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ABSTRACT. Let F' be a field of characteristic zero and p a prime. In
the present paper it is proved that a variety of Z,-graded associa-
tive PI F-algebras of finite basic rank is minimal of fixed Z,-exponent
d if, and only if, it is generated by an upper block triangular ma-
trix algebra UTz, (A1, ..., Am) equipped with a suitable elementary Z,-
grading, whose diagonal blocks are isomorphic to Z,-graded simple al-
gebras A1, ..., An satisfying dimp (A1 @ -+ ® Am) = d.
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1. INTRODUCTION

Let F' be a field of characteristic zero and A an associative F-algebra
satisfying a polynomial identity (in the sequel we shall refer to these algebras
as PI algebras) graded by a finite group G. In the last two decades there has
been an extensive investigation of graded polynomial identities satisfied by
A. Apart from their own interesting features, the main motivations for this
type of work come from the significant information on quite general questions
that the additional graded structure and related objects may provide. This
is the case, for instance, for the solution of the Specht problem due to Kemer
(see [19]) in which Zs-gradings play a key role. Along this line, we are going
to focus on the growth of graded codimensions.

More specifically, let F'(X¢) be the free associative G-graded algebra on
a countable set over F' and Idg(A) the ideal of G-graded identities of a G-
graded F-algebra A. Then one considers the relatively free G-graded algebra
F(X¢)/1dg(A) and the dimension of the subspace of its multilinear elements
in n free generators, denoted by c5(A). The sequence {c5(A)},>1 is called
the sequence of the G-graded codimensions of A. It was introduced by
Regev in the ungraded case (which actually corresponds to when G = (1))
in the seminal paper [21], where it was proved that in presence of a non-zero
polynomial identity it is exponentially bounded. As a consequence of this
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fact, in [13] it was stated that & (A) is exponentially bounded if, and only, A
is a PI algebra. In such an event, Aljadeff and Giambruno [1] have recently
captured the exponential growth of this sequence proving that

expa(A) = lim R/e(A)

exists and is a non-negative integer, which is called the G-graded exponent
or simply the G-exponent of A (for the sake of completeness, we have to
mention that this was established in [12] when G is finite and abelian and,
previously, in [2] under the extra assumption that A is finite-dimensional).
This extends the deep contribution of Giambruno and Zaicev ([14] and [15])
on the existence of the exponent of a PI algebra.

These results are the most striking culminating points of quantitative
investigations of (non-necessarily) graded polynomial identities satisfied by
a PI algebra: in fact, the existence of the graded exponent allows us to
classify varieties on an integral scale whose steps are the minimal varieties
of given G-exponent d, namely those varieties of G-exponent d such that
every proper subvariety has G-exponent strictly less than d.

In this direction, Giambruno and Zaicev [17] proved that in the ungraded
case a variety of exponential growth is minimal if, and only if, it is generated
by the Grassmann envelope of a so called minimal superalgebra. Previously
the same authors in [16] stated that a variety of PI algebras of finite basic
rank (that is generated by a finitely generated PI algebra) is minimal if,
and only if, it is generated by an upper block triangular matrix algebra
UT(mq,...,my). Motivated by all these results, in [10] varieties of Zo-
graded PI algebras or supervarieties of finite basic rank (that is, generated by
a finitely generated superalgebra satisfying an ordinary polynomial identity)
which are minimal of fixed Zs-graded exponent have been investigated. In
particular, it has been established that any such supervariety is generated by
one of the above mentioned minimal superalgebras. But despite some partial
results in [8] and [9], until this moment their complete characterization is
still unknown.

In the present paper we deal with varieties of Z,-graded PI algebras
of finite basic rank where p is a prime and our goal is the classification
of those which are minimal of a given Z,-exponent (obviously this solves
the problem for the above discussed case p = 2 as well). In more detail,
given a m-tuple of Z,-graded simple algebras (A;,..., Ap,) we construct an
upper block triangular matrix algebra UTz, (A1,...,Ay) equipped with a
suitable elementary Z,-grading, whose i-th diagonal block is isomorphic to
the graded algebra A;. The main result we prove is that a variety of Z,-
graded Pl-algebras of finite basic rank is minimal of Zj,-exponent d if, and
only if, it is generated by a Zj,-graded algebra UTz,(Az, ..., An) satisfying

2. PRELIMINARIES AND MINIMAL (G-GRADED ALGEBRAS

Throughout the rest of the paper, unless otherwise stated, G is a finite
group, F' is a field of characteristic zero and all the algebras are assumed
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to be associative and to have the same ground field F'. For any ring R and
pair of positive integers s and ¢ the symbol Ms.;(R) means the space of all
matrices with s rows and ¢ columns over R and set Ms(R) := Msxs(R). In
the case in which R = F', we simply write My and M, instead of Mgy (F')

and M, (F), respectively. Finally, if mq,...,m, is a sequence of positive
integers, let UT'(mq,..., my) be the upper block triangular matrix algebra
of size my,...,m, over F.

An algebra A is G-graded if it has a vector space decomposition A =
®gec Ay such that AgA, C Ay, for all g,h € G. The elements of A, are
called homogeneous of degree g. An element w of A is homogeneous if there
exists g € G such that w € A, (and in this case denote its degree by
|w|a), whereas a subalgebra or an ideal V' C A is homogeneous if V =
@ggG(V N Ag> .

Let X¢ := UX|, be the union of disjoint countable sets X, := {«f,2,...},
where g € G. The free algebra F(Xq) freely generated by X is equipped
in a natural way with a G-graded algebra structure if we require that the
variables from X, have degree g (and then extend this grading to the mono-
mials on X¢). This algebra is said to be the free G-graded algebra over
F. An element f(z",... z9m) of F(Xq) is a G-graded polynomial iden-
tity for the G-graded algebra A = ®4cqAy if f(a1,...,an) = 04 for every
a1 € Ag, ,...,an € Ag, . We use the symbol Idg(A) to indicate the set of
all the G-graded polynomial identities satisfied by A, which is easily seen
to be a Ti-ideal of F(X¢), namely a two-sided ideal of the free G-graded
algebra stable under every endomorphism of F'(X¢) preserving the grading.

