|| and squaring both sides of (2), after
some algebraic manipulation, yields

1
(sl —st)utrar = 5 (Isell> = lsull> = r3) . 3)

Now, considering the noisy range-difference measurements

2
Ti1 = (r; + npoa,i) — (11 + n1DOA,1) = 741 + 0TDOA, i
. 4
i=2,...,N,
where dtpoa,i = (nTDOA,i — TDOA,1), ¢ = 2,..., N, with
Nntpoa,i» ¢ = 1,..., N, independent and identically distributed

(ii.d.) zero-mean Gaussian random variables with variance
0250a the true range-difference measurements can be ex-
pressed as

Ti1 = Ti1 — 0tpoAi, ¢ =2,...,N. (5)

Substituting (5) in (3) and ignoring the term 5%DOA,1‘ leads
to

(72 = sl + llsall?) + [(sT —

N | —

31T)7 771‘1} [Z] 6)
1=2,...,N,

which can be cast in compact form as

= (741 +71) OTDOA. i)

arpoa — Htpoab = Brpoadtpoa, @)
where 8 = [u”,r]" and
B~ sl +
1| 7510 — lIssll® + [|sall
atpoA = 5 : (8)
i — sl + sl
Sg — S{ ’Fgl
Sg — S’{ 7:31
Hpoa = — : : 9
(s% — slT) TN1
OTDOA, 2
0TDOA,3
OTDOA = : (10
dTDOA, N

Bipoa = diag ([fo1 + 71,731 +71,...,7n1+71]) . (11)

Finally, dtpoa € RV—=D*1 is a zero-mean Gaussian vector
with covariance matrix

Qrpor = E {‘STDOA‘S%JOA} = 0Fpoa [INfl + 1N711%—1] .
(12)

B. PCL System Model

Unlike TDOA, a conventional PCL system does not require
a reference sensor and, after classic PCL cross-correlation
based processing, the following N bistatic delay/range mea-
surements are available

ry =cry = [t —u||+||si —u||—L;, i=1,...,N, (13)
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where L; = ||s; — t||. Let us recast the previous equation
into an equivalent rather convenient representation for the
development of position estimation algorithms. Specifically,
starting from the bistatic ranges ry;, let us define the following
range-differences

Tl =T —rn = ||si—ul|—||si—u||-La, i=2,...,N,
(14)

where L;; = L; — L1, which can be rearranged as

||8i7’U,H:T'm'1 +Li1+HS1*u”7 112,,]\7 (15)

Squaring both sides of (15), after some algebraic manipula-
tion, yields

2 (SzT - S1T)U+2(7“tz'1 + L)

(16)
= llsill® = lls1l® = (rea + Lar)*,

i=2,...,N.
Now, considering the noisy bistatic range-difference mea-

surements

Tri1 = (rei + mpeLi) — (re1 + npeL,1) (17

:rti1+5PCL,i7 7;12,...,]\7,
where 5PCL,i = (nPCL,i — nPCL,l)’ 1= 2, ey N, and NpCL,i»
i =1,..., N, 1id. zero-mean Gaussian random variables with

variance oac , the true bistatic range-difference measurements
can be expressed as

i=2,...,N. (18)

Ttil = Ttil — 5PCL,1'7

Substituting (18) in (16) and ignoring the 5§CLJ term leads
to

1r,.
2 [(Ttil + L) — |lsil|* + HSlHQ}
- u 19
+ [(sf = s7) (Fir + Lir)] [7"1} (19
= [(Fti1 + L) + 1] dpcrs, ©=2,...,N.
As to the sensor 1
ri = [[t —ul[ + [[s1 — ul| — Ly, (20)
which can be rearranged as
[t —w| =ra + L1 — ||s1 — ul|. 21)

Squaring both sides of (21), after some algebraic manipula-
tion, yields

2 (51T - tT) u+2(rag +Li)r = (ra + Li1)2+||51||2_||t||2'
(22)

Again, since
T41 = T41 — MPCL,1, (23)

ignoring the n3¢ ; term, it follows that
1.
5 [+ L7 + s )2 = 18]

2
+[(t" —s]), — (Fu + L1)] m (24)
= (71 + L1) — r1] mpcr1-

The previous equations can be expressed in a compact
matrix form as

apcL, — HpcrL0 = Bpcrdper, (25)
where
(Fe1 + L1)22+ [s1]1? = [I£]?
(F21 + L21)2 — |ls21? + [|s1]?
arct = 5 (Fe31 + Lz1)” — [sa]* + [|s1]]? (26)

(Fenvt + Lnv1)? = [lsn )2 + [[s1]]?

