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�:H�FRQVLGHU�D�UDQGRP�WULDO�EDVHG�WHOHJUDSK�SURFHVV��ZKLFK�GHVFULEHV�D�PRWLRQ�RQ�WKH
�UHDO�OLQH�ZLWK�WZR�FRQVWDQW�YHORFLWLHV�DORQJ�RSSRVLWH�GLUHFWLRQV��$W�HDFK�HSRFK�RI�WKH
�XQGHUO\LQJ�FRXQWLQJ�SURFHVV�WKH�QHZ�YHORFLW\�LV�GHWHUPLQHG�E\�WKH�RXWFRPH�RI�D�UDQGRP
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�PRYLQJ�SDUWLFOH��:H�ILQDOO\�GLVFXVV�WZR�FDVHV�RI�LQWHUHVW���L��WKH�FDVH�RI�%HUQRXOOL�WULDOV

�DQG�LQWHUWLPHV�KDYLQJ�H[SRQHQWLDO�GLVWULEXWLRQV�ZLWK�OLQHDU�UDWHV��LQ�ZKLFK��LQWHUHVWLQJO\�
�WKH�SURFHVV�H[KLELWV�D�ORJLVWLF�VWDWLRQDU\�GHQVLW\�ZLWK�QRQ]HUR�PHDQ���DQG��LL��WKH�FDVH
�RI�3µO\D�WULDOV�DQG�LQWHUWLPHV�KDYLQJ�ILUVW�JDPPD�DQG�WKHQ�H[SRQHQWLDO�GLVWULEXWLRQV�ZLWK
�FRQVWDQW�UDWHV�

�.H\ZRUGV��7HOHJUDSK�SURFHVV��UDQGRP�LQWHUWLPH��UDQGRP�YHORFLW\��%HUQRXOOL�VFKHPH�
�3µO\D�XUQ�PRGHO��ORJLVWLF�VWDWLRQDU\�GHQVLW\

������0DWKHPDWLFV�6XEMHFW�&ODVVLILFDWLRQ��3ULPDU\���.��
�6HFRQGDU\���.��

����,QWURGXFWLRQ

�6LQFH�WKH�����V�VHYHUDO�DXWKRUV�KDYH�LQYHVWLJDWHG�WKH��LQWHJUDWHG��WHOHJUDSK�SURFHVV�DV�D
�UHDOLVWLF�PRGHO�RI�UDQGRP�PRWLRQ��VHH�>�@��>�����DQG�>��@���6XFK�D�SURFHVV�GHVFULEHV�WKH�PRWLRQ
�RI�D�SDUWLFOH�RQ�WKH�UHDO�OLQH�FKDUDFWHUL]HG�E\�D�FRQVWDQW�VSHHG��WKH�GLUHFWLRQ�EHLQJ�UHYHUVHG
�DW�WKH�UDQGRP�HSRFKV�RI�D�3RLVVRQ�SURFHVV��7KH�SUREDELOLW\�GHQVLW\�RI�WKH�SDUWLFOH
V�SRVLWLRQ
�VDWLVILHV�D�K\SHUEROLF�GLIIHUHQWLDO�HTXDWLRQ��ZKRVH�SUREDELOLVWLF�SURSHUWLHV�KDYH�EHHQ�VWXGLHG
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�FRQVHFXWLYH�FKDQJHV�RI�GLUHFWLRQ�DUH�FKDUDFWHUL]HG�E\�D�YDULHW\�RI�GLVWULEXWLRQV��:H�UHFDOO�WKH
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�GLVWULEXWLRQ�ZLWK�OLQHDUO\�LQFUHDVLQJ�UDWH��VHH�>��@���0RUHRYHU��D�JHQHUDOL]HG�WHOHJUDSK�SURFHVV
�JRYHUQHG�E\�DQ�DOWHUQDWLQJ�UHQHZDO�SURFHVV�ZDV�VWXGLHG�E\�=DFNV�>��@��ZKHUHDV�,DFXV�>��@�JDYH
�D�UDUH�H[DPSOH�ZKHUH�DQ�H[SOLFLW�SUREDELOLW\�ODZ�LV�REWDLQHG�IRU�DQ�LQKRPRJHQHRXV�WHOHJUDSK
�SURFHVV�

