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SUMMARY
This paper addresses the trajectory tracking control problem for a quadrotor aerial
vehicle, equipped with a robotic manipulator (aerial manipulator). The controller is
organized in two layers: in the top layer, an inverse kinematics algorithm computes
the motion references for the actuated variables; in the bottom layer, a motion control
algorithm is in charge of tracking the motion references computed by the upper layer. To
the purpose, a model-based control scheme is adopted, where modeling uncertainties are
compensated through an adaptive term. The stability of the proposed scheme is proven
by resorting to Lyapunov arguments. Finally, a simulation case study is proposed to
prove the effectiveness of the approach.
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1. Introduction
Over the last years, Unmanned Aerial Vehicles (UAVs) have witnessed a scientific
community interest, due to the developments in sensors and communication that make
UAVs more suitable for a large number of applications, such as surveillance and remote
monitoring,1 cooperative transportation,2 rescue missions3 and monitoring of hostile
environments.4

Among UAVs, there is a great interest for Vertical Takeoff and Landing (VTOL)
vehicles, such as multirotor helicopters. Motion control of multirotors is a widely
investigated but still challenging issue, since they are under-actuated systems and, often,
are equipped with limited sensing devices. Conventional approaches to UAV control
have been based on linear controller design5 and robust H∞ controllers, requiring model
linearization about a set of equilibrium conditions.6 Linear controllers are characterized
by satisfactory performance near the design conditions or in hovering, but performance
degradation is usually observed when the aircraft moves away from these conditions. To
overcome these drawbacks, many nonlinear controllers have been proposed, including
model predictive control,7 backstepping8 and sliding mode techniques.9 Recently,
adaptive control laws have been proposed, e.g., in [10], where a feedback linearization
approach is adopted and the mathematical model of the UAV is written in such a way
to point out its linear dependency on the position of the center of gravity. In [11], the
effect of constant exogenous forces and moments, and the presence of unknown dynamic
parameters (e.g., the position of the center of mass) have been considered. Since it is
possible to make a conceptual separation between position and orientation of a quadrotor,
hierarchical controllers, based on an inner-outer loop, have been successfully proposed
as, e.g., in [12].

A relatively recent application field is aerial manipulation by means of UAVs equipped
with grippers or robotic arms. This is a challenging issue since the vehicle is characterized
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by unstable dynamics and the presence of the gripper/arm, as well as the held object,
can cause nontrivial coupling effects.13 Different mechanical structures have been added
to the aerial vehicle: in [13] a compliant gripper, composed of four fingers, is proposed,
while in [14] several light-weight low-complexity grippers are tested. More recently, in
order to extend their manipulation capabilities, research platforms including multi-DOFs
manipulators mounted on VTOL UAVs have been developed (aerial manipulators, see
[15] for a brief literature review). The manipulator’s motion generates reaction forces on
the UAV that can have destabilizing effects.16 The problem of interaction between the
arm and the vehicle has been tackled in [17] and [18], where the dynamic coupling of
an helicopter with a 7-DOFs robotic manipulator is analyzed, while in [19] an adaptive
scheme, aimed at compensating the manipulator’s mass and the interaction caused by
its movements, is proposed. In [20], the authors present the design, modeling and control
of an aerial manipulator consisting of a quadrotor helicopter endowed with a robotic
manipulator based on a 3-DOFs delta structure and a 3-DOFs end-effector. In [21], an
adaptive controller for a quadrotor equipped with a 2-DOFs manipulator is designed and
experimentally validated. In [22], a model reference adaptive control is proposed for a
light-weight prototype 3-arm manipulator, each arm with 2 DOFs. In [23] and [24], a
Cartesian impedance control is developed to counteract the effects of contact forces and
external disturbances.

Hierarchical control of aerial manipulators to perform tasks in operational space has
been introduced in [25], where a model-based control approach is pursued, and in [26],
where model-free motion control laws are adopted. The algorithm in [25] has been
extended via an adaptive term for compensating the model uncertainties.27

In this paper, the problem of motion control of the end-effector of a robot manipulator
mounted on a quadrotor helicopter is tackled through a hierarchical control architecture.
Differently from UAVs not equipped by arms, the position and attitude dynamics are not
decoupled,12 due to the presence of the arm. Thus, in order to cope with this aspect, an
adaptive solution is proposed. In the top layer, an inverse kinematics algorithm computes
the motion references for the actuated variables, i.e., position and yaw angle of the
vehicle and joint variables for the manipulator. In the bottom layer, an adaptive model-
based motion control algorithm is in charge of tracking the motion references: a vehicle
position controller computes the thrust force and the reference values for pitch and roll
angles; then, an attitude controller, on the basis of the pitch-roll references, computes
the moments acting on the quadrotor, while the manipulator controller computes the
joint torques. It is worth remarking that the model adopted to design the proposed
control law does not include some inertial coupling terms; this choice allows to decouple
the design the quadrotor position and attitude controllers. Therefore, the adaptive term
not only allows to cope with unavoidable modeling uncertainties, but also to counteract
the effect of the dynamical terms intentionally neglected in the design of the control
law. Moreover, a rigorous stability analysis of the system is carried out via Lyapunov
arguments. Finally, in order to prove the effectiveness of the approach, a simulation case
study has been developed, by considering a dynamic model of the aerial manipulator, that
has been validated on a real setup.28 In order to make the simulation more realistic, some
non-idealities, like sensor noise, modeling uncertainties and aerodynamic disturbances,
have been also considered. The performance of the proposed controlled is compared with
that of a PID controller.29

Preliminary results related to the proposed control scheme have been presented in
[25] and [27]. More in detail, the two-loop scheme was firstly introduced in [25], in a
preliminary version, without the adaptive term and a first order kinematic inversion
algorithm. The scheme was improved in [27], where the adaptive term is added as well as
a second-order inverse kinematic algorithm. Here, the adaptive scheme has been inherited
from [27], and a rigorous theoretical analysis has been added: in detail, the exponential
stability of both inner and outer loops, which, in turn, is crucial to prove the stability of
the whole two-loop scheme, is proven, as well as the asymptotic convergence of the two
loops scheme, that were simply claimed but not rigorously proven in [27].
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Fig. 1. Quadrotor and robotic arm system with the corresponding reference frames.

The paper is organized as follows: in Section 2 the kinematic and dynamic models of
the aerial manipulator are presented, in Section 3 the control architecture is described,
in Section 4 a method for estimating the uncertainties is provided, while in Section 5 the
stability of the closed-loops dynamics is proven. Finally, Section 6 reports the simulation
results, while Section 7 presents some conclusive considerations.

2. Modeling
A quadrotor helicopter is a Vertical Takeoff and Landing (VTOL) rotorcraft with 4
propellers, whose axes are aligned to the same direction. The propeller of each rotor
generates a force and the total thrust is given by the sum of the individual forces.
Therefore, the quadrotor is an under-actuated vehicle with four input forces and six
degrees of freedom (DOFs), describing the position and orientation of the vehicle center
of mass. Two of the rotors rotate in clockwise direction, while the other two are
counterclockwise. The basic motions are generated by varying the thrust of the single
rotors: pitch and roll movements are obtained by assigning different thrusts to two
concordant rotors, while yaw movement is given by different thrust between the two
couple of rotors. Vertical motion is obtained by changing the total thrust of all rotors.

