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operators T on C(K) which leave invariant the polynomials of degree at most 1 and
which, in addition, map polynomials into polynomials of the same degree. Among

ﬁiﬁiﬁ:ﬁéerator other things, we discuss the existence of such operators in the special case where K
Second-order elliptic differential is strictly convex by also characterizing them within the class of positive projections.
operator In particular we show that such operators exist if and only if 0K is an ellipsoid.
Markov semigroup Furthermore, a characterization of balls of R? in terms of a special class of them is
Polynomial preserving property furnished. Additional results and illustrative examples are presented as well.

© 2014 Elsevier Inc. All rights reserved.

0. Introduction

The paper is concerned with a special class of positive linear operators acting on the space C(K) of
all continuous functions defined on a convex compact subset K of R%, d > 1, having non-empty interior.
Actually, this class consists of all positive linear operators T' on C'(K) which leave invariant the polynomials
of degree at most 1 and which, in addition, map polynomials into polynomials of the same degree.

The interest for such operators comes from the study of a special differential operator (W, C?(K)) which
we carefully investigated in [6] and which is defined as

1 0%u
WT(U) T 5 Z i aﬂfz 81Ej

ij=1

(u € C*(K)), where a;; := T(prypr;) — prypr; (i,j = 1,...,d) and each pr; denotes the i-th coordinate
function on K.
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The differential operator Wr is elliptic and it degenerates on a subset of K which contains the set of
the extreme points 0. K of K. In [6] we showed that, if 7" maps polynomials into polynomials of the same
degree, then (Wr, C?(K)) is closable in C(K) and its closure generates a Markov semigroup on C(K) which
can be represented as a limit of suitable iterates of particular positive linear operators associated with T,
namely the Bernstein—Schnabl operators associated with 7', which have been deeply investigated in [5] and,
more recently, in [6] and in the forthcoming monograph [7].

The main aim of the paper is to look more closely at this preservation property which seems to have
an independent own interest. Among other things, we discuss the existence of such operators in the special
case where K is strictly convex, i.e., 0. K = 0K, by also characterizing them within the class of positive
projections on C'(K) (for the bi-dimensional case see [11]). In particular we show that such operators exist
if and only if OK is an ellipsoid. Furthermore, a characterization of balls of R¢ in terms of a special class of
them is furnished. Hlustrative examples and additional results involving the tensor products and the convex
convolution products of positive linear operators are presented as well.

1. Preliminaries on positive linear operators

Throughout this paper K will be a convex compact subset of R, d > 1, with non-empty interior int(K).
As usual we denote by C(K) the space of all real-valued continuous functions on K and by C?(K) the
space of all real-valued continuous functions on K that are twice continuously differentiable on int(K’) and
whose partial derivatives up to the order two can be continuously extended to K. For u € C?(K) and

1,7 =1,...,d, we shall contlnue to denote by 8“, and f;“x the continuous extensions to K of the partial
ZTq i 7
derivatives % and 6 —5—- The space C(K), endowed with the supremum norm | f[loc = sup,ecx | f(2)]

(f € C(K)) and the natural (pointwise) ordering, is a Banach lattice.

We also denote by 1 the constant function of constant value 1 on K and, for every i € {1,...,d}, by pr;
the i-th coordinate function on K, i.e., pr;(z) = z; for every z = (2;)1<i<d € K.

Let Bx be the o-algebra of all Borel subsets of K and denote by M*(K) (resp., M; (K)) the subset of
all Borel measures (resp., the subset of all probability Borel measures) on K. In particular, for every = € K,
the symbol €, stands for the unit mass concentrated at z, i.e., for every B € By,

1 ifx e B;
=(B) = ’
e(B) {O if x ¢ B.

If i € MT(K), then Supp(ji) denotes the support of fi, i.e., the complement of the largest open subset
of K having measure zero with respect to fi.