Given a Tg-ideal I of F(Xq), the variety of G-graded algebras V& associ-
ated to [ is the class of all the G-graded algebras A such that [ is contained in
Idg(A). The Tg-ideal I is denoted by Idg (V). The variety V¢ is generated
by the G-graded algebra A if Idg(VY) = Idg(A), and in this case we write
V& = varg(A) and set ¢§(VE) := c(A), the n-th G-graded codimension of

the variety V. It is defined as the dimension of POATIG(A)’ where PT? is the

space of multilinear polynomials of degree n of F(X¢) in the variables = for
1 <i<mnandg € G. Since F has characteristic zero, Idg(V®) is completely
determined by the multilinear polynomials it contains. Thus the behaviour
of the sequence of its graded codimensions in some sense measures the rate
of growth of the G-graded polynomial identities of V&.

It is worth recalling that if G has more than one element and a G-graded
algebra satisfies an ordinary polynomial identity, obviously it satisfies a G-
graded polynomial identity, but the converse is in general not true: for
instance, it is enough to consider the free algebra W generated by two inde-
terminates with the trivial G-grading. Anyway we shall assume throughout
that all the G-graded algebras A we deal with are PI algebras because, if
this happens, the sequence of the graded codimensions {c$ (varg(A))}n>1 is
exponentially bounded and, as reported in the Introduction,

expa(varg(A)) = ml_l)IEOO 1/ G (varg(A))
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exists and is a non-negative integer, which is called the G-graded exponent
or simply the G-exponent of the variety varg(A).

In the present paper we actually consider finite-dimensional algebras: in
fact, we analyze the behaviour of varieties of G-graded PI algebras of finite
basic rank, i.e. generated by a finitely generated G-graded PI algebra W.
But, in this event, Aljadeff and Kanel-Belov [4] have proved that there exist
a field extension K of F' and a finite-dimensional G-graded algebra A over
K such that Idg(W) = Idg(A). The fact that A is a K-algebra has no
effect on our final aims because, since F' has characteristic zero, Idg(W) =
Idg(W ®p L) (in F(X¢q)) for any field extension L of F. Consequently also
the G-graded codimensions of W do not change upon extension of the base
field. Hence for the proofs of our main results we can assume that F (as
well as its extensions) is algebraically closed. This is convenient because over
algebraically closed fields it is easier to describe special G-graded algebras.
In particular, a result of Bahturin, Sehgal and Zaicev, which completely
determines the structure of finite-dimensional G-graded simple or G-simple
algebras, will be very useful. We recall that a G-graded algebra A is said
to be G-simple if the multiplication is non-trivial and it has no non-trivial
homogeneous ideals.

Theorem 2.1 ([6]). Let F' be an algebraically closed field and A be a finite-
dimensional G-simple algebra. Then there exists a subgroup H of G, a 2-
cocycle f : H x H — F'\ {Op} where the action of H on F is trivial, an
integer k and a k-tuple (g1 := 1G, ga, ..., gr) € G* such that A is G-graded
isomorphic to C := FIH ® My, where Cy = spanp{b, @ E;j | g = g;lhgj}.
Here b, € FTH is a representative of h € H and E;j € My, is its (i, j)-matriz
unat.

Assume now that A is a finite-dimensional G-graded algebra over the
algebraically closed field F'. Hence, by the generalization of the Wedderburn-
Malcev Theorem we can write A = Ags + J(A), where Ag is a maximal
semisimple subalgebra of A homogeneous in the G-grading and J(A) is its
Jacobson radical (which is homogeneous as well). Also Ass can be written as
the direct sum of G-graded simple algebras. In analogy with the definition
given by Giambruno and Zaicev in [17] in the case in which G = Za, we
introduce that of a minimal G-graded algebra.

Definition 2.2. Let F be an algebraically closed field. A G-graded algebra
A is called minimal if it is finite-dimensional and either A is a G-simple
algebra or A = Ags + J(A) where

(1) Ags = A1 @ -+~ D Ay, with Ay,..., A, G-simple algebras and n > 2;

(79) there exist homogeneous elements wiz, ..., Wp—1, € J(A) and min-
imal homogeneous idempotents ey € Ay, ...,en, € Ay, such that
€W i1 = Wi41€i+1 = Wi i+l 1<i<n-1
and

W12W3 -+ Wp—1,n 7 04;
(i71) wia, ..., Wn_1n generate J(A) as a two-sided ideal of A.
4



We notice that the order of the components Ai,..., A, of the semisim-
ple part Ags of a minimal G-graded algebra A is important. For this
reason, in the sequel we shall tacitly agree that if Ags = A1 ... D A,,
then A;J(A)A2J(A)---J(A)A, # 04. According to the main result of [1],
expa(A) = dimp Ags.

It is easily seen that the minimal G-graded algebra A has the following
vector space decomposition

A= P 4y,

1<i<j<n

A if i = j,
E Aiwi,i+1Ai+1 s Aj—le—l,jAj ifi < J.

with

Moreover J(A) = @®;<;jA;; and A;; Ay = 0, Ai, where 0, is the Kronecker
delta. Finally, for every 1 <r < s <mn, set [r,s] :={r,r+1,...,s},

(1) A= B Ay
r<i<j<s

and, for each 1 < k < n,

k) ._
® <
I1<i<j<m
i#k#]
where

. Ajwi i1 Aigr - Ag1wWe—1 kW k1 A1 - Ajrwjo Ay i <k <y,
9T Ay otherwise
1) .

We remark that both Al"* and A®) are minimal G-graded algebras of G-
exponent dimp (A, @---® As) and dimp(A;1 B D A1 D Ap1 D D Ay),
respectively.

The aim of the present paper is to contribute to the classification of
minimal varieties of G-graded PI algebras of fixed G-exponent. We recall
the definition.

Definition 2.3. A variety VC of G-graded PI algebras is said to be mini-
mal of G-exponent d if expe(VE) = d and expo(U) < d for every proper
subvariety UC of VC.

The first technical result along the way is the following

Lemma 2.4. Let A be a finite-dimensional G-graded algebra over an alge-
braically closed field. Then there exists a minimal G-graded algebra A’ C A
such that expg(A) = expg(A').

Proof. It is sufficient to use exactly the same arguments of the proof of
Lemma 8.1.4 of [18] (which deals with the case G = Zs). O
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The next statement represents the core of this section and establishes
an important connection among minimal varieties and minimal G-graded
algebras.