The system considered in this paper, depicted in Fig. 1, is composed of a quadrotor
vehicle equipped with a n-DOF robotic arm characterized by all revolute joints.

2.1. Kinematics
Let Σb denote the vehicle body-fixed reference frame with origin at the vehicle center of
mass; its position with respect to the world fixed inertial reference frame, Σ, is given by
the (3× 1) vector pb, while its orientation is given by the rotation matrix Rb

Rb(φb)=



cψcθ cψsθsϕ − sψcϕ cψsθcϕ + sψsϕ
sψcθ sψsθsϕ + cψcϕ sψsθcϕ − cψsϕ
−sθ cθsϕ cθcϕ


 , (1)

where φb = [ψ θ ϕ]
T

is the triple of ZYX yaw-pitch-roll angles and c∗ and s∗ denote,
respectively, cos(∗) and sin(∗) (∗ = ψ, θ, ϕ).

Let Σe be the frame attached to the end effector of the manipulator (Fig. 1). The
position of Σe with respect to Σ is given by

pe = pb +Rbp
b
eb , (2)

where the vector pbeb describes the position of Σe with respect to Σb expressed in frame
Σb. The linear velocity ṗe of Σe in the fixed frame is obtained by differentiating (2), i.e.,

ṗe = ṗb − S(Rbp
b
eb)ωb +Rbṗ

b
eb , (3)
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where S(·) is the (3× 3) skew-symmetric matrix operator performing the cross product.30

The orientation of Σe can be described by the rotation matrix

Re = RbR
b
e , (4)

where Rb
e describes the orientation of Σe with respect to Σb. The angular velocity ωe of

Σe is given by

ωe = ωb +Rbω
b
eb , (5)

where ωb
eb = RT

b (ωe − ωb) is the relative angular velocity between Σe and Σb, expressed
in the frame Σb.

Let q be the (n× 1) vector of positions of the manipulator joints, then, pbeb(q) and
Rb
e(q) can be viewed as the direct kinematics equations of a ground-fixed manipulator

with respect to its base frame, Σb. The (6× 1) vector of the generalized velocity of the

end-effector with respect to Σb, v
b
eb =

[
ṗbTeb ωbT

eb

]
T, can be written in terms of the joint

velocities q̇ via the manipulator geometric Jacobian, Jbeb, expressed in frame Σb, i.e.,

vbeb = Jbeb(q)q̇. (6)

On the basis of (3), (5) and (6), the generalized end-effector velocity, ve =
[
ṗT
e ωT

e

]T
,

can be expressed as

ve = J b(q,Rb)vb + Jeb(q,Rb)q̇, (7)

where vb =
[
ṗT
b ωT

b

]T
is the generalized velocity of the vehicle frame,

J b =

[
I3 −S(Rbp

b
eb)

O3 I3

]
,

and J eb is the manipulator Jacobian expressed in the inertial frame, i.e.,

J eb =

[
Rb O3

O3 Rb

]
J b
eb ,

with Im and Om denoting the (m×m) identity and null matrices, respectively.
Usually, the attitude of the vehicle is expressed in terms of yaw-pitch-roll angles; in

this case equation (7), in terms of the operational space vector xb =
[
pT
b ,φ

T
b

]
T, becomes

ve = J b(q,φb)TA(φb)ẋb + Jeb(q,Rb)q̇ , (8)

with

TA(φb)=

[
I3 O3

O3 T (φb)

]
, T (φb)=



0 −sψ cψcθ
0 cψ sψcθ
1 0 −sθ


, (9)

where T (φb) is the transformation matrix between the angular velocity ωb and the time

derivative of the Euler angles φ̇b.
30

Since the quadrotor vehicle is an under-actuated system, i.e., only 4 independent
control inputs are available against the 6 DOFs, the position and the yaw angle are
usually the controlled variables, while pitch and roll angles are used as intermediate
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control inputs for position control. Hence, it is worth rewriting the vector xb as follows

xb =

[
ηb
σb

]
, ηb =

[
pb
ψ

]
, σb =

[
θ
ϕ

]
.

Thus, the differential kinematics (8) becomes

ve = Jη(q,φb)η̇b + Jσ(q,φb)σ̇b + J eb(q,φb)q̇

= Jζ(σb, ζ)ζ̇ + Jσ(σb, ζ)σ̇b ,
(10)

where ζ = [ηb
T qT] T is the vector of controlled variables, Jη is composed of the first

4 columns of J bTA(φb), Jσ is composed of the last 2 columns of JbTA(φb) and J ζ =
[Jη Jeb].

2.2. Dynamics
The dynamic model of the system can be written as

M(ξ)ξ̈ +C(ξ, ξ̇)ξ̇ + g(ξ) + d(ξ, ξ̇) = u , (11)

where ξ = [pb
T φb

T qT]T ∈ IR6+n, M represents the symmetric and positive definite
inertia matrix of the system, C is the matrix of Coriolis and centrifugal terms, g
is the vector of gravity generalized forces, d takes into account disturbances, such as
aerodynamic effects, and modeling uncertainties. The vector of inputs, u, is given by

u =



uf
uµ
uτ


 =




Rb(φb)f
b
b

T T(φb)Rb(φb)µ
b
b

τ


 , (12)

where τ is the (n× 1) vector of the manipulator joint torques, while f
b
b = [0 0 fz]

T and
µbb = [µψ µθ µϕ]

T are, respectively, the forces and the torques generated by the 4 motors
of the quadrotor, expressed in the frame Σb. Both fz and µbb are related to the four
actuation forces, output by the quadrotor motors, f , via31

[
fz
µbb

]
=




1 1 1 1
0 l2 0 −l4
−l1 0 l3 0
c −c c −c







f1
f2
f3
f4


 = Γf , (13)

where li > 0, (i = 1, 2, 3, 4) is the distance from the ith motor and the vehicle center of
mass, c = γd/γt, and γd, γt are the drag and thrust coefficient, respectively.

The matrices introduced in (11) can be detailed by considering the expressions derived
in [23]. The inertia matrix can be viewed as a block matrix

M(ξ) =



Mpp Mpφ Mpq

MT
pφ Mφφ Mφq

MT
pq MT

φq M qq


 , (14)

where Mpp ∈ IR3×3, Mpφ ∈ IR3×3, Mpq ∈ IR3×n, Mφφ ∈ IR3×3, Mφq ∈ IR3×n and M qq ∈
IRn×n.

Similarly, matrix C, vectors g and d in (11) can be partitioned as

C(ξ, ξ̇) =



Cp

Cφ

Cq


, g(ξ) =



gp
gφ
gq


, d(ξ, ξ̇) =



dp
dφ
dq


,
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Fig. 2. Block scheme of the control architecture

with Cp ∈ IR3×(6+n), Cφ ∈ IR3×(6+n), Cq ∈ IRn×(6+n) and gp,dp ∈ IR3, gφ,dφ ∈ IR3 and
gq,dq ∈ IRn.