(tT - S{) — (fﬂ + Ll)
55 — 31T) (Tt21 + La1)
Hypo = — | (83 =51)  (Fea1 + Lan) @7)

(sh —sT)  (Few1+ Ln1)

npCL,1
5PCL,2
1)
dpcp, = | “PCL3 (28)
5PCL,N

Bpcr = diag ([(F41 + L1) — 71, (Fr21 + La1)

- 29
+r1, ..., (Fenvt + Lvt) +71]) 29

and dpc. € RN*1 is a zero-mean Gaussian vector with
covariance matrix

QPCL =E {5PCL6§CL}

2 2 1T
— [ QUPCL ) —0peL N1 -
—OpcLlN-1 Opcp [INfl + 1N711N—1}

(30)

C. Hybrid TDOA/PCL System Model

Exploiting (7) and (25), the hybrid TDOA/PCL measure-
ment model? can be formulated as

apys — Huyp0 = BHYB(sHYBa (31)

where

2Note that, in this paper it is assumed an ideal detection process (Py = 1 and
Py, = 0 for all the sensors) and a perfect association between measurements
and corresponding targets.
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ana = | 5004 a2
H
Hyyp = { I;:Cﬂ ! (33)
B 0
Buys = [ o BPCJ ! (34)
0
dnys = LsTfCOLA} . (35)

Onys is a zero-mean Gaussian vector with covariance matrix

Quys = [QT(]))OA 0 ] :

QPCL (36)

I1I. CRLB

Applying Slepian-Bangs formula [32] to the the available
measurements (5), (18), and (23), the Fisher Information
Matrix (FIM) can be written as

opT
g o 2]
op”

=GT'Q'Gc
9z Dy Q G,
dy

J =

T=Te,Y=Ye

(37)
where Op/Ox (respectively Op/dy) denotes the column vector
containing the partial derivatives of the noise-free observations
with respect to the unknown parameter x (respectively ),

om o . . .
G = {5% ,5% , and @ is the covariance matrix
T=TerY=Ye

of the interference impairing the measurements. Precisely, for
the TDOA system, p; = ptpoas = ||si — u| — ||s1 —u
1=2,....N, Q= Qrpoas> and G = Gpoa defined as

[l

Groos. . = a,uTDOA,i _ (301 - ac) (301 - ac)
o O [si —ull  [ls1—ul” (38
1=2,...,N,
Groon . — Opmoord _— Wwi—y) . -y
dy [si —ul ~ lls1—ul” (39
1=2,...,N,

As to the PCL system, p1; = ppcL; = |[t—u|+]|s;i—u||— L,
i=1,...,N,and Q = O’%CLIN, and G = GypcL given by

OptpcL i (x —x) (25— ) )
GorpeL, = — = — — =1,...,N
PCL; 1,1 O Htqu Hsz 71](”, 2 ) )
(40)
OppcLi (v —y) (Wi—y) ,
Grer . = L= — , =1,...,N,
B

(41)
Finally, for the hybrid system the matrix G' assumes the
form

)

GPCL (42)

and Q@ = Qpyp. Additionally, in this case, the FIM can be
computed as

G
Guys = [ TDOA] .

Juys = Jpoa + JpcL. (43)

Notably, equation (43) implies that
Jivs = J1poa: (44)
Jive = JecLs (45)

which means that the benchmark performance (given by the
CRLB) of the hybrid TDOA/PCL system is better than or equal
to that achieved using the single TDOA or PCL strategy.

A. Identifiability of the Localization Problem

This subsection is devoted to the study of local identifiability
of the estimation problem associated with the hybrid system
based on TDOA and PCL measurements.