Theorem 2.5. Let V& be a variety of G-graded Pl-algebras of finite basic
rank. If VC is minimal of G-exponent d, then there exists a minimal G-
graded algebra A such that V¢ = varg(A).

Proof. Since V¢ is of finite basic rank, according to Theorem 1.1 of [4]
and the deductions before Theorem 2.1 there exists a finite-dimensional G-
graded algebra B over an algebraically closed field extension K of F' such
that V¢ = varg(B) and expg(B) = d. By Lemma 2.4, B contains a minimal
G-graded algebra A of G-exponent d. In particular, the algebra A belongs
to VY and, by the minimality of V¥ we get that V& = varg(A). O

3. THE Z,-GRADED ALGEBRA UT(A1,...,A;) RELATED TO A MINIMAL
Z,-GRADED ALGEBRA

We are interested to see in more detail the special case in which p is a
prime and G is isomorphic to the cyclic group of order p, denoted by Z,. To
this end, some preliminary considerations are in order. A G-grading on the
complete matrix algebra M, is called elementary if there exists an m-tuple
(91,---,9m) € G™ such that the matrix units E;; of M, are homogeneous
and E;; € (M,,), if, and only if, g = g; 'g;. In an equivalent manner, we
can define a map a : {1,...,m} — G inducing a grading on M,, setting
the degree of F;; equal to (i) ~*a(j). Obviously, the algebra of upper block
triangular matrices admits an elementary grading: in fact, the embedding
of such an algebra into a full matrix algebra with an elementary grading
makes it a homogeneous subalgebra. To denote that the grading on M, (as
well as on one of its homogeneous subalgebras) is induced by « we write
(M, ).

Now, let € be a primitive p-th root of unity in F' and assume that G =
(€) = Zyp. Consider M, endowed with the elementary grading induced by
the p-tuple (1g,¢,€2,...,6?71). Given the permutation o := (12 ---p) of
the symmetric group Sp, let us denote by D the homogeneous subalgebra of
M, generated, as a vector space, by the elements

p—1
(3) Ceh—1 1= Z Eo.i(l)o.i(k) with k € [1, p].
=0
That is,
a, ay - ap—1 ap
ap ai Gp—1
D=|: .. - . : , where ay,a2,...,a, € F,
as a

as agz - Gp al



with its natural grading induced by the p-tuple (1g, €, €2, ...,e?~1). Directly
from Theorem 2.1 one has the following characterization.

Proposition 3.1. Let F' be an algebraically closed field and G = (€) = Z,, a
group of prime order p. If A is a finite-dimensional G-simple algebra, then
it 1s isomorphic to one of the following G-graded algebras:

(1) M, with an elementary grading;
(19) D& M, with the grading induced by the trivial grading on M, and the
natural one on D. In other words, in this case, A is isomorphic to

the homogeneous subalgebra M, (D) of M, with the grading induced

1 2 ~1
v Loy e 6P

-~

by the (pr)-tuple (1g, €, €2,... €~

Vv
r times

Proof. From the deductions of Section 3.1 of [7] it follows that, when A
is non-simple graded simple, then it is isomorphic as a graded algebra to
M,.(D), where r is such that 7?p = dimp A.

In the case in which A is simple graded simple the result was established
in Theorems 5 and 6 of [5]. O

We are going to strengthen the conclusion of Theorem 2.5 proving that
among the minimal Z,-graded algebras generating a minimal variety of finite
basic rank we can always choose a special upper block triangular matrix
algebra. To this end, we need to fix some notation.

For the rest of this section assume that G = (¢) = Z, and F is alge-
braically closed. Given an m-tuple (A1, ..., A,,) of G-simple algebras, let

Ip:={i|ie[l,m], A; is simple graded simple} and TI';:=[1,m]\ .
For every k € [1,m], let us denote the size of Ay by

nyg if k€ I'g and Ay = M,,,
Sk =
" \pnk ifkeTly and Ay & M,, (D) C M,,,

and, set ng := 0, let n := Zlle s; and Bly := [mg—1 + 1, 7). Finally, let us
define

e U :=UT(81,--,8m) := {(aij)i,je[l,m} | @i € Mg,xs;if 1 <i<j <
m and aij = O, otherwise};
e R:=UT(A,...,An) ={(aij) € U | axx € M,, (D) Yk € I'1 };
and, forall 1 <r <t <m,
® Uri:={(ay) €U [ a = 0w, oy, V(i,5) # (1 0)}5
R, ;=RnNU,;.

A canonical basis for UT(Ay, ..., Ay). For any i € [1,s,] and j € [1, s¢],
set

(rt) . _
Ez’j = B time—1+o
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where Ey _ 4in._,+; is the (n.—1 +i,m.—1 + j)-matrix unit of M,, . These
elements form a basis of U, ;. Consequently they form also a basis of R, ;
in all the cases except those in which » =t € 'y, which we call canonical.
When k € I'y, if a := (aij) € R, then agy is a (ng x ng)-matrix with
entries in D and a;; = O, for any pair (i,7) # (k,k). Hence we can
take as a basis of Ry, the elements (ca ® e;;) %) where h € [0,p — 1],

i,j € [1,ng], the ca’s are defined as in (3) and the e;;’s are the matrix units
of My, . We refer to this basis of Ry as canonical.

Definition 3.2. The basis B of R consisting of the union of the canonical
basis of R, for every 1 <r <t <m is said to be the canonical basis of R.

Clearly the element b := (¢ ® eij)(k7k) of Ry is a sum of p distinct
matrices in Uy g, write

_ p(k,k) (k,k) (k,k)
(4) b=E; ;" +E, 4+ B
In this case, we say that Ei(tkj’tk) appears in b and, when it is convenient, set
b = Ei(fj’f) =..= EZ(:;:;) Moreover one observes that, for every ,;7 €

[1,sk], there exists a unique canonical basis element b of Ry such that
Ez(fk) appears in b (and so b = Ez(]kk))

Finally, for each k € T'y, the left (and right) indices of the matrix units
gtk appearing in the decomposition (4) of b = (con ® e;;)*F)
distinct. Therefore, using the fact that EZ.(;’t) EZ.(,Z,’t ) = Ot 4 (5MIEZ.( , one has
that B is a multiplicative basis of R, that is, for every by, bs € B, if b1by # Or
then bibs € B. As a consequence of this fact one has the following useful

result.

are pairwise
rt')
!