Given a Markov operator T : C(K) — C(K), i.e., a positive linear operator such that 7'(1) = 1, by the
Riesz representation theorem there exists a unique family (fil),ecx in M; (K) such that

T()a) = [ £dil (€ CK), 2 € K). (1.1)
K

Such a family is said to be the continuous selection of probability Borel measures on K associated with T
By means of (fil),cx we can construct the so-called Bernstein—Schnabl operators associated with T which
are defined by setting, for every n > 1, z € K and f € C(K),

/ / (B ) i o) i ), 12)

Note that by the continuity property of the product measure it follows that B, (f) € C(K). Moreover,
B, =
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For a comprehensive survey on these operators (including noteworthy examples), we refer to [5, Chapter 6]
and to the references contained in the relevant notes. More recent results can be also found in [3,6-10,12].
Here we only point out that, if in addition the Markov operator 1" satisfies

T(h) =h forevery h € {1,pry,...,pr;}, (1.3)
then the sequence (B,,),>1 is a positive approximation process in C'(K), that is

lim B,(f)=f uniformly on K for every f € C(K). (1.4)

n— o0

Another useful tool that we shall use in the sequel is the notion of Choquet boundary.

Given a linear subspace H of C(K), the Choquet boundary of H is the subset of all points x € K such
that, if i € M1 (K) and [hdi = h(x) for every h € H, then [ fdp = f(x) for every f € C(K), ie.,
it = €. It will be denoted by 0y K. If H contains the constants and separates the points of K, then 0y K
is non-empty and every h € H attains its minimum and maximum on 0y K (see, e.g., [5, Corollary 2.6.5]).
Therefore, if f,g € H and if f = g on 0y K, then f =g on K.

An important example of Choquet boundary is the set 0. K of the extreme points of K. They are defined
as those points xg € K such that K \ {z(} is convex, i.e., if 1,20 € K and A € R, 0 < A < 1, and if
xo = Ax1 + (1 — N)zg, then xg = 21 = xo.

Indeed, denote by P;(K) the space of (the restriction to K of) all polynomials of degree at most 1.
Clearly, P;(K) contains the constants and separates the points of K. As a matter of fact, it turns out that

apl(K)K = OeK (15)

(for a proof see, e.g., [5, Proposition 2.6.3]).
Now let us consider a Markov operator T': C(K) — C(K) and set

M :={h e C(K)|T(h)=h}. (1.6)

Clearly, M is contained in the range of T which will be denoted by
H:=T(C(K))={T(f) | f € C(K)}. (1.7)
The subspace M contains the constants and hence, if it separates the points of K, its Choquet boundary

Op K is non-empty.
In the sequel, the following subset

orK ={z e K | T(f)(z) = f(z) for every f € C(K)} (1.8)

will play an important role. Its elements are also called the interpolation points of the operator T
The next result has been obtained in [4, Theorem 2.1].

Theorem 1.1. Consider a Markov operator T' : C(K) — C(K) such that the subspace M defined by (1.6)
separates the points of K. Then

0 75 OyK CcorK Cc 0gK (1.9)

(see (1.7) and (1.8)).



480 F. Altomare et al. / J. Math. Anal. Appl. 415 (2014) 477-495

Moreover, if V' is an arbitrary subset of M separating the points of K, then
OrK = {z € K | T(h?*)(x) = h*(x) for every h € V'}. (1.10)

Finally, if (hn)n>1 is a finite or countable family of M, separating the points of K and such that the
series @ := > >° | hZ is uniformly convergent, then & < T(®) and

OrK ={z € K |T(®)(x) =D(x)}. (1.11)

Remarks 1.2. 1. There always exists a sequence (h,),>1 in M separating the points of K and such that the
series Y 2 h2 converges uniformly on K. Indeed, M is separable (because C(K) is so) and hence there
exists a countable dense family (¢, )n>1 of M which separates the points of K. Then, it is sufficient to set
b = 27" (lpnlloe + 1)1 (0 > 1).