Before proceeding further, it is worth pointing out that
model identifiability is a necessary condition for any well-
posed estimation problem. In fact, the absence of such prop-
erty implies that at least two different source states produce
the same probability distributions of the observables making
impossible to learn the true state value’. When the afore-
mentioned property holds true within a neighborhood of a
given source state u°, the estimation problem is said local
identifiable around u° [33]. Evidently, local identifiability in
all the possible source states is a necessary condition for model
identifiability. The following proposition summarizes our main
result concerning the identifiability issue related to passive
hybrid localization problem.

Proposition 3.1: If there are at least three sensors, s1, So,
S3, such that:

e cach of the four sets {s1, s2, 83}, {81, 82, t}, {s2, s3,t},

{81, 83,t} comprises non-collinear points of the plane;

o there exists a pair of distinct sensors (s' s?) €

{s1, 82, 83}? so that the remaining sensor, s> say,
o is located outside the triangle defined by the points
t,s!,5%),
o belongs to the half plane induced by the straight
line passing through s' and s and containing ¢,

then the hybrid localization problem is locally identifiable for
all the possible target locations.
Proof: The proof is given in Appendix A. [ ]

IV. LOCALIZATION ALGORITHMS

The observation models for TDOA, PCL, and hybrid
TDOA/PCL, defined in (7), (25), and (31), respectively, can
be expressed in the following general form

31t is worth pointing out that, in some situations, an ambiguous measure
can be helpful to improve the quality of the overall positioning process when
data fusion with other sensors outputs is performed.
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a— HO=DBd=¢. (46)

Starting from (46) and assuming H full-rank, different
techniques can be employed to recover the unknown target
position. Here, the following four algorithms are considered:

e Least Squares (LS);

e Constrained Least Squares (CLS) [27];

e Two-Step Estimation (TSE) [28];

e Iterative Constrained Least Squares (ICLS);

A. LS Strategy
The estimator ELS of @ is given by

~ —1
O1s = arg min {||[HO — a|*} = (HTH) H%a. (47
Ocrs

B. CLS Strategy

Observing that the three components of the vector 6 are
functionally dependent, i.e.A r1 = ||ul|, it is of interest to
consider the CLS estimate O¢ps of 8 which is given by [27]

BcLs(\) = arg min {||H0 —al?®: 67Cco=0,r > O}
Ocrs

_ (HTH n )\*C) ' HTa,

(48)
where
1 0 O
C = lO 1 0] . (49)
0 0 -1
and \* € R is to be chosen among the roots of

T —~
O s(A)COcrs(A*) = 0 according to the procedure devel-
oped in [27]. It relies on the solution of a specific fourth order
polynomial equation.

C. TSE Strategy
Denoting by ¥ the covariance matrix of ¢, i.e.,

¥ —E [¢¢"| = BQB", (50)
the TSE procedure provides an iterative estimate of the

target position [28]. Specifically, assuming the knowledge of
Q, TSE first implements the following iterative procedure

E(Tgi _ {HT (‘I’(k))_l H} 71HT (‘Il(k))—l o

k=0,..., K,

(1)

where K is the maximum number of iterations},C v =
—(h—1

Q and \Il(k), k > 1, is estimated starting from 0§SE ) (i.e.,

using the third component for the computation of B). The

algorithm iteratively updates E(T’;)E until ||_(T];)E - E(TI;EI)H <

e, k=1,...,K, with ¢ > 0, or the maximum number of
iterations is reached.

The second step of TSE attempts to improve the estimation
accuracy exploiting the dependency among the components of
the vector @ starting from the error vector g defined as

g = Orse — GO, (52)
where
. —2 —2 —2 T
O1sg = [9T5E17 HTSEQa eTSEg} s (53)
0= [03.03", (54)
1 0
G = [0 1] , (55)
1 1

and Orsg is the final output of (51). Notice that, if g = 0
the position of the target is directly obtained at the first step.
However, errors inevitably affect O1sg which can be modeled
as

Orse = 0 +n, (56)

where n = [ny,n2,n3]7 are the estimation errors at the

first step. Substituting (56) in (52) and ignoring the terms n?,

n% n% the covariance matrix of the error vector g can be

approximated as [28]
Q=E[gg"| ~4DFD, (57)

where D = diag (5TSE) and F' is an approximation for the
covariance matrix of @rsg [28]

F (HT\I:—1H)_1 , (58)

with W the matrix obtained evaluating (50) in corre-
spondence of the last instance of (51). Modeling g as
a Gaussian random vector, the unconstrained Maximum
Likelihood Estimator (MLE) of 6, obtained minimizing

(éTSE - Ga) Q! (éTSE - Ga) is given by
6= (GTQ‘lG)il GTQ . (59)

Equation (59) gives the estimate related to the square value
of the = and y target coordinates, respectively. Hence, the
possible target locations are given by

T
p— -~ 2 ~
rse = UM L COE R R
k=1,....4.