Lemma 3.3. Let by,...,bs € B and assume that b := by ---bs # Og.
(1) If b € Ay, then b; € Ay, for every i € [1,s] and
(a) if k € To, then there exist i,j € [1,sg] such that b = El(jkk)
Furthermore, for every m € Ss such that b™ := br(1) - br(s) #

Or, one has that b™ = Ez(]kk) when © # j, whereas b™ = Eéf’k)
for some £ € [1, s] otherwise;
(b) if k € Ty, then Ay = M, (D) and b = (can @ ;) **) for some
h € [0,p — 1] and i,j € [1,ng]. Moreover, if b™ # Ogr for
some m € Ss, then b™ = (can ® ;) ) when i # j, whereas
b™ = (con @ egr)*®F) for some € € [1,n] otherwise.
(73) If b € J(R), then there exist 1 <r <t <m, i€ [l,s,] and j € [1, s{]
such that b = Eg’t). Moreover if O™ := b1y -+ - br(s) # Or for some

m € Ss, then b™ = Ei(;’t).

Proof. Part (i) directly follows from Lemma 1 of [20] taking into account
that D is commutative.
The statement (i7) is a consequence of (i) and the fact that the basis B
is multiplicative. ([
8



A grading on UT'(A4,...,A;). Assume that, in the case in which k € T'g,
Ay, is isomorphic to (M, , ax) whereas, when k € I'y, Ay is isomorphic to
(M, (D), o), where ay, : [1,s,] — G is the map inducing the elementary
grading on Ag. In particular, if k € I'1, as seen in Proposition 3.1
(ar(1),...,on(sk) = (lg, €, ..., P71 1g,e, ..., P70,

-~

ny, times
Let us define the maps
a: [, — G, i — ap(i—ngp—1)
and, for any m-tuple § := (¢1,...,9m) € G™,
ag: [1,nm] — G, i — gro(i),

where k € [1,m] is the (unique) integer such that i € Blg. A very simple,
but crucial fact is the following

Proposition 3.4. The G-graded algebra (UT (A1, ..., An),o3) is a mini-
mal G-graded algebra whose k-th graded simple component of its mazximal
semisimple homogeneous subalgebra is isomorphic to (M, ,ar), if k € Iy,
and to (M, (D), ay) otherwise. Furthermore, we can require that in these
isomorphisms the minimal homogeneous idempotent ey of Ay corresponds to
Eﬁk) if k € Ty and to (c1 ®611)(k’k) = Eﬁk) +E§]§’k) +-- -+E§,’;’k) = El(lfk)
when k € T';.

When convenient, any such G-graded algebra will be simply denoted by
UTg(A1, ..., Ap).

Now, let A = Ass + J(A) be a minimal G-graded algebra such that
Ass = A1 ...P A,,. Using the same notation for the homogeneous radical
elements defining A which appear in Definition 2.2, set
A4 Vk e [2,m]
and ¢ := (91,92,.-.,9m). Let us denote the minimal G-graded algebra
(UT(A1,...,Ap),a5) by (UT(A4,...,Ap),a4) in order to stress that the
grading on UT(Ay,. .., Ay,) depends upon that on A.

Definition 3.5. The G-graded algebra (UT(A1,...,An),q4) is said to be
the upper block triangular matrix algebra related to the minimal G-graded
algebra A.

g1 = 1g, gk = |Wigwag - - - W1 k

We are in a position to state the main result of this section.

Proposition 3.6. Let G = (¢) = Z, be a group of prime order p and
A=A+ J(A) a minimal G-graded algebra such that Ags = A1 @ -+ D Ay,
Then (UT(A1,...,Am),aa) belongs to varg(A). In particular, if varg(A)
is minimal, then varg(A) = varg(UT (A1, ..., An),a4).

Proof. For convenience of notation, let us denote by R the G-graded alge-
bra (UT(A1,...,An),d4)). In order to prove that R € varg(A) we proceed
by induction on m.
If m=1, then R=UT(A;) = A; = A and we are done.
9



Thus, suppose that m > 2 and let f = f(z"*, ..., z/") € F(Xg)\Idg(R).
We aim to show that f is not a graded polynomial identity for A. To this
end, since the characteristic of the ground field is zero, we can assume that
f is multilinear. Hence there exist by, ..., b, in the canonical basis B of R,
with |b;|g = hs for each i € [1,n|, such that f(by,...,b,) # ORr.

Let s be the number of the by’s which are in J(R). Since J(R) is nilpotent
of index m — 1, one has that s < m —1. Assume first that s < m — 1. Hence
there exists ¢ € [1,m — 1] such that, for every j € [i + 1,m], none of the
elements b1, ..., b, is in R; ;. At this stage, we have two cases to distinguish.
If there exists ¢ € [1,n] such that b, € R,.; for some r € [1,1i], then all the
by’s are in

P R = UT(A... A)
1<r<s<y

with the induced G-grading and f ¢ Idg(UT'(A4,...,A;)). Otherwise the
basis elements b1, ...,b, are in

P R = UT(AL. A Ay, A)
1<r<s<m;
r#i#s

with the induced G-grading and, hence, f ¢ Idg(UT (A1, ..., Ai—1, Aix1,---, Am))-
But the G-graded algebras UT'(Aq, ..., A;) and UT (A, ..., Ai—1, Aig1, ..., Am)
are the upper block triangular matrix algebras related to the homogeneous
subalgebras Al and A®) of A defined in (1) and (2), respectively. There-
fore, by the induction assumption, we conclude that f ¢ Idg(AlLY) in the
former case and f ¢ Ide(A(z)) in the latter one. As a consequence, in any
event f does not belong to Idg(A).