2. Whenever T satisfies condition (1.3), i.e., P1(K) C M, then, from Theorem 1.1 and (1.5), it follows
that

0. K C Oy K C OrK C OgK. (1.12)

Below we discuss some cases where the inclusions in (1.9) are equalities (see [4, Proposition 2.4 and
Theorem 1.1] and [5, Remark 3 to Theorem 3.3.3]). To this end, we recall that a Markov operator T' on
C(K) is said to be a projection if T?(f) = T(f) for every f € C(K).

Proposition 1.3. Under the same assumptions of Theorem 1.1, the following statements are equivalent:

a ere exists a subset 0 separating the points o such that = or ever eV,

(a) Th ) bset V. of M ing th ; f K h th Tz(hz) T(h2)f yheV
i.e., T(V?) C M.

(b) T is a projection.

C ere exists a finite or countable family (hy)n>1 in separating the points o such that the series
Th . ) bl ity (hp)n>1 in M ; h ; K h that th )
@ := > h2 is uniformly convergent and T*(®) = T(P).

1=1""n

Finally, if (a), (b) or (c) holds true, then M = H (see (1.7)) and hence Oy K = Or K = 0y K. Moreover,
for every x € K,

Supp(il) C OrK = 0K, (1.13)
AL being defined by (1.1), and hence, for every f,g € C(K),
T(f)=T(g9) provided f =g on oK. (1.14)

Finally we recall that a simplex of R? is the convex hull of some d + 1 affinely independent points (we
recall that p points z1,...,2), € R? are said to be affinely independent if for every Aq, ... , Ap € R satisfying
S XNz =0and >.P_| X\ =0, it turns out that A\; =--- =\, =0).

Therefore, the subset

d
Ky := {(acl,...,xd) eRY|z; >0foreveryi=1,...,d and sz < 1}, (1.15)
i=1

being the convex hull of {vy,...,v4}, where

vo = (0,...,0), wv1:=(1,0,...,0), ..., wg:=(0,...,0,1), (1.16)
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is a simplex in R? and it is called the canonical simplex of R®. Note that, if such is the case, 0. K4 =
{vo,...,vq}.

According to the next theorem [5, Corollary 1.5.9], when K is a simplex then on C'(K) there exists a
(unique) natural positive projection 7' on C(K) such that T(C(K)) = P;(K).

Theorem 1.4. Given a conver compact subset K of R?%, d > 1, the following statements are equivalent:

(a) K is a simplex.
(b) For every x € K there exists a unique fi, € M (K) such that ji,(K \ 0.K) = 0 and

/hdﬂw = h(z) for every h € P(K).
K

(¢) Ewvery continuous function f : 9. K — R can be continuously extended to a (unique) function f € Py (K).
(d) There exists a (unique) positive projection T : C(K) — C(K) such that T(C(K)) = P1(K).

Moreover, if one of these statements holds true, then for every f € C(K) and x € K,

T(f)(x) = /fdﬂx = flo.x (z). (1.17)

K

Given a simplex K of R, the positive projection T : C(K) — C(K) given by (1.17) is referred to as the
canonical positive projection associated with K. Thus, for every f € C(K), T(f) is the unique continuous
affine function on K that coincides with f on 0. K.

In the case K = K4, d > 1, the canonical projection is given by

d d
Ta(f)(z) = (1 - Z%) f(vo) + inf(vi) (1.18)

(f e C(Ky), x = (x1,...,2q) € Kg, vg,...,0q as in (1.16)).
In particular, for d =1,

Ty(f)(x) := (1 —2) f(0) +zf(1) (1.19)
(feC(o,1]),0<z<1).
2. Differential operators associated with Markov operators

In this section we shall recall some results from [6] which will be useful in the sequel. Actually, given a
Markov operator T on C(K), we shall consider a second-order differential operator Wz on C?(K) which is
strictly connected with the Bernstein—-Schnabl operators B,, defined by (1.2). Under suitable assumptions
on T, the operator (Wr, C?(K)) is the (pre)-generator of a Markov semigroup on C(K) which can be
approximated by means of suitable iterates of the B,,’s. Some examples will be also discussed.