Based on (2), (14), and (21), the final estimate (chosen
among the four candidates in (60)) is selected as the one which
gives the minimum square error xx, k = 1,...,4, defined as
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N
XTDOA,k = Z (IIsi — rsekll — ||s1 — Urse k]| — 771‘1)2 ;
i=2
k=1,... 4
(61)
for TDOA system,
xrecLk = | ([t — rse kel + |81 — Urse k|l — L1 — T41)
~ 2
+Z (Ilsi — wrsg,kll — ||s1 — Wrse k|l — Lin — 74i1) |
i—2
k=1, .4
(62)
for PCL system, and
XHYB,k = XTDOA,k + XpcLk, k=1,...,4 (63)

for hybrid TDOA/PCL system.

D. ICLS Strategy

This is a new iterative procedure which at each recursion
solves the problem

~(k —1/2 —1/2 |2
Oicis =g g min {H HO - (\Il(k)) a

Ocrs

0'co=0,r > o}

_ <HT (\I,Uc))*l H+ ﬁ;;c) - HT (\Iﬂ’“))fl a,

k=0,... K,
(64)

where K is the maximum number of iterations By € Ris

~(&)T
such that 0ycy (ﬁk)CGICLs (Bg) =0and 01CLS 3(B) = 0. The

iterative technique to find the position estimate is the same as
that in Section IV-C, with the initialization B®) = I and

the update B®), & > 1, obtamed starting from OICLS) The

(k) ~(k—1)

k)
algorithm iteratively updates GICLS until {|Oicrs — Grcrs

e, k = ., K, with ¢ > 0 or the maximum number of
iterations is reached. Note that, the second step of the TSE is
no longer required since the obtained solution directly fulfills
condition (52).

V. PERFORMANCE ASSESSMENT
The performance of the proposed hybrid TDOA/PCL sys-
tem is assessed in comparison with classic TDOA or PCL
techniques. To this end a 2D localization scenario with one
omnidirectional broadcast transmitter of opportunity and 4

receiving sensor nodes is considered. Specifically, as shown
in Figure 1, 3 sensor nodes are located at the vertices of an
equilateral triangle with side equal to 500 m, the reference
sensor is located at the origin of the system, and the transmitter
of opportunity is located on the bisector of the third quadrant
of the system 5 km far from the reference sensor. To show
the benefits of the proposed hybrid TDOA/PCL system, two
different analyses are conducted:

e CRLB maps, i.e., \/Tr(J_1

) with J the appropriate
FIM, for different values of orpoa and opcr;

e RMSE of the estimated target position using LS, CLS,
TSE, and ICLS algorithms for different values of orpoa
and o PCL-

1000

500 [-
500m e
ol

-500 - °
-1000 [

-1500 -

E
>-2000
-2500 [
5 km
-3000 -
-3500 [
4000 - : tranémlller of opportunity | |
receiving sensors
4500 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
-4500 -4000 -3500 -3000 -2500 -2000 -1500 -1000 -500 O 500 1000
x [m]
Figure 1. Geometric configuration of the sensor nodes and the transmitter

of opportunity.

A. CRLB Analysis

CRLB for TDOA, PCL, and hybrid TDOA/PCL systems
is compared for different values of orpoa and opcp. A grid
of 10 square km (with a resolution of 25 m) centered at the
reference sensor is considered and for each point CRLBs are
computed. Figures 2(a), 2(b), and 3 show the CRLB maps
obtained for orpoa = opc. = 3 m. The results highlight
that the CRLB for PCL is significantly smaller than the
CRLB for TDOA and the best performance is achieved jointly
exploiting both TDOA and PCL measurements. Furthermore,
given orpoa = 3 m and increasing opcr, the performance gap
between conventional PCL and hybrid TDOA/PCL becomes
larger and larger. This behaviour is shown in Figures 4(a)
and 4(b) where the CRLB maps for conventional PCL and
hybrid TDOA/PCL are evaluated considering orpoa = 3 m
and opc, = 30 m. The analysis herein conducted highlights
that the TDOA shows severe theoretical performance losses
with respect to both PCL and hybrid approaches. Therefore,
just the hybrid architecture and the standard PCL system are
considered in subsequent analysis in terms of RMSE.
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Figure 2. CRLB maps for TDOA (a) and PCL (b) systems considering
OTDOA = OpCcL = 3 M.