Thus suppose that s = m — 1. Hence there exist t1,...,t,—1 € [1,n] such

that @2) (m—1m)

bu = EBijy s s bty = BT 50
where iy, € [1, sx] and jg+1 € [1, sk41] for every k € [1,m — 1]. Moreover all
the remaining elements of the set {b1,...,b,} are in the diagonal blocks of

R. According to Lemma 3.3,

_ gpm)
f(b1,...,bn) = BE;
for some 8 € F\{0r}, i €[1,s1] and j € [1, s,]. Without loss of generality,

we can assume that b:=by---b, = EZ(]lm) Therefore 8 = > _ B, where 7
runs over the elements of the symmetric group Sy, such that by(y) -« by, is

h h
not zero in R and (3, is the coefficient of the monomial xw’a;) . -mﬂ’('is) in f.
Set j1 ;=1 and ., 1= j, let
by := El(l 1) and bpy1 = Ei(ml’m),
where, in order to use the same notation, E( k) = E(k k)
[1, sx] whenever k € I'g. Then

bof(br,- .. bp)bny1 = El(il’l)(ﬁEg’ )E](m ™ = pEG™.
10
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Now, for each k € [1, m—1], let v, € A and 241 € Ag41 be the elements

corresponding to E( k) and El(k+1 k1) in the isomorphisms A = Ry

and A, & Rk+1,k+1 of G graded algebras of Proposition 3.4, respectively.
Denoting by a;, the element vywy j412x41 of A (recall that wy 11 is the
k-th homogeneous radical element defining the minimal G-graded algebra
A), from the equality

(k,k+1) _ E(k,k)E(k k+1)E (k+1,k+1)

ipjeyr ikl 11 1jpt1
it easily follows that
a4 = |vkla Wikl 4 [2E+1] 4
_ (k,k) (k,k4+1) (k+1,k41) (k,k-+1)
- |E’Lk1 |R |E ’R ‘E1]k+1 |R | ijk:Jrl ‘ |btk|R

Furthermore, setting tg := 0 and ¢,, := n + 1, we notice that, for every i €
[tk—1 + 1,t, — 1], bj € Ry k. Let a; € Ay, be the element corresponding to b;,
z1 := ag that corresponding to bg in A; and v, := a,+1 that corresponding
to bp+1 in Ay, (in the isomorphisms of Proposition 3.4).

We claim that, for every 7 € Sy, one has that agar() - arm)ant1 # 04
if, and only if, br(1) - br(n) # Or. In fact, assume first that agar (1) - - - ar(n)an+1
is a non-zero element of A. Then 7 (tx) =t for all k¥ € [1, m — 1]. Moreover,
for every ¢ € [1,m], the inequality t,—1 < < t, implies that t,_; < 7(l) < t,
since ar) € Aq. Thus

04 #21a5(1) " Ar(n)Vm = 2105(1) " * (g, —1)V1WI2220n (4 41) "
o a7r(t2—1)v2w23z3 T ’Um—lwm—l,mzmaﬂ-(tm_l-i-l) Tt a’w(n)vma
which yields the following equivalent statements:

2O (t_y+1) " Qr(ty—1)Vk 75 OA for all k € [1,m],

— (k,k

El(jk )bw(tk,lﬂ) o br—1) Zkl 75 Or for all k& € [1,m],
brty_14+1) " br(tr—1) = E(M) for all k € [1,m],

(1,1) 1,2 2.3 m—1,m (m,m)
By br1 )"'bﬂ(tlfl)Ei(ljg)bﬂ'(thl)'"b7r(t2 1)E1(233) 'EZ-(m,ljm b w(tm1+1) DryBin 1

and
bﬁ(l)- : bﬁ(n) 75 OR.
Conversely, if br(1) - brn) # Or, according to what was established
above one has that zpar(, ,4+1) " Gr@—1)0k 7# 04 for all k € [1,m]. Fur-
thermore this product coincides with the minimal homogeneous idempotent

(k.k

ey, of Ay (since ey, corresponds to Eq; )) and, consequently,

Z10x(1) " " Ar(n)Um = €1W12€2W23 * * * Em—1Wm—1,mCEm — W12 " Wm—-1,m # 04.

The final outcome of these deductions is that

aof(al, ey an)anH = 511)12 s wm_lym 7'5 OA.
Hence f is not a graded polynomial identity for A, and this is enough to
conclude that (UT'(A1,...,Am),a4) is in varg(A).
The final part of the statement is an immediate consequence of the fact
that expg(A) = expe(UT (A1, ..., Am),aa)). O
11



4. KEMER POLYNOMIALS FOR UTz, (A1, ..., An)

Throughout this section assume that G = (e¢) = Z,,, F' is algebraically

closed, (A1, ..., Ay) is an m-tuple of G-simple algebras and A := UTg(Aq, ...

The aim is to construct a family of G-graded polynomials which are not G-
graded identities for the algebra A but, as we shall see in the sequel, they are
inldg(UTg(By,. . ., By)) for any sequence of G-simple algebras (B, ..., By)
such that exps(A) = expr(UTg (B, .., By)) whenever either n # m or
n =m and dimp(Ay)y # dimp(By)4 for some k € [1,m] and g € G. This is
a key point in the proof of the main result. More specifically, these graded
polynomials are suitable Kemer polynomials for A (for the definition and
more details we refer the reader to [4]).

Suppose first that m = 1, which means that A is G-simple. If A = M,
then one obtains its matrix unit E1; as a product of the n? different canonical
basis elements of A. Let us fix such a product and refer to it as the standard
total product (of basis elements) of A.

If A = M,(D), considering the standard total product of the matrix
units e;; of M, for each h € G one has a product of all the n? different

basis elements of A of the form ¢;, ® e;; giving 022 ® e11. Hence, repeating
this process for every h € (G, we produce the following product of all the
pn? different canonical basis elements of A

2 2 Ce ® e if n is odd and p = 2,
Mhea(c) ®enn) = Mpegen)” @ e =3 . b
Cl ®eq1  otherwise.

We shall still refer to it as the standard total product (of basis elements)
of A. Notice that, due to the embedding M,(D) C M,,, we can write
c1g ®e1r = E11 and ce ® eq1 = Eqo.

At this stage, we construct a monomial m4 € F(X¢) (in pairwise differ-
ent variables) replacing each element appearing in the standard total prod-
uct of A with a variable of X of the same degree. Clearly, m4 has n?
variables if A = M,, and pn? when A = M,(D). An evaluation of m4 (by
basis elements of A) is said to be the standard total if each variable of m 4
is evaluated by the corresponding canonical basis element of A appearing in
the standard total product of A (used to define my).

Assume now that m is an arbitrary positive integer. For each k € [1,m]
and g € G, set

dif = dimp Ay, di, = dimp(A), and df :=dimp(Ag)y, = Y dj

7g.