It is worth remarking that the inertia matrix, the Coriolis and gravity terms in (11)
take into account the dynamic and static coupling between the platform and the arm.23

3. Control Scheme
A task for the aerial manipulator is usually specified in terms of a desired trajectory
for the end-effector position, pe,d(t), and orientation, Re,d(t); the corresponding desired
linear and angular velocities (accelerations), ṗe,d(t) (p̈e,d(t)) and ωe,d(t) (ω̇e,d(t)), must
be also assigned. The proposed hierarchical control strategy is composed of two layers. In
the top layer, an inverse kinematics algorithm computes the motion references, in terms
of reference values for position, velocities and acceleration of the quadrotor and the arm
joints. Then, in the bottom layer, a motion control algorithm is designed in such a way
that ηb and q track the corresponding reference trajectories, ηr and qr, output by the
top layer. The whole scheme is summarized in Fig. 2. In the following, it is assumed
that dim{ζ} = n+ 4 ≥ dim{ve} = 6, i.e., the number of DOFs characterizing the aerial
manipulator is, at least, equal to the dimension of the assigned task.

3.1. Inverse Kinematics
The time derivative of the differential kinematics (10), given by

v̇e = J̇ζ(σb, ζ)ζ̇ + J ζ(σb, ζ)ζ̈ + J̇σ(σb, ζ)σ̇b + Jσ(σb, ζ)σ̈b , (15)

is considered to derive a second order closed-loop inverse kinematics algorithm,32 in
charge of computing the trajectory references for the motion control loops at the bottom
layer

ζ̈r = J†
ζ(σb, ζ) (v̇e,d +Kv(ve,d − ve) +Kpe)−

J†
ζ(σb, ζ)

(
J̇ ζ(σb, ζ)ζ̇ + Jσ(σb, ζ)σ̈b + J̇σ(σb, ζ)σ̇b

)
,

(16)

where J
†
ζ = J ζ

T (J ζJζ
T)

−1
is a right pseudoinverse of Jζ , e is the error between the

desired and the actual end-effector pose, Kv and Kp are symmetric positive definite
gain matrices, given by

Kp =

[
Kp,P

Kp,O

]
, Kv =

[
Kv,P

Kv,O

]
=

[
Kv,P

kv,OI3

]
, (17)

with kv,O a positive constant.
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Since the unit quaternion is used to represent the end-effector orientation, the pose
error can be computed as33

e =

[
eP
eO

]
=

[
pe,d − pe(σb, ζ)

ǫ̃(σb, ζ)

]
, (18)

where ǫ̃ is the vector part of the unit quaternion, Q̃ = {η̃, ǫ̃} (with η̃ ≥ 0), extracted
from the mutual orientation matrix Re(σb, ζ)R

T
e,d.

If n+ 4 = 6, the aerial manipulator is non-redundant, thus Jζ is square and the
pseudo-inverse in (16) coincides with the inverse. On the other hand, if n+ 4 > 6 the
aerial manipulator is kinematically redundant and the redundant DOFs can be exploited
to fulfill secondary tasks by resorting to a task-priority approach.28, 34

Since in this paper lower-priority tasks are not used, the so-called internal motions,
i.e, motions of the structure that do not change the end-effector position and orientation,
must be stabilized. According to [35], this can be achieved by adding a damping term
projected onto the null space of Jζ , i.e.,

ζ̈r = J
†
ζ(σb, ζ) (v̇e,d +Kv(ve,d − ve) +Kpe)−

J
†
ζ(σb, ζ)

(
J̇ ζ(σb, ζ)ζ̇ + Jσ(σb, ζ)σ̈b + J̇σ(σb, ζ)σ̇b

)
−

N (J ζ)
(
kNIn+4 + Ṅ

)
ζ̇ ,

(19)

where N (Jζ) is a projector onto the null space of the Jacobian J ζ ; a possible choice is

N (J ζ) = In+4 − J †
ζJζ . More details can be found in Appendix A.

3.2. Motion Control
Once ζr and its time derivatives are computed by the inverse kinematics algorithm
(16), they are fed to the low-level motion controller in charge of achieving the desired
motion. Two kinds of hierarchical motion controllers have been compared: a model-based
controller and a PID controller.

3.3. Model-based controller
This is a hierarchical inner-outer loop control scheme. The outer control loop is designed
to track the assigned position and yaw angle for the vehicle, by introducing a virtual
control vector aimed at linearizing the position dynamics. Then, by using the relation
between the force vector uf and the quadrotor attitude, a reference value for the roll
and pitch angles is devised and used to feed an attitude controller (inner loop).

In order to design the control law, it is worth rewriting the system model (11) as

M(ξ)ξ̈ +C(ξ̇, ξ)ξ̇ + g(ξ) + ∆M(ξ)ξ̈ + d(ξ, ξ̇) = u , (20)

where the matrix M is obtained by setting to zero the second and third columns of M pφ

in (14), namely

M (ξ) =



M pp Mpφ Mpq

M pφ
T Mφφ Mφq

M pq
T Mφq

T M qq


 , (21)

with Mpφ=[mpφ 03 03 ], where mpφ denotes the first column of Mpφ, and 03 is the
(3× 1) null vector.

In order to globally linearize the closed-loop dynamics, the following adaptive control
law can be considered

u = M(ξ)α+C(ξ, ξ̇)ξ̇ + g(ξ) + r(ξ, ξ̇) , (22)
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where the auxiliary inputα can be partitioned according to (12) as α = [αp
T αφ

T αq
T] T,

with αφ = [αψ αθ αϕ]
T. The term r =

[
rp

T rφ
T rq

T
]
T is an adaptive term aimed at

compensating both the disturbance d and the term ∆M in (20).
The auxiliary controls αq, αp and αψ can be chosen as

αq = q̈r +Kq,V (q̇r − q̇) +Kq,P (qr − q) , (23)

αp = p̈b,r +Kp,V

(
ṗb,r − ṗb

)
+Kp,P

(
pb,r − pb

)
, (24)

αψ = ψ̈b,r + kψ,V (ψb,r − ψ̇b) + kψ,P (ψb,r − ψb) , (25)

where K∗,V ,K∗,P (∗ = {q, p}) are symmetric positive definite matrices and kψ,V , kψ,P are
positive scalar gains.

3.3.1. Quadrotor position controller. On the basis of (22), the following expression of uf
can be derived

uf = Mppαp +mpφαψ +Mpqαq +Cpξ̇ + gp + rp, (26)

where the function dependencies have been dropped for notation compactness.

Remark 3.1. In (22) matrix M is used in lieu of M , otherwise it would not have
been possible to compute uf , since it depends on αϕ and αθ, which, in turn, require the
references values for roll and pitch angles, not available at this stage.

In view of (12), uf depends on the attitude of the quadrotor via the relation

uf=h(fz,σb) ⇒


uf,x
uf,y
uf,z


=



(cψb

sθbcϕb
+ sψb

sϕb
) fz

(sψb
sθbcϕb

− cψb
sϕb

) fz
cθbcϕb

fz


 , (27)

therefore, the total thrust, fz, and reference trajectories for the roll and pitch angles to
be fed to the inner loop can be computed as

fz = ‖uf‖, (28)

θb,r = arctan

(
uf,xcψb,r

+ uf,ysψb,r

uf,z

)
, (29)

ϕb,r = arcsin

(
uf,xsψb,r

− uf,ycψb,r

‖uf‖

)
. (30)

Remark 3.2. From (27) it could be noted that (29)–(30) are not well defined if

r ‖uf‖ vanishes: it can happen only if fz=0;
r θr = ±π/2 or φr = ±π/2.
It is assumed that fz is always non-null, while both θr and φr are defined in (−π/2 π/2).
These are reasonable assumptions for quadrotor vehicles not involved in acrobatic
maneuvers.