B. RMSE Analysis

Performance of PCL and hybrid TDOA/PCL systems are
compared considering as figure of merit the RMSE of the
estimated position using LS, CLS, TSE, and ICLS algorithms.
For each strategy the RMSE is evaluated resorting to Monte
Carlo simulation based on 10° independent trials. The true
position of the target is [z¢,y.] = b[cos(7/8),sin(7/8)] km
and different values of orpoa and opcr, are considered.

Figures 5 and 6 show the RMSE curves versus orpoa
assuming opc, = 5 m and 25 m, respectively. For both
study cases, results highlight that the LS algorithm achieves
the worst performance, whereas the TSE algorithm ensures
an RMSE almost overlapped with the corresponding CRLB.
Furthermore, Figure 5 highlights that the TSE algorithm for
hybrid TDOA/PCL uniformly outperforms all the PCL-based

y [km]

X [km]

Figure 3.
OpCL = 3 m.

CRLB for hybrid TDOA/PCL system considering orpoa =

competitors. As to the LS and CLS, there exists a threshold
for orpoa, 0tpoa say, such that the hybrid framework can
improve the PCL performance as long as orpoa < 0TpoA-
Nevertheless, the results of Figure 6 reveal that increasing
opcr, the joint exploitation of TDOA and PCL measurements
leads to more reliable estimates of the target position than
the conventional PCL strategy regardless of the considered
estimation algorithm. As to the ICLS, it shows performance
comparable with the TSE for the hybrid system, even if for
not all the considered orpoa Vvalues; in fact, in some cases, it
tends to have some performance losses with respect to both
the TSE and CLS techniques. Moreover, analyzing the curves
of subplots (b), the evidence is that when the ICLS is applied
to a PCL system only, it has poor performances, with RMSE
values close to those shown by the LS algorithm.

VI. CONCLUSIONS

A non-cooperative target position estimation technique
jointly exploiting hyperbolic and elliptic passive location mea-
surements has been proposed. Specifically, considering a pas-
sive sensor network where each node is equipped with a TDOA
and a PCL receiver within a scenario with single transmitter of
opportunity, the mathematical model for the joint exploitation
of TDOA and PCL observations has been formulated. Then,
CRLBs for TDOA, PCL and hybrid TDOA/PCL localization
have been given together with some estimation algorithms for
the cartesian coordinates of the target. At the analysis stage,
results have shown the performance gains achievable using the
proposed hybrid localization framework over classic TDOA or
PCL systems.

Possible future researches might concern the study of the im-
pact of a non-ideal detection process (Py < 1 and P, > 0) as
well as the development of appropriate techniques to overcome
this drawback, the definition of advanced association strategies,
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Figure 4. CRLB maps for PCL (a) and hybrid TDOA/PCL (b) systems
considering orposa = 3 m and opcr, = 30 m.

and the design of algorithms for sensors deployment optimiza-
tion. It is also worth to consider TDOA and PCL receivers not
necessarily co-located as well as the design of robust strategies
accounting for some uncertainty in the position of the receiving
sensor nodes. Moreover, the effect of jamming on localization
performance could be also studied [34]. Finally, it would be
definitely interesting to assess the performance of the hybrid
localization algorithms in the presence of real measured data.
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APPENDIX

A. Proof of Proposition 3.1

Before proceeding with the proof of the proposition, some
relevant and useful results available in the open literature are
now reported [33].

Let us consider a random vector  in R%, whose prob-
ability density function (pdf) belongs to a family of func-
tions parametrized by vector a u € RM . Precisely, at each
u e A CRM, with A the source state space, it is associated
a continuous pdf f(x;u).