$8,9 *
ke[l,m]
For any v > m and k € [1,m], consider v copies of my4, in pairwise disjoint
sets of graded variables. For each i € [1,v], let us denote by mgl the ¢-th
copy of m4, and by S(k, ) the set of variables of mgi, respectively. Clearly
we can write S(k,1) = UgeqS(k, 1, g), where S(k,i, g) is the set of variables
of degree g in S(k,i). Hence

S(k,i)| =df  and  [S(k,i,g)] = di,.
12



Furthermore, for every i € [1,v] and g € G, let T(i,g) := Upe[1,mS(k, 14, 9).
Clearly,

ke[l,m]
We notice that the standard total evaluations of each monomial mgl give a
(1) (kk)

graded evaluation of m" - -mg’k) equal to E;;" " for almost all k € [1,m].

More precisely, this does not occur only when Ay = M, (D), ni and v are

both odd and p = 2. In this case the same evaluation coincides with Ef§ k)

and we shall say that (k,v,p) is an exception.

Now, for each j € [1,m — 1], consider the homogeneous radical element
Eﬁj D of A if (4,v,p) is not an exception, and Eéjlj D otherwise. Let us
call g; its degree and choose a variable z; of degree g; such that all the
elements of (Uje1 ) ke1,mS(k,4)) U (Ujen,m—1125}) are pairwise different.
Setting Z; :=T'(j, g;) U {#;}, one has that

(6) |Z;| = diy o, + 1.

Moreover there exists a graded evaluation of the product

1 v 1 v 1 v
ra = m D em® e m® ez m) @

by canonical basis elements of A, equal to Eﬁm)

ception, and to Eg’m) otherwise.

We extend the monomial 74, by inserting v(dimp Ags) + m pairwise
different variables of degree 1¢ and not involved in w4 ,, bordering each
variable appearing in 74 ,. We denote the monomial obtained in this way
by Ta,. For each k € [1,m] and i € [1,v], let Y (k,i) be the set of all the
variables inserted on the left of the variables of the set S(k, ). Still, for each
k € [1,m], let yi be the variable inserted on the right of the monomial m(AVk)
(and therefore, for each k € [1,m — 1], on the left of the variable zj) and set
Y 1= Ui Y (k. 1) U{g}-

For each j € [1,m — 1] we alternate in 74, the variables of the set Z;
and, for each ¢ € [m,v] and g € G, those of T'(i, g), respectively. We denote
the graded polynomial obtained in this way (which clearly depends upon v)
by fa.. We prove the following

if (m,v,p) is not an ex-

Lemma 4.1. For every v > m the polynomial fa, is not a G-graded poly-
nomial identity for the G-graded algebra A := UTg(A1,...,Ap).

Proof. For every k € [1,m] and i € [1,v], consider the standard total

evaluation S(k,7) of the monomial mgi in A. In particular, if £ € I'y, for
each variable vﬁi) € S(k,1) one has that @@ = E¥Y for somer, s € 1, sg]. In

this case, evaluate the variable y,gl) € Y (k,i) appearing on the left of vfl) by

E,gfk) Since @gi)ﬁgi) . -yfi%@é% = Eglf’k), evaluate the variable y; by Eﬁk)

Similarly, if k € Ty, for each v\”) € S(k, i) it holds that B\ = (cp®eps)**) for

some ¢, € D and r, s € [1,ng], and then evaluate the variable ygl) € Y(k,i)
13



appearing on the left of véi) by (c1,® err) ) As y(li)ﬁgi) . -g&aﬁg is equal
k k

either to (c1,®er1)*F) = El(fk) or to (cc®eqp) k) = Ef’;'“) (when ny, is odd

and p = 2), evaluate the variable i by (c1, ® eq1)*F) = Fl(lfk) = Egk)
Finally, for every j € [1,m — 1], set z; := Eg’”l) if (4,v,p) is not an

exception, and z; := Eéjlj D Gtherwise. In this way we have obtained a

graded evaluation of the monomial 74, in A equal to Eﬁm) if (m,v,p) is

not an exception, and to Egm) otherwise. For simplicity, let us denote such
an evaluation by S 4.

Now, fixed i € [m,v] and g € G, take a permutation o of the variables
of T4, which possibly moves only the elements of T'(i, g) and assume that
the evaluation of the monomial o(74,) in A by Sy4 is non-zero. We claim
that ¢ must be the identity permutation. In fact, since z1,..., z,_1 are not
moved by ¢ and aa’ = 04 for any a € A, and a’ € As when r # s, then
o permutes the variables of S(k,i,g) for each k € [1,m]. Moreover in each
monomial of fa, the variables in Y}, appear in the same order. Therefore,
by the choice of the elements in Y, we conclude that, in order to not get

zero, the evaluation of each variable v,gl) is uniquely determined by those of

(

the bordering variables and by the degree of vtl). Since we do not alternate
variables of different degrees, the claim is confirmed.

Finally, for each j € [1,m — 1], applying the same arguments presented
above one has that, for any non-trivial permutation 7 of the variables of the
set Zj in 74, the evaluation of the monomial 7(74,) by S4 is zero.

The outcome of all these deductions is that 74, is the unique monomial
of fa, which does not vanish under the evaluation by S 4, and this concludes
the proof. O

We shall refer to the graded polynomial f4, as a Kemer polynomial for
A.

Remark 4.2. The polynomial f4, is constructed starting, for each G-
simple algebra Ay, from a choice of a product of all the canonical basis
elements whose result is a fixed canonical basis element. In particular, if
A and A,, are simple graded simple, namely A; = M,,, and A,, = M,,,
taking i € [1,n1] and j € [1,n,,], we may fix new standard total products
(of basis elements) of A; and A,, equal to Ei(il’l) and EJ(-;WM), respectively.
Making the necessary changes in the degrees of the variables involved in 74,
we obtain a new Kemer polynomial, denoted by f”yy, for which there exists

)

a suitable graded evaluation in A equal to EZ-(]-I’m . Clearly fa, is one of the

polynomials f}lly.