3.3.2. Quadrotor attitude control. Once the reference values for roll and pitch angles have
been computed, the control inputs αθ and αϕ can be obtained via

αθ = θ̈b,r + kθ,V (θ̇b,r − θ̇b) + kθ,P (θb,r − θb) , (31)

αϕ = ϕ̈b,r + kϕ,V (ϕ̇b,r − ϕ̇b) + kϕ,P (ϕb,r − ϕb) , (32)
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where kθ,P , kθ,V , kϕ,P and kϕ,V are positive scalar gains. It is worth noticing that (31) and
(32) require the first and second time derivative of θr and ϕr, that can not be directly
obtained from (27), but only via numerical differentiation. Since in a practical scenario θr
and ϕr are likely to be affected by noise, the reference velocities and accelerations must
be realistically computed by using robust-to-noise filters. More in detail, in this paper,
the time-varying filter proposed in [36] has been designed in order to compute both the
first and second time-derivatives of θr and ϕr. By using this approach, the derivative
estimation is based on truncated Taylor series expansion of the signal and is quite
accurate for short time intervals. Moreover, such a filter allows a quasi-instantaneous
estimation and results to be robust to Gaussian noise.36

Finally, uµ can be computed as

uµ = MT
pφαp +Mφφαφ +Mφqαq +Cφξ̇ + gφ + rφ. (33)

From (12), the vehicle torques can be computed as

µbb = RT
b (φb)T

−T(φb)uµ. (34)

3.3.3. Computation of quadrotor inputs. Once fz and µbb have been computed, the four
actuation forces of the vehicle rotors can be easily obtained by inverting (13), i.e.,

f = Γ−1

[
fz
µbb

]
. (35)

3.3.4. Manipulator control.. Finally, the torques acting on the manipulator joints can be
computed as

uq = MT
pφαp +MT

φqαφ +M qqαq +Cqξ̇ + gq + rq. (36)

3.4. PID controller
Often an accurate knowledge of the inertial matrix and Coriolis terms requires a time
consuming identification procedure and, thus, a simpler control law can be adopted. In
order to test the proposed controller, a model-free approach is considered in the following,
where the knowledge of the dynamic parameters is not required. More in detail, regarding
to the UAV position control, a standard PID law is adopted in lieu of (26)

uPIDf =KPID
p,P

(
pb,r−pb

)
+KPID

p,D

(
ṗb,r−ṗb

)
+KPID

p,I

∫ t

0

(
pb,r(τ)−pb(τ)

)
dτ, (37)

whose output is fed to equation (27) in order to determine the reference values for the
roll and pitch angles as well as the total thrust. Regarding to the attitude control, in
order to confer more robustness to the system, a cascade control is implemented, where
the outer loop controls the orientation angles, while the inner loop is aimed at controlling
the rapid changing angular velocities and reads the output of outer loop controller as
setpoint. More in detail, the outer loop is a PI controller while the inner one is a PID,
tuned in such a way that the inner loop is faster than the outer. Such attitude control
scheme is inherited by [29].

φ̇
PI

r =KPI
φ,P

(
φb,r−φb

)
+KPI

φ,I

∫ t

0

(
φb,r(τ)−φb(τ)

)
dτ, (38)

uPIDµ =KPID
φ,P

(
φ̇
PI

r −φ̇b

)
−KPID

φ,Dφ̈b+KPID
φ,I

∫ t

0

(
φ̇
PI

r (τ)−φ̇b(τ)
)
dτ, (39)
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Regarding to the arm, again a standard PID law is designed i.e

uPIDq =KPID
q,P (qr−q)+KPID

q,D (q̇r−q̇)+KPID
q,I

∫ t

0

(qr(τ)−q(τ)) dτ. (40)

3.5. Discussion.
In the previous section two different control approaches have been proposed: a model-
based adaptive controller and a cascade PID regulator. PIDs refer to standard techniques
which do not require the knowledge of the dynamics of the controlled system, and, as
consequence, practical implementation turns to be easy even in terms of computational
burden. PID controllers are able to track arbitrary trajectories with acceptable tracking
errors, eventually zero thanks to the integral action, if the desired controlled variable
has a steady-state phase. On the contrary, model-based techniques require an accurate
knowledge of the system’s dynamic model; in principle, the dynamic is linearized by
exploiting both state feedback and dynamic model knowledge, with the effect of reducing
the system to a double integrator: at this point, it is possible to impose the desired
behavior to the overall control system. Obviously, model-based controllers require a non-
negligible identification effort although they result to be more accurate and robust in the
presence of external disturbances. Since the perfect knowledge of the dynamics is an ideal
condition, an adaptive term is adopted to counteract the effects of model uncertainties
and, of course, external disturbances.

4. Uncertainties Estimation
By folding the control law (22) in (20), and by considering that M = M −∆M , the
closed-loop dynamics becomes

ξ̈ = α−M−1(ξ) (∆Mα+ d− r) . (41)

Thus, the compensation term r has to take into account not only the modeling
uncertainties, d, but also the perturbation given by the implementation of the control
law, namely the use of M in lieu of M in (22).

Let us rearrange (41) as

ξ̈ = α− δ + δ̂ = α− δ̃, (42)

where

δ = M−1(ξ) (∆Mα+ d) , δ̂ = M−1(ξ)r. (43)

A good approximations of the term δ can be obtained by resorting to a parametric
model, i.e.,

δ = Λ(ξ, ξ̇)χ+ ς, (44)

where χ is a (p × 1) vector of constant parameters, Λ is a (n + 6× p) regressor matrix
and ς is the (n+ 6× 1) interpolation error. Of course, not all the uncertainties can be
rigorously characterized by a linear-in-the-parameters structure; however, this modeling
assumption is not too restrictive, since it has been demonstrated that it is valid for a
wide class of functions.37 The elements of the regressor matrix can be chosen as Radial
Basis Functions (RBFs)

λi,h(ξ, ξ̇) = exp

(
− ||z − ci,h||2

2σ2

)
, z =

[
ξT ξ̇

T
]T
,
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where ci,h and σ are the centroid and the width of the function, respectively. According
to the Universal Interpolation Theorem,38 any continuous function can be approximated
(in the Lp-norm sense, p ∈ [1,∞)) by a RBF-newtork with suitably chosen centroids

and a common width, provided that the basis functions λi,h(ξ, ξ̇) are continuous,
bounded, integrable and with non-null integral over IR3n. Since δ can be reasonably
assumed continuous and the RBFs satisfy the conditions of the theorem, there exists
a RBF network (44), i.e., a suitable sets of weights, widths and centroids, capable of
approximating δ to any degree of accuracy. Thus, the interpolation error ς in (44) can
be reasonably assumed norm bounded,

‖ς(t)‖ ≤ ς̄ , ∀t ≥ 0. (45)

An estimate,

δ̂ = Λ(ξ, ξ̇)χ̂ , (46)

of δ can be obtained by integrating the following update law for the unknown parameters
χ

˙̂χ =
1

β
Λ

TBTQ

[
ξ̃
˙̃
ξ

]
, (47)

where β is a positive scalar gain, Q is a symmetric and positive definite matrix, B=

[O6+n I6+n]
T
and ξ̃=ξr − ξ is the inner loop error.