�,Q�WKLV�SDSHU�ZH�DLP�WR�VWXG\�WKH�WHOHJUDSK�PRGHO�VXEMHFW�WR�D�IXUWKHU�VRXUFH�RI�UDQGRPQHVV�

�E\�DVVXPLQJ�WKDW�WKH�YHORFLW\�RI�WKH�PRYLQJ�SDUWLFOH�LV�GULYHQ�E\�UDQGRP�WULDOV��6SHFLILFDOO\��ZH
�GHDO�ZLWK�D�WZR�YHORFLW\�UDQGRP�PRWLRQ�RQ�WKH�UHDO�OLQH�ZKHUH��GLIIHUHQWO\�IURP�WKH�FODVVLFDO
�WHOHJUDSK�SURFHVV�ZKRVH�SRVLWLYH�DQG�QHJDWLYH�YHORFLWLHV�DUH�DOWHUQDWLQJ��DW�HDFK�WLPH�HSRFK�WKH
�QHZ�YHORFLW\�LV�GHWHUPLQHG�E\�WKH�RXWFRPH�RI�D�UDQGRP�WULDO��7KH�ODWWHU�IROORZV�RQH�RXW�RI�WZR
�VFKHPHV��WKH�%HUQRXOOL�VFKHPH���ZKLFK�DFWV�ZLWK�LQGHSHQGHQFH��DQG�WKH�FODVVLFDO�3µO\D�VFKHPH
��FI��>��@�DQG�>��@���ZKHUH�WKH�RXWFRPH�RI�HDFK�WULDO�GHSHQGV�RQ�WKH�RXWFRPHV�RI�WKH�SUHYLRXV
�WULDOV��:H�QRWH�WKDW�WKH�LQFOXVLRQ�RI�UDQGRP�WULDOV�LQ�ILQLWH��YHORFLW\�UDQGRP�HYROXWLRQV�DOORZV�XV
�WR�GHVFULEH�VRPH�UHDO�VLWXDWLRQV�RI�LQWHUHVW��VXFK�DV�WKH�PRWLRQV�RI�SDUWLFOHV�VXEMHFW�WR�FROOLVLRQV�

�ZKRVH�HIIHFWV�PD\�SURGXFH�GLUHFWLRQ�FKDQJHV�
�6RPH�QRYHOWLHV�ZLWK�UHVSHFW�WR�YDULRXV�ILQLWH�YHORFLW\�UDQGRP�PRWLRQV�DUH�PHQWLRQHG�LQ

�6HFWLRQ����ZLWK�VSHFLDO�UHIHUHQFH�WR�PRGHOV�ZLWK�UDQGRP�YHORFLWLHV��:H�UHFDOO�WKDW�LQYHVWLJDWLRQV
�RQ�WKH�WHOHJUDSK�SURFHVV�ZLWK�UDQGRP�YHORFLWLHV�KDYH�EHHQ�SHUIRUPHG�UHFHQWO\�E\�6WDGMH�DQG
�=DFNV�>��@�DQG�'H�*UHJRULR�>��@��0RUHRYHU��VRPH�UHFHQW�FRQWULEXWLRQV�RQ�PXOWLGLPHQVLRQDO
�PRWLRQV�FKDUDFWHUL]HG�E\�D�ILQLWH�VSHHG�DQG�UDQGRPO\�GLVWULEXWHG�GLUHFWLRQV�DUH�JLYHQ�LQ�'H
�*UHJRULR�>��@�DQG�'H�*UHJRULR�DQG�2UVLQJKHU�>��@�

�7KH�SDSHU�LV�RUJDQL]HG�DV�IROORZV��,Q�6HFWLRQ���ZH�GHVFULEH�LQ�GHWDLO�WKH�PDWKHPDWLFDO
�PRGHO�RI�WKH�PRWLRQ��,Q�6HFWLRQ���ZH�LQYHVWLJDWH�WKH�SUREDELOLW\�ODZ�DQG�WKH�FRQGLWLRQDO�PHDQ
�YHORFLW\�RI�WKH�SURFHVV��7KHQ��LQ�6HFWLRQ����IRU�WKH�%HUQRXOOL�VFKHPH��ZH�GLVFXVV�WKH�FDVH
�LQ�ZKLFK�WKH�UDQGRP�LQWHUWLPHV�EHWZHHQ�FRQVHFXWLYH�WULDOV�DUH�H[SRQHQWLDOO\�GLVWULEXWHG�ZLWK
�OLQHDUO\�LQFUHDVLQJ�UDWHV��,Q�WKLV�FDVH�ZH�REWDLQ�WKH�SUREDELOLW\�GHQVLW\�RI�WKH�SURFHVV�LQ�FORVHG
�IRUP��ZH�VKRZ�WKDW�LW�SRVVHVVHV�D�ORJLVWLF�VWDWLRQDU\�GHQVLW\��DQG�WKHQ�ZH�H[SUHVV�WKH�FRQGLWLRQDO