5. PROOF OF THE MAIN RESULT

Throughout this section assume that G = (€) = Z,,. According to Theo-
rem 2.5 and Proposition 3.6 one has that any minimal variety of G-graded
PI algebras of finite basic rank of fixed G-exponent d is generated by a

14



suitable G-graded upper block triangular matrix algebra UTg (A1, ..., An)
satisfying dimp(A; @ ... ® A,,) = d (we shall freely use in the sequel that
expg(UTG (A1, ..., Ap)) =dimp(A; & ... 8 A,,)). Our final goal is to pro-
vide a characterization of these varieties proving that any G-graded algebra
of the form UTg(A4,. .., An) generates a minimal variety. To this end, the
crucial step consists of relating, for any pair of sequences (A, ..., A, ) and
(B1,...,By) of G-simple algebras, the G-graded polynomial identities of
the G-graded algebras A := UTg(Ay,...,An) and B := UTg(By,. .., By)
satisfying exps(A) = expg(B) with the existence (or not) of a graded iso-
morphism between them.

The first result in this direction concerns the algebraic structures of A and
B under a condition a bit weaker than we need, namely expg(A) = d4, >
dB = exps(B). A key ingredient is the Kemer polynomial f4, presented in
the previous section. The notation we shall use is introduced there.

Lemma 5.1. Let A := UTg(A1,...,An) and B := UTg(B1,...,By,) be
G-graded algebras satisfying d2, > dB and v :=m +n — 1. If fay is not a

G-graded polynomial identity for B, then the following conditions hold:
(1) dB  =d4  for every g € G;

S 55,9 58,9
(1) n=m;

(ui1) dgg = dﬁg for every k € [1,m] and g € G.

Proof. Since fa, is a multilinear graded polynomial and fa, ¢ Idg(B),
there exists a non-zero graded evaluation Sp of fa, by canonical basis
elements of B. Moreover we may assume, without loss of generality, that
Sp is a non-zero graded evaluation of the monomial Ay of fa,. As J(B)
is nilpotent of index n and |[m,m 4+ n — 1]| = n, one has that there exists
m < £ < m+n—1such that all the variables of UjecT (¢, 9) = Uge[1,m) S (k, )
as well as all those of Uke[l’m]Y(k‘, /) must be necessarily evaluated only by
semisimple elements in Spg.

The fact that, for every g € G, fa, alternates in the set T'(¢, g) forces
IT (¢, g)| <d ., and thus (5) yields

58,97

i, =T <d5, Vged.

55,9 55,9

Combining the above inequality with the original assumption we obtain

A A B B A
dss = Z dss,g < Z dss,g = dss < dss

geG geG
and, consequently, that dﬁsyg = dSB;g for every g € (G, which concludes the

proof of item (7).

Now, UgecT'(¢,9) = Upen,mS(k,€) is a total evaluation of the product
(0) ()

My sy by canonical basis elements of By, i.e. an evaluation involving
all (and only) the canonical basis elements of Bss (and, hence, each one
exactly once). Furthermore, as bb’ = Op for any b € B; and b’ € B; whenever
i # j, for each k € [1, m] the monomial mffi must be evaluated in a unique

block of Bss. At this stage assume, if possible, that m < n. Then there
15



exist h € [1,m] and at least two elements from different B,’s appearing in
the same S(h, (), which is a contradiction. Hence n < m.
On the other hand, for every j € [1,m — 1], fa, alternates in the set Zj,
which, according to (6), has cardinality
Z;|=dd  +1=dB +1.

88,95 EEN

Therefore we must have at least m — 1 canonical basis elements of J(B) in
Sp. But this implies that m — 1 is smaller than the nilpotent index of J(B).
The combination with the above disequality gives item (i).

Finally, as we have seen above, one has that, for every k € [1,m] the

()

monomial m. must be evaluated in By. Since S (k,?) is a total evaluation

of mffi by canonical basis elements of By, item (iii) follows looking at the

number of variables of m%i of degree g. O

The next and crucial step is to show that, if A and B have the same
G-exponent, the condition Idg(B) C Idg(A) is sufficient to guarantee that
they are isomorphic. It is, in some sense, a generalization of Theorem 3.3 of
[11] when G is a group of prime order p (and it was actually proved there for
the particular case in which all the algebras Aq,..., A,, are simple graded
simple). To this aim we shall use as a main tool the concept of invariance
subgroup of a graded simple algebra still introduced in [11]. We recall the
definition and fix some notation.

Given the G-graded algebra A := UTg(Ay,...,An), assume that ay :
UL, Bl — G'is the[ H?ap inducing the grading on A. For any 1 <r %)s <

T,8 r)._

m let us denote by ay™ the restriction of a4 to Uye. s Bly and set ay” :=
a[j’r}. Thus Al"s] = (UT(AT,...,AS),a[j’S]) and Al"r) = (Ar,ag)). In the
last case, when convenient, we shall simply write A,. For each k € [1,m] set
k k
Wl (g) = |{s] s €Bl, ol (s) = g}| VgeG.
The subgroup
Hj(f) ={h|h €Qq, wﬁf)(hg) = wﬁf)(g) for all g € G}

of G is said to be the invariance subgroup of Ay. It is immediate that, since

G has prime order, either HXC) = (1g) or Hl(f) =G.

Proposition 5.2. Let A :== UTg(A4,...,An) and B := UTg(Bs, ..., By)
be G-graded algebras satisfying d4, = dB. If 1dg(B) C Idg(A), then A and
B are isomorphic as G-graded algebras.

Proof. Since Idg(B) C Idg(A), Lemma 4.1 yields that fa, ¢ Idg(B) for
all v > m. In particular, taking v := m 4+ n — 1, from Lemma 5.1 it follows
that » = m and d,? = d;i , for every k € [1,m] and g € G. Consequently,

(7) df =dP  Vke[l,m].

The fact that dimp My, (D) = pn% whereas dimp M, = n% allows us to
conclude that Ay is non-simple graded simple if, and only if, so is Bj.
16



Assume first that Ay = M, (D) C M,,,. From Proposition 3.1 and its
proof it follows that A; must be isomorphic to By (and hence we are done
when m = 1 and A; = A is non-simple graded simple). Furthermore, as
seen in Section 3,

(Oéff)(%—ﬁ-l)a . ,aif)(m;_ﬁpnk)) = (h, ey - oo PP o g e, o e

for some hy € G (and the same is true for ag) for a suitable h) € G). This
implies that

w(g) = wi (gh) = m = w§y (g) = wl(gh) Vg, heG,
and hence Hl(f) = Hg) =G.