From (43), then, r can be easily obtained as r = M(ξ)δ̂.

5. Stability Analysis
To prove the stability of the closed-loop system, let us consider the convergence of both
the kinematic control outer loop and the motion control inner loop.

5.1. Inner loop
By considering (42), the following dynamics for the inner loop error ξ̃ can be derived

¨̃
ξ = −ΩV

˙̃
ξ −ΩP ξ̃ + δ̃, (48)

where (∗ = V, P )

Ω∗ =



−Kp,∗ O3 O3

O3 −Kφ,∗ O3

On On −Kq,∗


 ,

with Kφ,∗ = diag{kψ,∗, kθ,∗, kϕ,∗}. Let us rearrange (48) in the state space form, by

considering z̃ = [z̃1
T z̃2

T]T = [ξ̃T ˙̃
ξT]T and assuming ς = 0, as

˙̃z = Ωz̃ +Bδ̃ = Ωz̃ +BΛχ̃ , (49)

where χ̃ = χ− χ̂ and Ω =

[
O6+n I6+n

−ΩV −ΩP

]
.

The following theorem can be stated for the inner loop error convergence.

Theorem 1. Given the system (49) and the update law (47), for any set of positive
definite matrix gains Kp,∗, Kφ,∗ and Kq,∗ (∗ = V, P ), the equilibrium z̃ = 0 is globally
asymptotically stable, while the parameter error χ̃ is bounded.



12 An Adaptive Hierarchical Control for Aerial Manipulators

Proof. In order to analyze the stability of the system (49), the following Lyapunov
function candidate can be considered

Vi =
1

2
z̃
T
Qz̃ +

β

2
χ̃

T
χ̃ , (50)

where Q is the symmetric positive definite matrix defined in (47). The time derivative
of Vi yields

V̇i = −z̃
T
P zz̃ + z̃

T
QBΛχ̃+ β ˙̃χ

T
χ̃ , (51)

where P z is the symmetric and positive definite solution to the Lyapunov equation

P z = −
(
QΩ+Ω

TQ
)
, (52)

that always exists, since, if Kp,∗, Kφ,∗ and Kq,∗ (∗ = V, P ) are positive definite, Ω is
Hurwitz. Under the assumption of parameter χ constant and by considering the update
law (47), V̇i can be rewritten as

V̇i = −z̃
T
P zz̃ + z̃

T
QBΛχ̃− β ˙̂χ

T
χ̃ = −z̃

T
P zz̃ . (53)

Since P z is positive definite, V̇i is negative semi-definite; this guarantees the boundedness
of z̃ and χ̃. By invoking the Barbalat’s lemma,39 it can be recognized that V̇i → 0, which
implies the global asymptotic convergence to 0 of z̃ as t→ ∞, while, as usual in direct
adaptive control,40 χ̃ is only guaranteed to be uniformly bounded. �

Remark 5.1. The global convergence of z̃ is ensured only when the pitch angles, both
the reference and actual one, are different from ±hπ/2 for any integer h.

Corollary 1. In the presence of the persistency of excitation (PE) condition,39 i.e, if
there exist positive scalars κ1, κ2, T such that

κ1Ip ≥
∫ t+T

t

Λ
T(ξ(σ), ξ̇(σ))Λ(ξ(σ), ξ̇(σ))dσ ≥ κ2Ip , (54)

both z̃ and χ̃ are exponentially convergent to zero.

Proof. The proof can be found in Appendix B. �

In general ς 6= 0 and, thus, the inner loop error dynamics becomes

˙̃z = Ωz̃ +B (Λχ̃+ ς) . (55)

It worth pointing out that the system (55) can be viewed as the nominal system (49) with
a non-vanishing perturbation term, Bς, which, in turn, is norm bounded since ‖B‖ = 1
and (45) holds; thus, from Lemma 5.2 in [39] it can be recognized that both z̃ and χ̃ are
norm bounded as well.

If persistency of excitation cannot be met, in order to ensure the boundedness of χ̃
even in the presence of bounded interpolation error, the update law (47) can be modified
by adopting the so-called projection operator41 i.e.

˙̂χ = Pr

[
χ̂ ,

1

β
Λ

TBTQz

]
, (56)
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where the projection operator, Pr[a1,a2], is given by

Pr[a1,a2] =





a2 if ‖a1‖ < ̺ or if
‖a1‖ = ̺, aT

1 a2 ≤ 0

a2 −
aT
1 a2

‖a1‖2
a1 otherwise.

In other words, the projection operator ensures that the estimate χ̂ never leaves the
hypersphere

S = {χ̂ : ‖χ̂‖ ≤ ̺} ,
and thus, χ̃ keeps uniformly bounded in the presence of uncertainties as well. Now, the
system (55) can be seen as the nominal linear system

˙̃z = Ωz̃, (57)

which is exponentially stable, since Ω is Hurwitz, plus a bounded perturbation term

‖B (Λχ̃+ ς) ‖ ≤ ‖Λ‖χ̃+ ς̄ , (58)

where Λ is norm-bounded being a matrix of bounded functions. Again, by recalling
Lemma 5.2 in [39], it can be stated that z̃ is norm bounded.

Remark 5.2. For nonlinear systems, the a priori verification of the PE condition is
usually very difficult. However, for the special case of regressor matrices constructed from
RBF approximators, there are some interesting results showing that the PE condition
can be met for particular kind of periodic or recurrent trajectories z passing through the
neighborhood of the RBF centroids.42

5.2. Kinematic control outer loop
Under the assumption of perfect acceleration tracking (i.e. ζ̈ = ζ̈r), by folding (16) in
(15), the following relation holds

v̇e,d − v̇e = −Kv (ve,d − ve)−Kpe . (59)

Let us consider the following inverse kinematics error

ε =

[
εP
εO

]
, εP =

[
eP
ėP

]
, εO =

[
eO
ω̃e

]
, (60)

where eP and eO are defined in (18), while ω̃e = ωe,d − ωe.

Theorem 2. Given the system (59), there exists a set of positive definite matrix
gains Kp and Kv, chosen as in (17) with kv,O > 1/2, such that the equilibrium ε = 0 is
exponentially stable.

Proof. To prove the asymptotic stability of the equilibrium ε = 0, let us consider the
following candidate Lyapunov function43

Vo = (ǫ̃+ ω̃e)
T(ǫ̃+ ω̃e) + 2kv,O(1− η̃)2 +

ω̃
T
e ω̃e + (2kv,O − 1)ǫ̃Tǫ̃+ εT

PQPεP , (61)

where QP is a symmetric and positive definite matrix, Q̃ = {η̃, ǫ̃} is the unit quaternion
extracted from the mutual orientation matrix ReR

T
e,d, whose vector part ǫ̃, by virtue of

(18), represents the orientation error eO.
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By considering the so-called quaternion propagation30

˙̃η = −1

2
ǫ̃
T
ω̃e,

˙̃ǫ =
1

2
(η̃I3 − S(ǫ̃)) ω̃e, (62)

the time derivative of Vo is given by

V̇o = −2eT
OKp,OeO − 4ω̃T

eKp,OeO − 4kv,oω̃
T
e ω̃e +

ηω̃T
e ω̃e + εT

P

(
QPAP +AT

PQP

)
εP , (63)

where

AP =

[
O3 I3

−Kp,P −Kv,P

]
,

and K∗,O and K∗,P (∗ = v, p) are defined in (17). Since AP is Hurwitz, there always
exists a matrix P P , symmetric and positive definite, solution to the Lyapunov equation

QPAP +AT
PQP = −P P .