From now on fix a Markov operator T': C(K) — C(K) satisfying (1.3), that is,

T(h) =h forevery h € {1,pry,...,pr;},

K being a convex compact subset R%, d > 1, whose interior is assumed to be non-empty.
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For every m > 1, we denote by P,,(K) the linear subspace of the (restrictions to K of) polynomials of
degree no greater than m.

Clearly, P (K) C Prt1(K) and Poo(K) = ,,5; Pm(K) is a subalgebra of C(K) which separates the
points of K and which is dense in C'(K).

Now consider the differential operator Wy : C%(K) — C(K) defined by

1 0%u
Wr(u):= 5 > i G By (2.1)

4,j=1

(u € C*(K)), where, for each i,j =1,...,d and z = (x;)1<i<a € K,

aij(z) = T(prypr;)(z) — (pripr;)(x) = T((pr; — z:)(pr; — 2;)) (). (2:2)

Accordingly, if &1,...,&4 € R, then

d 2
Zai]( §Z§]_T<<Z§’L - Z) >(CL‘)>0,

i,j=1

which implies that Wy is elliptic. Moreover, it degenerates on drK (see (1.8)) and, in particular, on 0. K
(see Remark 1.2, 2) because o;; = 0 on OrK for every i,j =1,...,d.

The operator W will be referred to as the elliptic second-order differential operator associated with the
Markov operator T.

Note also that, for each i,j =1,...,d,

Wr(pripr;) = aij = T(pripr;) — pripr;

and hence, if P € Py(K), then Wy (P) = T(P) — P. Therefore, if T' is a Markov projection and T'(P»(K)) C
P2 (K), then

Wr(T(P)) =0 for every P € Po(K). (2.3)

Differential operators of the form (2.1) are of concern in the study of diffusion problems arising from
different areas such as biology, mathematical finance, physics. In the special case where T is a positive
projection, a rather complete overview on them can be found in Chapter 6 of [5].

It turns out that the differential operator Wr is generated by an asymptotic formula for Bernstein—Schnabl
operators (see [6, Theorem 4.2]).

Theorem 2.1. For every u € C?(K),

lim n(B,(u) —u) = Wr(u) uniformly on K. (2.4)
n—oo
In [6, Theorem 4.3] we also show that, under some additional assumptions on the Markov operator 7" on
C(K), the differential operator Wy is closable in C(K) and its closure generates a Markov semigroup on
C(K). Moreover, this semigroup is obtained as a limit of suitable iterates of Bernstein—Schnabl operators
associated with T
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Before stating this result, we recall that a core for a linear operator A : D(A) — C(K) is a linear subspace
Dy of D(A) which is dense in D(A) with respect to the graph norm [Ju||4 := ||A(¢)]|co + ||t]|cc (u € D(A)).

Moreover, if (A, D(A)) is the generator of a semigroup (7'(t));>0 on C(K), then it determines the semi-
group uniquely and, if (B, D(B)) is a closed operator and if there exists a linear subspace Dy C D(A)ND(B)
which is a core for (4, D(A)) and A = B on Dy, then (B, D(B)) = (A, D(A)).

After these preliminaries, we state the following result (see [6, Theorem 4.3 and Corollary 4.4]).

Theorem 2.2. Let K be a convex compact subset of R%, d > 1, having non-empty interior, and consider a
Markov operator T on C(K) satisfying (1.3). Furthermore, assume that

T(Pn(K)) C Pp(K)  for every m > 2. (2.5)

Then, the differential operator (Wy, C?(K)) is closable and its closure (Ar, D(AT)) generates a Markov
semigroup (T(t))i=0 on C(K) such that, for everyt > 0 and for every sequence (k(n))n>1 of positive integers
satisfying lim, o k(n)/n =t, one gets

Tt)(f) = lim BE™(f)  uniformly on K (2.6)

for every f € C(K).