�PHDQ�YHORFLW\�RI�WKH�SURFHVV�LQ�WHUPV�RI�K\SHUJHRPHWULF�IXQFWLRQV��)LQDOO\��LQ�6HFWLRQ����IRU
�WKH�3µO\D�VFKHPH��ZH�GLVFXVV�WKH�FDVH�LQ�ZKLFK�WKH�ILUVW�UDQGRP�LQWHUWLPHV�LQ�ERWK�GLUHFWLRQV
�DUH�JDPPD�GLVWULEXWHG��ZKHUHDV�DOO�UHPDLQLQJ�LQWHUWLPHV�DUH�H[SRQHQWLDOO\�GLVWULEXWHG��:H
�REWDLQ�WKH�SUREDELOLW\�GHQVLW\�LQ�FORVHG�IRUP�DQG�WKH�FRQGLWLRQDO�PHDQ�YHORFLW\�DV�D�VHULHV�RI
�*DXVV�K\SHUJHRPHWULF�IXQFWLRQV��)RU�WKH�UHDGHU
V�FRQYHQLHQFH��WKH�SDSHU�LV�HQULFKHG�E\�WZR
�DSSHQGLFHV�FRQWDLQLQJ�GHILQLWLRQV�DQG�IRUPXODH�XVHG�LQ�WKH�SURRIV�

����6WRFKDVWLF�PRGHO

�/HW�^�6W��9W�
W�!��`�EH�D�FRQWLQXRXV�WLPH�VWRFKDVWLF�SURFHVV��ZKHUH�6W�DQG�9W�UHVSHFWLYHO\
�GHQRWH�WKH�SRVLWLRQ�DQG�YHORFLW\�DW�WLPH�W�RI�WKH�PRYLQJ�SDUWLFOH��7KH�PRWLRQ�LV�FKDUDFWHUL]HG
�E\�WZR�YHORFLWLHV��F�DQG���Y�ZLWK�F��Y�!����DQG�LWV�GLUHFWLRQ�LV�VSHFLILHG�E\�WKH�VLJQ�RI�WKH
�YHORFLW\��$W�WLPH��R� ���WKH�SDUWLFOH�VWDUWV�IURP�WKH�RULJLQ��WKXV��6R� ����7KH�LQLWLDO�YHORFLW\
�9R�LV�GHWHUPLQHG�E\�WKH�RXWFRPH�;
�RI�WKH�ILUVW�UDQGRP�WULDO��$W�WKH�UDQGRP�WLPH�7
�!���WKH
�SDUWLFOH�LV�VXEMHFW�WR�DQ�HYHQW��ZKRVH�HIIHFW�SRWHQWLDOO\�FKDQJHV�WKH�YHORFLW\�DFFRUGLQJ�WR�WKH
�RXWFRPH�;L�RI�WKH�VHFRQG�UDQGRP�WULDO��7KLV�EHKDYLRU�LV�UHSHDWHG�F\FOLFDOO\�DW�HYHU\�LQVWDQW�RI
�D�VHTXHQFH�RI�UDQGRP�HSRFKV�7R� ����������7����7����ᒹ�ᒹ�ᒹ���:H�DVVXPH�WKDW�WKH�WLPH�LQWHUYDO
�GXUDWLRQV�>�7Q���UZ�L���Q� �����������������FRQVWLWXWH�D�VHTXHQFH�RI�QRQQHJDWLYH�UDQGRP�YDULDEOHV�
�0RUH�SUHFLVHO\��OHW�8N�DQG�'���GHQRWH�WKH�UDQGRP�GXUDWLRQV�RI�WKH�NWK�WLPH�SHULRG�GXULQJ
�ZKLFK�WKH�SDUWLFOH�PRYHV�IRUZDUG�ZLWK�YHORFLW\�F�DQG��UHVSHFWLYHO\��EDFNZDUG�ZLWK�YHORFLW\��Y�
�)XUWKHUPRUH��^e�
��N�!���`�DQG�^'���N�!���`�DUH�PXWXDOO\�LQGHSHQGHQW�VHTXHQFHV�RI�QRQQHJDWLYH
�DQG�DEVROXWHO\�FRQWLQXRXV�LQGHSHQGHQW�UDQGRP�YDULDEOHV��'HQRWLQJ�E\�=Q�WKH�YHORFLW\�RI�WKH
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�RU�;L�����;ᒵ�IRU�Q�!���

�:H�FDQ�GLVWLQJXLVK�WZR�FDVHV�

�&DVH��L���$� ����,Q�WKLV�FDVH�WKH�UDQGRP�WULDOV�>;Q�
�Q�!��`�DUH�LQGHSHQGHQW��L�H��WKH\�DUH�D
�%HUQRXOOL�VFKHPH�ZLWK�SDUDPHWHU