Hence, the function V̇o can be upper bounded as

V̇o ≤ −2λm(Kp,O)‖eO‖2 − (4kv,O − 1)‖ω̃e‖2
+4λM(Kp,O)‖ω̃e‖‖eO‖ − λm(P P )‖εP‖2

≤ −
[‖eO‖
‖ω̃e‖

]T
Ξ

[‖eO‖
‖ω̃e‖

]
− λm(P P )‖εP ‖2,

(64)

with

Ξ =

[
2λm(Kp,O) −2λM (Kp,O)
−2λM (Kp,O) 4kv,O − 1

]
,

and λm(·) and λM (·) representing the minumum and maximum eigenvalue of a matrix.
If the following inequality holds

kv,O >
1

4
+
λ2
M (Kp,O)

2λm(Kp,O)
, (65)

matrix Ξ is positive definite, therefore, by recalling that kv,O > 1/2, a sufficient condition
on kv,O can be stated as

kv,O > max

{
1

2
,
1

4
+

λ2
M(Kp,O)

2λm(Kp,O)

}
. (66)

V̇o can be upper bounded as

V̇o ≤ −λm(Ξ)‖εO‖2 − λm(P P )‖εP‖2 ≤ −λε‖ε‖2, (67)

where λε = min {λm(Ξ), λm(P P )}.
Thus, since V̇o is negative definite the error ε is asymptotically convergent to zero.
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Moreover, the convergence is exponential, since, from the fact that a unit quaternion
with scalar part 0 ≤ η̃ ≤ 1 is chosen (see Section 3.1), it holds

‖ǫ̃‖2 = 1− η̃2 ≥ 1− η̃, (68)

thus, Vo can bounded as follows

cm ‖ε‖2 ≤ Vo ≤ cM ‖ε‖2 , (69)

with

cm = min{(2kv,O − 1), 1, λm(QP)},

cM = max{(4kv,O + 1), λM (QP )}.
�

Remark 5.3. Theorem 2 does not hold globally because of the limitation in the unit
quaternion domain due to the choice 0 ≤ η̃ ≤ 1; in practice, this is not a true limitation
since it allows to represent all the orientations.

5.3. Two-loop dynamics
The convergence properties of the two-loop system, namely (49) and (59), is stated by
following Theorem.

Theorem 3. Under the assumption of perfect acceleration tracking, in the presence
of the PE condition (54) and in the absence of the interpolation error (ς = 0), on the
basis of Corollary 1 and Theorem 2, ε, z̃ and χ̃ are exponentially convergent to zero.

Proof. See Appendix B. �

In practice, the inner loop cannot guarantee instantaneous perfect tracking of the

desired acceleration, therefore by considering the error
¨̃
ζ = ζ̈r − ζ̈, the outer loop error

dynamics (59) becomes

v̇e,d − v̇e = −Kv (ve,d − ve)−Kpe+ J ζ
¨̃
ζ . (70)

The perturbation term Jζ
¨̃
ζ can be upper bounded as

‖J ζ
¨̃
ζ‖ ≤ ‖J ζ‖‖¨̃ζ‖ ≤ ‖J ζ‖‖ ˙̃z‖ ≤ ‖Jζ‖

(
‖Ω‖ ‖z̃‖+ ‖δ̃‖

)

≤ ‖J ζ‖ ‖Ω‖ ‖z̃‖+‖Jζ‖ ‖Λ‖‖χ̃‖. (71)

The norm ‖J ζ‖ in (71) is bounded since all the manipulator joints are revolute joints,
therefore the first term in (71) can be viewed as a vanishing perturbation.39 In the case
ς = 0, the second term in (71) is, at least, bounded, since, from Theorem 1, χ̃ is at least
bounded, while, as already specified, Λ is norm-bounded. Therefore, the convergence
properties of the two-loop system, described by (49) and (70), are stated by the following
Theorem.

Theorem 4. Let the PE condition (54) be fulfilled and ς = 0, then the equilibrium

ν̃ =
[
z̃
T
εT
]T

= 0 of the two-loop system (49)-(70) is asymptotically stable.

Proof. See Appendix B. �

When ς 6= 0, by recalling (58), the upper bound on ‖J ζ
¨̃
ζ‖ becomes

‖J ζ
¨̃
ζ‖ ≤ ‖Jζ‖ ‖Ω‖ ‖z̃‖+ ‖J ζ‖ (‖Λ‖‖χ̃‖+ ς̄) . (72)
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In the presence of bounded interpolation error, it has been already proven in Section 5.1
that χ̃ is norm bounded as well, even if the PE condition cannot be met. Therefore, the
following corollary can be stated.

Corollary 2. In the presence of bounded interpolation error ς and bounded estimation
error χ̃, the error ν̃ of the two-loop system is norm-bounded as well.

Proof. See Appendix B. �

6. Simulation Results
The effectiveness of the proposed algorithm has been tested in simulation by considering
the model of an eight rotors aircrafts in coaxial configuration equipped with a 6-DOFs
robotic arm44 with all revolute joints, depicted in Fig. 1. The Denavit-Hartenberg
parameters of the manipulator are reported in Table I. Such a model reproduces the
experimental setup developed within the EU-funded project ARCAS (Aerial Robotics
Cooperative Assembly System),45 and has been validated on the real system.

Table I . Denavit-Hartemberg parameters of the 6 DOF manipulator.

Joint d [mm] ϑ [rad] a [mm] α [rad]

1 0 ϑ1 -7 π/2
2 0 ϑ2 246.8 0
3 0 ϑ3+π/2 0 π/2
4 110.5 ϑ4 0 −π/2
5 0 ϑ5 0 π/2
6 111.3 ϑ6 0 0

The dynamic model of the whole system has been developed in the
Matlab/SimMechanics environment. The masses and inertias have been estimated via
CAD tools: the aerial vehicle mass has been assumed as mb=4.493 kg while the inertia
matrix is Ib=diag{0.177, 0.177, 0.334} kgm2; as for the manipulator, a total weight of 750
g has been assumed, with the following link masses ml1 =156 g, ml2 =225 g, ml3 =78g,
ml4 =56g, ml5 =76g, ml6 =134 g, while the moments of inertia of each link about its
center of mass are reported in Table II.

Table II . Moments of inertia of each link [kgm2].

Link Ixx Iyy Izz Ixy Ixz Iyz

1 4.4e-5 7.4e-5 6.0e-5 1.1e-6 1.3e-6 4.2e-8
2 3.2e-4 2.3e-3 2.1e-3 8.4e-6 -2.0e-6 -6.3e-7
3 2.7e-5 2.8e-5 2.3e-5 2.1e-9 2.5e-6 -1.1e-10
4 2.0e-5 1.1e-5 1.7e-5 1.7e-9 -4.5e-10 -6.2e-8
5 2.3e-5 2.4e-5 2.2e-5 -5.9e-10 1.1e-6 -3.3e-10
6 1.5e-4 9.0e-5 1.2e-4 1.8e-7 9.9e-7 -2.7e-6

A realistic scenario has been simulated by assuming that only vehicle position,
orientation and joint positions are available as feedback, while the velocity measurements
have been numerically obtained via a suitable first-order filter with a time constant of 0.03
s. Moreover, zero mean normally distributed measurement noise, with standard deviation
10−3 m for the vehicle’s position, 5 · 10−3 rad for vehicle’s orientation and 5 · 10−4 rad
for joints positions, has been added. The controller has been digitally implemented: all
feedback data are updated at a sampling frequency of 200 Hz, while the model has been
simulated at a frequency rate of 1 kHz. The frequency rate of 200 Hz is compatible with
the commonly used equipment for indoor aerial manipulation. Moreover, the robustness
of the proposed algorithm to disturbances and model uncertainties has been tested since
relevant uncertainties and disturbances have been considered:
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Table III . Model-based adaptive controller parameters.