Moreover, Py, (K) is a core for (Ar, D(Ar)) and, if u,v € C(K) and lim,,_, o n(B,(u)—u) = v uniformly
on K, then u € D(Ar) and Ar(u) = v.

In particular, if lim,_,oc n(By(u) —u) = 0 uniformly on K, then u € D(Ar) and Ar(u) = 0.

The representation formula (2.6) can be useful to investigate several qualitative and quantitative proper-
ties of both the semigroups (7'(¢))¢>0 (i-e., of the solutions to the initial-boundary value problems associated
with the generator A7) and the transition functions of the corresponding Markov processes. These aspects
will be carefully treated in [7].

Below we show some examples of Markov operators satisfying (2.5) together with their relevant differential
operators.

Examples 2.3. 1. (See [10].) Consider a Markov operator 17" on C(]0, 1]) satisfying (1.3), i.e.,

T(el) =e€1, (27)
where e1(z) ==z (0 <z < 1).
Then, for every u € C?([0,1]) and x € [0, 1],
_ @)
Wr(u)(z) = —=u"(2), (2.8)
with
a(z) :=T(e)(x) — 2* (2.9)

and ez(x) ;=22 (0 <z < 1).
Examples of Markov operators on C([0,1]) which, in addition, satisfy (2.5) can be easily achieved. Con-
sider, for instance, for a given n > 1, the n-th Bernstein operator
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B =3 (1) 1(E)eka -0y

k=0

(f€C(0,1]), 0 <z <1). In this case, a(z) = w (0<z <.
2. (See [2], [5, Chapter 6].) The differential operator associated with the canonical projection T,; on the
d-dimensional simplex K4 (see (1.15) and (1.18)) is given by

1< 0%u
Wr,(u)(z) := 5 > @i(di; — %) 5m 92 %)
i,j=1 v
1< 0%u 0%u

1

o
I

1<i<j<d

(u € C*(Ky), * = (2:)1<i<a € Ka), where d;; stands for the Kronecker symbol.

The operator (2.10) falls into the class of the so-called Fleming—Viot operators, which were studied by
Feller in [17] in the description of a stochastic process associated with a diffusion approximation of a gene
frequency model in population genetics; subsequently, they have been object of investigation by several
authors (see, e.g., [1,13,16] and the references quoted therein).

The coefficients of Wy, vanish on the vertices of the simplex. Furthermore, in this case Ty(P,,(K4)) C
Py (K ) for every m > 2 and hence (2.5) holds true.

3. (See [6].) As above, let K, be the canonical simplex of R? (see (1.15)) and consider the Markov
operator S : C(K4) — C(K,) defined by
S(f)(a) = { (1- %)f@,xg, ceyTd) 175%]”(1 — Z?:z Ty Ty .., mq) if 2?22 x; # 1;

fO,za, ..., xq) if 2?22%‘21

(f € O(Kqg), = (z4)1<i<d € Ka).
Then,

11— pry)pry ifj=1;
Sprypry) = { 7 S Prorn 1721 (21)
pripr; ifl<j<d

and S(pr;pr;) = pr;pr; for every 1 <i < j < d.
Therefore, the differential operator associated with S is given by

1 d 0%u
W (u)(x) = 521 <1 - Z asi) 8—3;%(:,;) (2.12)

(u € C*(Ky), x = (z:)1<i<d € Ka).
Thus, Wg degenerates on the faces {z = (zi)i<ica € Kq | 1 = 0} and {x = (z;)1<i<a € Kq |

SF @ =1},

Moreover, S(P,,(Kq)) C Py, (Ky) for every m > 2, because, if mq, ..., mq are positive integers, then

pro? - prit? if my = 0;

S(pr7t ... prd) =
(p 1 PTa ) { (1— Z?:z pr,)™ " tpr pri? .. cpriyd ifmg > 1.