�E
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�&DVH��LL���$�!����,Q�WKLV�FDVH�^;Q��Q�!��`�LV�D�VHTXHQFH�RI�RXWFRPHV�RI�GUDZLQJ�EDOOV�IURP
�DQ�XUQ�WKDW�LQLWLDOO\�FRQWDLQV�E�EODFN�EDOOV�DQG�U�UHG�EDOOV��DQG�WKDW�LV�XSGDWHG�DFFRUGLQJ
�WR�WKH�FODVVLFDO�3µO\D�XUQ�VFKHPH���WKH�GUDZQ�EDOO�LV�UHWXUQHG�WR�WKH�XUQ�WRJHWKHU�ZLWK
�$�!���EDOOV�RI�WKH�VDPH�FRORU���:H�UHFDOO�WKDW��IURP�D�PDWKHPDWLFDO�SRLQW�RI�YLHZ��LQ�WKLV
�FDVH�WKH�SDUDPHWHUV�E���U��DQG�$�RI�WKH�PRGHO�FDQ�EH�UHDO���QRW�QHFHVVDULO\�LQWHJHU���7KH
�RXWFRPH�;
� ���PHDQV�WKDW�WKH�GUDZQ�EDOO�LV�EODFN��RWKHUZLVH��ZH�KDYH�;
� ����,Q�WKLV
�FDVH�WKH�UDQGRP�WULDOV�^�;Q���Q�!���`�DUH�QRW�LQGHSHQGHQW��EXW�RQO\�H[FKDQJHDEOH��VHH�>�@��
�:H�UHFDOO�WKDW�XUQ�VFKHPHV�DUH�XVHG�LQ�PDQ\�DSSOLFDWLRQV�LQ�RUGHU�WR�PRGHO�WKH�VR�FDOOHG
�SUHIHUHQWLDO�DWWDFKPHQW�SULQFLSOH��ZKLFK�LV�D�NH\�IHDWXUH�JRYHUQLQJ�WKH�G\QDPLFV�RI�PDQ\

�HFRQRPLF��VRFLDO��DQG�ELRORJLFDO�V\VWHPV��,W�FDQ�EH�IRUPXODWHG�DV�IROORZV��WKH�JUHDWHU
�WKH�QXPEHU�RI�WLPHV�ZH�REVHUYH�D�FHUWDLQ�HYHQW��WKH�KLJKHU�WKH�SUREDELOLW\�RI�RFFXUUHQFH
�RI�WKDW�HYHQW�WKH�QH[W�WLPH�

�,Q�6HFWLRQ�����ZH�GLVFXVV�DQ�H[WHQVLRQ�RI�WKH�DERYH�VHWWLQJ�WR�WKH�FDVH�LQ�ZKLFK
�^;Q�Q�!���`�LV�WKH�VHTXHQFH�RI�RXWFRPHV�RI�GUDZLQJV�IURP�D�UDQGRPO\�UHLQIRUFHG�XUQ�

�:H�QRWH�WKDW�6WDGMH�DQG�=DFNV�>����@�VWXGLHG�D�WHOHJUDSK�SURFHVV�ZLWK�UDQGRP�YHORFLWLHV��ZKHUH
�DW�HDFK�HSRFK�RI�D�KRPRJHQHRXV�3RLVVRQ�SURFHVV�WKH�QHZ�YHORFLW\�RI�WKH�PRWLRQ�LV�FKRVHQ
�DFFRUGLQJ�WR�D�FRPPRQ�GHQVLW\��LQGHSHQGHQWO\�RI�WKH�SUHYLRXV�YHORFLWLHV�DQG�RI�WKH�3RLVVRQ
�SURFHVV��+HQFH��LQ�SDUWLFXODU��WKH�YHORFLWLHV�DUH�D�VHTXHQFH�RI�LQGHSHQGHQW�DQG�LGHQWLFDOO\
�GLVWULEXWHG��L�L�G���UDQGRP�YDULDEOHV�DQG��LQ�6HFWLRQ���RI�>��@��WKH�ILUVW�H[LW�WLPH�RI�WKH�SURFHVV
�WKURXJK�D�SRVLWLYH�FRQVWDQW�LV�LQYHVWLJDWHG�LQ�WKH�VSHFLDO�FDVH�RI�WZR��YDOXHG�UDQGRP�YHORFLWLHV�
�7KLV�VFKHPD�FRUUHVSRQGV�WR�RXU�FDVH��L���ZKHUH�DW�HDFK�UDQGRP�HSRFK�D�%HUQRXOOL�WULDO�RFFXUV�
�+RZHYHU��WKHUH�LV�D�VLJQLILFDQW�GLIIHUHQFH��ZKHUHDV�LQ�>����@�WKH�UDQGRP�GXUDWLRQV�DUH�LQGHSHQGHQW
�RI�WKH�UDQGRP�YHORFLWLHV��RXU�PRGHO�LV�EDVHG�RQ�PRUH�JHQHUDO�DVVXPSWLRQV��ZKLFK�LQYROYH
�QRQLGHQWLFDOO\�GLVWULEXWHG�GXUDWLRQV�RI�UDQGRP�LQWHUYDOV�>�7Q���7Q�
���GHSHQGLQJ�RQ�WKH�YDOXHV
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