If Aj is simple graded simple, from the previously presented arguments
we get that there exists an isomorphism of (ordinary) algebras between Ay
and By, which is not necessarily a G-graded isomorphism. More precisely,
we may conclude that A and By are isomorphic to the same matrix al-
gebra M, , but endowed with some not necessarily isomorphic elementary
G-gradings.

In the case in which m = k = 1, from Corollary 2.3 of [11] one has
that A; = A is isomorphic to By = B as a graded algebra, and the desired
conclusion holds.

Therefore assume that m > 2 and let us consider the G-graded algebras
A=l and Bbm=1 We claim that Idg(BIb™—1) C Idg(Alb™1). In
fact, suppose, if possible, that the inclusion does not hold. Hence there
exists a polynomial f; € Idg (B~ 1)\ Idg (A1), By virtue of Lemma
4.1, the Kemer polynomial fgm-1.m] o (whose variables can be assumed to
be pairwise different from those involved in f1) is not a graded identity for
Aln=1ml But, from (7), one has that

dAT — gA | 4 dA > dB = B
and, applying Lemma 5.1, obtains that fjm-1m o € Idg(Bm). Let u =
> rec @, where the z%’s are pairwise different variables of degree [ of F(X¢;)
involved neither in fi nor in fam-1.m 9. Then fiufym-1m) 5 is not a G-
graded polynomial identity for the algebra A. But fiufm-1.m 5 € ldg(B [Lm—11).
Idg(By,) C Idg(B), which contradicts the original assumption that Idg(B) C
Idg(A).

Arguing in the same manner we obtain that Idg(BR™) C Idg(AZ™)
and, continuing in a similar fashion, that
(8) dg(B**1) CTdg(AP*])  vI<k <K <m
and hence

Idg(By) C Idg(Ag) VEk e [l,m].
This inclusion allows us to directly apply Corollary 2.3 of [11].
In particular, the combination of the last mentioned result with what we

proved when A and Bj are non-simple graded simple guarantees for each
k € [1,m] the existence of an element g, € G such that

wl(f)(gka:) = wgf) (z) Vz e G,
17



that Aj is isomorphic to By as a G-graded algebra and Hz(f) = H](;). For

this reason, in the rest of the proof let us denote HXC) simply by H (k).
In order to prove that A and B are isomorphic as G-graded algebras, it
is enough to show that there exists g € G such that

9) wgﬂ) (gz) = wgc) (x) for all k € [1,m] and = € G.

In fact, if the equality occurs, one can find a permutation o € 5, , sat-
isfying o(Blg) = Bl for each k € [1,m], such that the restriction of the
endomorphism 7 of M, = induced by o (namely, that defined on the matrix
units Ej; of My, by 7(Eij) := Ey(;)0(;)) to A is an isomorphism of graded
algebras from A into B.

To this end we observe that if the integer k € [1,m] is such that H*) = G,
then, for every g,z € G,

(k)(

w! (k) (k)

gv) = i (2) = w (grr) = W} (@),
Consequently, if H®) = G for every k € [1,m], the equality (9) is satisfied
for any choice of g € G. On the other hand, if there exists a unique integer
¢ € [1,m] such that H) = (15), it is sufficient to set g := gy to obtain (9).
Therefore we are left with the case in which there exist at least two
different integers ki, ky € [1,m] such that H*1) = H(*2) = (15). As H®) =
G for every k € 'y, one has that [T'g| > 2. Now, for any pair of elements r < s
in 'y, we replace the polynomial \I/f; appearing in the proof of Theorem 3.3 of

[11] with the Kemer polynomial fzj[m] , introduced in Remark 4.2. Applying

the same arguments used there (replacing the inclusion (1) appearing in that
proof with (8)), we conclude that g g, € H" H). Invoking again the fact
that H*) = G when A}, is non-simple graded simple, we get that

gl HOH®  vi<r<s<m.

Since there exists d € [1,m] such that H(® = (1), following again the same
reasonings of the final part of the proof of Theorem 3.3 in [11], equation (9)
occurs setting g := gq. O

An immediate consequence of the previous result is the following state-
ment, which is in the same spirit of what was proved in [3] for G-simple
algebras.

Corollary 5.3. Let A :=UTg(A1,...,Ap) and B :=UTg(By,...,By) be
G-graded algebras satisfying d2 = dB. Then A and B are isomorphic as

SS

G-graded algebras if, and only if, Idg(A) = Idg(B).

We are now in a position to state the main result of the paper, namely a
characterization of minimal varieties of G-graded PI algebras of finite basic
rank.

Theorem 5.4. Let F' be a field of characteristic zero and G a group of
prime order p. A wariety V¢ of G-graded Pl-algebras of finite basic rank
is minimal of G-exponent d if, and only if, it is generated by a G-graded
algebra UTg(Ax, ..., Apm) satisfying dimp(A1 @ --- @ Ay,) = d.
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Proof. If V¢ is minimal of G-exponent d, from Theorem 2.5 and Propo-
sition 3.6 it follows that V¢ is generated by a suitable G-graded algebra
UTg(Ay,...,Ay) satisfying dimp(A; @ -+ @ Ay) = d.

Conversely, set A := UTg(Ax,...,Ay) and consider a subvariety U¢ C
varg(A) such that expg(U®) = expg(varg(A)). Since varg(A) satisfies
some Capelli identities, according to what was established in Section 7.1
of [4] we conclude that ¢ has finite basic rank. Hence, by virtue of
Theorem 1.1 of [4], U® is generated by a finite-dimensional G-graded al-
gebra B (we recall that, as remarked in Section 2, we can extend the ba-
sis field and assume that it is algebraically closed and this has no effect
on the codimensions). Lemma 2.4 yields that there exists a minimal G-

N N

graded algebra B’ such that Idg(B) C Idg(B’) and expg(B) = expg(B’).
In particular, Proposition 3.6 guarantees the existence of a G-graded alge-
bra B := UTg(Bi,...,By) such that Idg(B’) C Idg(B) and expq(B') =
expa(B). Therefore Idg(A) C Idg(B) and expg(A) = expgr(B). At this
stage, we can directly apply Proposition 5.2 and conclude that A is isomor-
phic to B as a G-graded algebra. Consequently Idg(A) = Idg(B), and this
completes the proof. O
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