Gain Value Gain Value

Kp,P 12 · I3 Kp,V 8 · I3

Kq,P 150 · I6 Kq,V 50 · I6

kψ,P 6.4 kψ,V 3
kθ,P 5 kθ,V 5
kφ,P 5 kφ,V 5
Kp diag{9 · I3, 8 · I3} Kv diag{8 · I3, 7 · I3}
β 5 Q diag{O12, 25 · I3, 8 · I3, 100 · I6}
kN 0.6

Table IV . PID controller parameters.

Gain Value Gain Value Gain Value

KPID
p,P diag{150, 150, 200} KPID

p,D 30 · I3 KPID
p,I 1.5 · I3

KPID
φ,P 30 · I3 KPID

φ,D 5 · I3 KPID
φ,I 1.2 · I3

KPI
φ,P 15 · I3 KPI

φ,I 0.75 · I3

KPID
q,P diag{1.1, 0.9, 0.6, 0.4, 0.5, 0.2} KPID

q,D 0.05 · I6

Kp diag{0.9 · I3, 1.6 · I3} KPID
q,I 0.05 · I6

Kv diag{0.8 · I3, 1.1 · I3} kN 0.6

r in control laws (26), (33) and (36), the compensation of the Centrifugal and Coriolis
terms, C, has been neglected;

r an aerodynamic disturbance, acting on the vehicle vessel from time tw = 20 s, has been
considered and modeled as46

d(t) = Kw ‖vb‖ sin
(
2π

Tw
(t− tw)

)
vb, (73)

where Kw = diag{10 · I3, I3} and Tw = 10 s;
r viscous friction, τ f , acting on the joints, has been modeled but not considered in the
control design, as

τ f = −F ‖q̇‖ q̇, (74)

where F = diag{0.02 · I6} is the matrix of friction coefficients.

The end-effector is commanded to track an helical trajectory having radius of 1 m and
pitch of π/3 (see Fig. 3), by rotating, at same time, the end-effector frame of π/4 around
yaw and roll axes. At the end of the path a hovering phase of 5 s is commanded.

A comparison between the proposed model-based and the PID controller has been
conducted and, in order to present a fair comparison, the PID control gains have been
tuned to achieve the best control performance and to ensure control efforts of the same
order of magnitude of the model-based ones; the gains of the two control laws are reported
in Tables III and IV, respectively.

Figure 3 reports the end-effector desired trajectory together with the trajectories
obtained by using the model-based adaptive law (red line) and the PID law (yellow
line), while Fig. 4 shows the norm of the end-effector position (Fig. 4(a)) and orientation
(Fig. 4(b)) errors. As can be seen, the adaptive controller allows to track the desired end
effector trajectory in a more accurate way during the whole simulation; in particular, in
the presence of the disturbance (73) (i.e., starting from 20 s), it keeps the error close to
zero with a peak value of about 1 cm, while the error of the PID controller becomes much
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Fig. 3. Comparison between the end-effector desired trajectory (blue) and the actual ones, obtained
with the model-based adaptive controller (red) and the PID controller (yellow).
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Fig. 4. End-effector pose error norm. Comparison between model-based adaptive (blue), non-adaptive
(red) and standard PID (yellow) controllers.

larger with a peak value of about 4 cm. Also regarding the orientation error, the model-
based schemes allow to achieve better results with respect to the PID scheme. Regarding
the comparison between the adaptive and non-adaptive model based controllers, it can
be viewed that the adaptive one still performs well but the differences are smaller and
the errors are practically indistinguishable in the absence of aerodynamic disturbs: this
is meanly due to the presence of the external loop, which improves the overall tracking
capabilities even if the inner-loop is not so accurate as the adaptive one.

Figure 5 depicts the norm of the low-level motion control errors obtained by comparing
the three different approaches: the standard PID (37)–(40), the proposed model-based
law without the compensation term r, and the model-based law with the adaptive
compensation r. It can be noticed that, regarding the UAV position and the joint
position, the PID performance is quite poor with respect to the model-based one,
especially in the presence of the disturbance term (73), while regarding to the UAV
attitude, the PID performance is quite similar to the model-based one, but it is
characterized by a larger noise, due to the velocity loop. The adaptive term allows to
have better tracking both for the UAV and for the manipulator joints.

Figures 6-7, report the vehicle thrusts and the manipulator torques, respectively.
The thrusts and joint torques concerning the non-adaptive model-based control are not
reported since there are not appreciable difference with respect to the adaptive ones. It is
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Fig. 5. Comparison among the low-level motion control errors norms by adopting the model-based
controller with (blue) and without (red) the adaptive compensation as well as the standard PID (yellow).

worth pointing out that the vehicle thrusts are compatible with the modeled hardware,
while the manipulator torques can be easily achieved by commercial servos.

Finally, Fig. 8 presents the aerodynamic disturbance d acting on the vehicle vessel,
experienced during the simulation with the adaptive model-based controller. For the sake
of brevity, the disturbances experienced with different controllers are not reported, since
they are very similar to that reported in Fig. 8. Based on (73), the disturbance depends
on the vehicle velocity, thus it becomes almost zero after about 55 s, while the peak value
is about 5.8 N along x and y axes and 1.6 N along z axis.

It can be concluded that the model-based control results to be robust to non-negligible
external forces (of about 6 N), and it performs better than a PID, commonly adopted
in commercial vehicles. Moreover, the adaptive controller achieves better tracking at low
level with respect to the model-based, but at end-effector level its effect is less evident,
due to the presence of the outer loop.

7. Conclusions
In this paper, a hierarchical motion control scheme has been proposed for an aerial
manipulator, composed of a multirotor aerial vehicle equipped with a multi-DOFs robotic
arm. First, on the basis of the desired pose of the manipulator end-effector, a closed-loop
inverse kinematics algorithm computes the references for the vehicle position, the vehicle
yaw angle and the manipulator joints. Then, a cascade controller, with an adaptive
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Fig. 6. Control effort: thrust of the coaxial rotors for the adaptive (blue) and PID (red) controller
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Fig. 7. Control effort: manipulator joint torques.

term designed to counteract uncertainties, ensures tracking of the desired trajectories.
The stability of the proposed control scheme has been theoretically proven. A realistic
simulation case study has been developed, in which the algorithm is tested in the
presence of digital implementation of the controller, measurement noise and disturbances.
On the basis of the simulation results, the adaptive compensation, which is needed to
ensure convergence, provides slightly better performance with respect to the model-based
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controller without adaption, that, in turn, is still superior to simple linear (e.g., PID)
control approaches.
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Appendix A: Internal motion stabilization

Let us consider the projection of ζ̇ onto the null space of J ζ

ζ̇N = N (J ζ)ζ̇. (A1)

Its time derivative, ζ̈N can be rewritten as

ζ̈N = Ṅζ̇ +Nζ̈, (A2)

where the dependencies of N and Ṅ have been dropped for notation compactness. By
folding (19) in (A2), and by resorting to the following properties of each projector onto
the null space

r N(J ζ)J
†
ζ = On+4×6;

r N is idempotent, namely NN = N ,

the following relation holds

ζ̈N = Ṅ ζ̇ −NṄζ̇ − kNNζ̇. (A3)

In order to prove the convergence to zero of ζ̇N , let us consider the candidate Lyapunov
function

VN =
1

2
ζ̇
T

N ζ̇N , (A4)

and its time derivative, given by

V̇N = ζ̇
T

N ζ̈N = ζ̇
T
NTṄ ζ̇ − ζ̇

T
NTNṄζ̇ − kN ζ̇

T
NTNζ̇.