Definition A.1: A parameter point u’ € A is said to be
locally identifiable if there exists an open neighborhood Jq0
of u® containing no other u in Jq,0 NA which is observationally
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equivalent* to u® [33].

The following lemma summarizes the main technical result
concerning the local identifiability issue related to an estima-
tion problem [33], [35].

Lemma A.2: Let u® be a regular point® of the FIM J(u).
Then, u® is locally identifiable if and only if J(u") is non
singular [33, Theorem 1].

From Lemma A.2, being the FIM in (37) a continuous
function in R? apart from the closed set {t,sy,...,sn}, it

4Two parameter points (structures) u' and w? are said to be observationally
equivalent if f(xz,u') = f(x,u?) for all 2 in RE [33].

SLet M (u) be a matrix whose elements are continuous functions of u
everywhere in A (open set in RM). The point u® € A is said to be a regular
point of the matrix if there exists an open neighborhood of u° in which M (w)
has constant rank [33].

can be claimed that a sufficient condition to ensure the local
identifiability of the considered localization problem is that the
FIM in (37) is invertible, i.e.,

—1
det (J) = det (GIT-;YB |:QT(]))OA (_)1 :| GHYB) > 0. (65)
PCL

Therefore, the local identifiability of the localization problem
can be studied by means of the rank of the matrix

Rank (PTP) = Rank (P) = Rank (Qfl/QGHYB)
= Rank (GHYB) s

(66)

where
—1/2
_ TDOA
P = 0 —1/2 GHYB .
PCL

From (42) and (66), it follows that (for any point where
the FIM is well-defined) if at least one between Gpcp and
Gtpoa is rank-2 then Guyg is full-rank too and local iden-
tifiability holds true. In the following, to avoid redundancies,
the identifibility study is conducted with reference to the PCL
system, whereas the final result is directly given for the TDOA
counterpart without any explicit proof.

To proceed further, let us observe that the identifiability issue
of a PCL system with N sensors, corresponding to a matrix
Gpcr of size N x 2 matrix, can be carried out analyzing
all the sensing configurations composed of a transmitter of
opportunity and all the possible different pairs of sensors. To
this end, note that if for a specific point in R? it can be ensured
the existence of a PCL system with 2 sensors for which the
resulting matrix G'pcp, is rank-2, then the problem is locally
identifiable in that specific point. Indeed, the above condition
guarantees that there exists a neighborhood of that point such
that the overall system of equations associated with the PCL-
based localization problem at hand admits a unique solution.

1) Rank of Gpcr for a configuration with 2 sensors: the
considered configuration comprises a transmitter of opportu-
nity, ¢, and two sensors, s; and so, with {¢,s1,s2} non-
collinear. Moreover, without loss of generality, let us assume
that s; = [0,0]7, i.e., s; is located at the center of the
reference system.

Based om previous considerations, the goal is to study the
rank of the matrix

u t—u U — So t—u

GreL = (67)

lul It =l flu—sf [t —ul
for all the target positions different from s1, so and t. To this
end, two distinct conditions (associated to the target location)
are considered and analyzed in the following: the former
assumes that w is such that ﬁ and ﬁ are linearly
dependent (Case A); the latter comprises the location points
for which % and 2=52_ are linearly independent (Case B).

K IIUfszHu <
. _u —S» :
o (CaseA:If ] and Tu—s.] are linearly dependent, then
= A (68)
full " llu— s

with A = =1, since they are unitary norm vectors.
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In this situation, the following two sub-cases can be
distinguished:
[A.1]: for A = 1, it immediately follows that
Rank (Gpcr) = 1; such condition corresponds to
the point of R?

1
UZWSQ = U = (S, (69)

lluell

with « < 0 or a > 1.