Since each null projector matrix is symmetric and idempotent, after few steps it yields

V̇N = −kN ζ̇
T

N ζ̇N , (A5)

which is negative definite, therefore ζ̇N converges to 0 exponentially. This proves that
equation (19) allows to stabilize the internal motion.
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Appendix B: Proofs

Proof of Corollary 1
In order to prove the Corollary 1, by considering the state space equation of the system
(49), with the parameters’ estimation error having the following dynamics

˙̃χ = − ˙̂χ = − 1

β
Λ

TBTQ

[
ξ̃
˙̃
ξ

]
, (A6)

and the augmented state z̄ = [z̃T
χ̃

T]T, the closed-loop dynamics of the inner loop can
be rewritten as the following time-varying system

{
˙̄z = A(t)z̄
y = Lz̄ ,

(A7)

with

A(t) =




Ω BΛ

− 1

β
Λ

TBTQ Op


 ,

and

L =

[√
P z O
O O

]
,

where P z is the solution to the Lyapunov equation (52). The Lyapunov function (50)
can be bounded as follows

1

2
min{λm(Q), β} ‖z̄‖2 ≤ Vi ≤

1

2
max{λM (Q), β} ‖z̄‖2 , (A8)

while the time derivative V̇i can be upper bounded as

V̇i ≤ −z̄TLTLz̄. (A9)

By resorting to Theorem 4.5 in [39], it can be argued, by looking at (A8)–(A9), that
Vi verifies the first two conditions imposed by the Theorem and, thus, to prove the
exponential stability, it is sufficient to show that the condition

∫ t+δt

t

V̇i(σ)dσ ≤ −λVi(t), λ > 0,

is met as well. To this aim, it is worth considering the evolution of Vi on the time interval
[t, t+ δt] for some δt > 0

∫ t+δt

t

V̇i(σ)dσ = −
∫ t+δt

t

z̄TLTLz̄dσ = −z̄TW (t, t+ δt)z̄, (A10)

where W (t, t+ δt) is the observability Gramian of the pair (A,L). The pair (A,L)
is uniformly observable, i.e. W (t, t+ δt) ≥ kwI (kw > 0), if and only if the pair (A−
KL, L) is uniformly observable, where K can be chosen in a similar way to Section
13.4.2 in [39]. If the PE is fulfilled, from Lemma 13.4 in [39], the observability of the pair
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(A−KL, L) is proven and, thus, the following condition holds

∫ t+δt

t

V̇i(z̃(σ))dσ ≤ − 2kw
max{λM (Q), β}Vi(z̃, χ̃). (A11)

In conclusion, (A8), (A9) and (A11) allow us to claim that both z̃ and χ̃ are exponentially
convergent to zero.

Proof of Theorem 3
In order to prove Theorem 3, it is worth defining the following Lyapunov function

V = Vo(ε) + V̄i(z̃, χ̃), (A12)

where Vo has been already defined in (61) while V̄i is a Lyapunov function satisfying the
following conditions

c1 ‖z̄‖2 ≤ V̄i(z̄) ≤ c2 ‖z̄‖2 , (A13)

˙̄Vi ≤ −c3 ‖z̄‖2 , (A14)
∥∥∥∥∥
∂V̄i
∂z̄

∥∥∥∥∥ ≤ c4 ‖z̄‖ , (A15)

for some positive constants c1, c2, c3 and c4, and z̄ = [z̃T
χ̃

T]T. Since the conditions of
Corollary 1 are satisfied, the exponential stability of the inner loop ensures the existence
of such V̄i by virtue of Converse Theorem 3.12 in [39]. By recalling (69) and (67) together
with (A13) and (A14), the exponential convergence of the whole state [εT z̄T]T can be
straightforwardly derived.

Proof of Theorem 4
In order to prove Theorem 4 it could be worth recalling the following lemma

Lemma 1. Given the autonomous system

ẋ = f(x,u), (A16)

suppose that x̄ is an asymptotically stable equilibrium of ẋ = f(x, ū), with domain of
attraction O, and that K is a compact subset of O. Let x(t) be a K-recurrent solution
of (A16) defined on [0;∞), and suppose that u(t) → ū as t→ ∞. Then, x(t) → x̄ as
t→ ∞.

Proof. It is worth remarking that a function x : D → X is K-recurrent if for each T > 0
there is some t > T such that x(t) ∈ K, where K ⊆ X is a compact subset. A detailed
proof can be found in [47] (see Theorem 1). �

The two-loop dynamics (48)-(70) can be rewritten in terms of an autonomous system,

analogous to (A16), with state vector ν̃ and input vector Jζ
¨̃
ζ. If the PE condition is

satisfied, from Corollary 1, z̃ and χ̃ are exponentially convergent to zero. By virtue of
Theorem 2, the nominal system, i.e., the two-loop dynamics (48)-(59) in the absence of

the error
¨̃
ζ, is exponentially convergent to zero; thus, the first condition of Lemma 1 is

satisfied.
By resorting to Converse Theorem 3.12 and Lemma 5.7 in [39], it is possible to state

that ν̃ is norm-bounded, i.e., there exists a positive constant ρ such that ‖ν̃(t)‖ ≤ ρ,∀t ≥
0. In other words, ν̃ is a K-recurrent solution since it never leaves the hypersphere K
with radius ρ, which, in turn, is a compact subset of IR2n+24. By recalling that z̃ and
χ̃ are exponentially convergent to zero and, by virtue of (71), it can be recognized that
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J ζ
¨̃
ζ → 0 as t→ ∞. Since all conditions stated by Lemma 1 are met it can be argued

that, also in the presence of the error
¨̃
ζ, the equilibrium ν̃ = 0 of the perturbed system

(49), (70), is asymptotically stable.

Proof of Corollary 2
The system defined by equations (70), (55) can be viewed as the nominal system (49),

(59) with two perturbation terms B (Λχ̃+ ς) and Jζ
¨̃
ζ, respectively. From (58) and (72)

it can be argued that both the perturbation terms are bounded and non-vanishing, since
ς is bounded and χ̃ could be kept bounded by resorting to the projection operator even if
PE condition cannot be met. By resorting to arguments analogous to proof of Theorem 4,
it can be argued that exists a Lyapunov function that satisfies the conditions of Lemma
5.7 in [39], and, thus, it is possible to state that ν̃ is norm bounded.