[A.2]: for A = —1, the matrix G'pcy, reduces to
t—u u t—u
GpoL= |7 — 70—, — 70—
H I t=ul” Jul =l

Now, note that the target locations u fulfilling (68)
with A = —1 describe the line segment connecting
s1 and s,. Being, by assumption, s;, s2, and ¢
not-aligned, then ¢ — w and w are not-aligned and
in this case Gpcr. has rank-2.

e Case B: If HgH and Hg g 7 are linearly independent,
then applying Lemma A.4 with a = ﬁ and b =
H;’ffis“, the matrix G' has rank 1 if and only 1f u||
belongs to the straight line passing through ﬁ and

u_s . . . . L.
m. This is possible if and only if:
[B.1]: the point (t — u)/||t — wu]| is equal to the first
extreme u/||ul|. As a consequence
[l2e]]
] ¢ )
L Tl
It—uj
with 0 < o < 1.
[B.2]: the point (t —u)/||t — u]| is equal to the second
extreme (u — S2)/||lu — s2||. As a consequence
I[t—u|
- 1 [u=52]
B t—u] it—w|| (71)
Thjumsr  1F s,

= u = at + fss,

with0 < a<land a+ (8 =1.

Summarizing, in Figure 7, the points in the 2D space
where the PCL system is non identifiable are shown for a
configuration with 2 sensors and a transmitter of opportunity.

Remark A.3: Let us now focus on a PCL system with a
transmitter of opportunity and 3 receiving sensors assuming
that a third sensor s3 is added to the sensing configuration
of Figure 7; in particular, the points £, s1, S2, s3 are supposed
triple by triple not-aligned. Now, if s3 is placed outside the
triangle defined by the points {¢, s, s2} and s3 belongs to
the half plane induced by the straight line passing through
s; and so and containing ¢, then it is always possible to
find a configuration made by the transmitter and 2 appropriate
sensors such that the problem is locally identifiable also along
the (previously non-identifiable) line segments departing from
the remaining sensor (but for the point ¢). As a result, the only
point for a PCL system with a transmitter of opportunity and 3
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caseA.1l
caseB.2

caseB.1

S2

S1

caseA.l

Figure 7. Geometric representation of the region of locally identifiable states
for the PCL system in the 2D space and a configuration with a transmitter of
opportunity and 2 receiving sensors (not-aligned).

receiving sensors deployed in such a way where identifiability
can not be claimed is just the transmitter location.

Concluding, it can be claimed that sufficient condition to
ensure the local identifiability for the PCL system, except for
the transmitter location, is to deploy three sensors according
to the configuration depicted in Remark A.3.

2) Rank of Grpoa for a configuration with 3 sensors:
the feasibility study for the TDOA system is similar to that
described for the PCL. Precisely, 3 not-aligned sensors ensure
the identifiability of the location problem for all the points
except for those on the straight lines passing through each
pair of sensors and external to the segments connecting them,
i.e. (assuming s; = [0, 0]7),

[C.1]: u =83+ a(s; — s2), withaw < 0 or a > 1.
[C2]: uw = asy, with a <0 or o > 1.
[C3]: uw=asz, with a <0 or o > 1.

In Figure 8, the points where TDOA is non identifiable in
a 2D space for a configuration with 3 not-aligned sensors is
pictorially represented. Hence, a sufficient condition for the
local identifiability of a PCL system is to place a fourth sensor
inside the triangle defined by {s1, s2, s3}.

3) Rank of G for a hybrid system: to evaluate the rank
of Gyyp for the general hybrid system, the results obtained
for isolated PCL and TDOA can be invoked. Precisely, from
Remark A.3 it follows that the PCL with one transmitter and 3
sensors triple by triple not-aligned and deployed according to
the strategy given in Remark A.3 ensures the local identifia-
bility in R? except for the transmitter location; however, the 3
not-aligned receiving TDOA sensor configuration ensures the
identifiability at the PCL-transmitter location and the proof of
the proposition is completed.

B. Lemma on Linear Dependence of Vectors

Lemma A.4: Let a and b two linearly independent vectors
€ R2. Then, (a—c) and (b— c) are linearly dependent if and



SUBMITTED TO IEEE TRANS. ON AEROSPACE AND ELECTRONIC SYSTEMS

case C.2

\ caseC.3
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Figure 8. Geometric representation of the region of locally identifiable states
for the TDOA system in a 2D space and a configuration with 3 not-aligned
Sensors.

only if ¢ is a point on the straight line passing through a and
b.

Proof: The vectors (a — ¢) and (b — ¢) are linearly
dependent if and only if 3 (ay,a2) # (0,0) such that the
linear combination aq(a — ¢) + az2(b — ¢) = 0. The latter
condition is equivalent to

c=a +b<1 a1+a2)b+ﬁ(a b). (72)
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