Finally, if we consider the Markov operator Z := (Ty + 5)/2, where Ty is given by (1.18), the differential
operator associated with it is given by
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0%u 0u
+ g xi (1 — xi)—axQ (x) — il p o (x)) (2.13)
— ; UL

(u c CQ(Kd), T = («xi)lgigd S Kd).
Therefore, W, degenerates on the vertices of K; and Z satisfies (2.5) as well.

We end this section with a further important example. Consider a symmetric matrix (ai;)1<i j<a of
Holder continuous functions on int(K') with exponent 5 € |0, 1[. Let L be the differential operator

d

L) = 3 ay(a) = 2 (a) (2.14)

=~ @
L; O
irj=1 Owi 0;

(u € C%*(int(K)), = € int(K)) and assume that it is strictly elliptic, i.e., for every x € int(K) the matrix
(aij(x))1<i,j<a is positive-definite and, denoted by o(x) its smallest eigenvalue, we have o(x) > o9 > 0, for
some og € R.

Denote by 11, : C(K) — C(K) the Poisson operator associated with L. Thus, for every f € C(K), Tr(f)
denotes the unique solution to the Dirichlet problem

{Lu—() on int(K), u € C(K) N C?(int(K)); (2.15)
u=f onJdK. .
Ty, is a Markov projection satisfying (1.3) and 0rK = 0K.
For instance, if K is the closed unit ball (with respect to the Euclidean norm || - ||2) of center the origin
of R? and L is the Laplace operator A, i.e.,
d
0%u
Au = e 2.1
“ Oz? (2.16)
i=1 ?
(u € C?(int(K))), then
1-|lz]|3 f(z) : .
Ta(f)(z) = { o0 Jox Tz 40(2) if o> < 1; (2.17)
f(z) if [lafa =1

(f € C(K), x € K), where 04 and o denote the surface area of the unit sphere in R? and the surface
measure on 0K, respectively.

In order to determine (in some particular cases) the differential operator associated with the Poisson
operator we need to point out some preliminary results.

Consider a convex compact subset K of R, d > 2, such that its boundary 0K is an ellipsoid, i.e., there
exist a real symmetric and positive-definite matrix R = (ri;)1<i.j<a and T = (Z;)1<i<a € R such that

d
0K = {1’ S Rd } Q(l‘ — f) = Z ’I“ij(l‘i — Zfl)($] — f]’) = 1} (218)

i,j=1

Furthermore, consider a strictly elliptic differential operator

L)) = Y cij%m (2.19)

i,j=1
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(u € C*(int(K)), x € int(K)) associated with a real symmetric and positive-definite matrix C' = (¢;;)1<i,j<d
and denote by T7, the relevant Poisson operator on C'(K) (see (2.15)).

We can now describe the differential operator Wr, , that we shall briefly denote by W, defined according
to (2.1) and (2.2) (see [19,2]).

Theorem 2.4. Let K and L be as in (2.18) and (2.19). Then the differential operator Wy, associated with
Ty, is given by

d — . . .
wL<u><x>={é2Zz-,jmjcij> H(1 - Q@) L(u)(x) ;ia;{m

(ue€ C*(K), x € K). Moreover, for every m > 1, T, maps Pp,(K) into Py, (K).
In particular, if K is the closed ball (with respect to the Euclidean norm || - ||2) with center T € R and
radius v > 0 and if L = A, then

r?—|z—z||2 . —
ozl Ay (@) if [l - F|2 <7

: (2.20)
0 if lt —=Z|2 =7

Wa(u)(z) = {

(u € C*(K), x € K) and Ta maps P,,(K) into P, (K) for every m > 1.

Remark 2.5. Replacing, if necessary, each coefficient ¢;; of the matrix C' in (2.19) by ¢;; (Zf i1 rijcii)
i,7 =1,...,d, we may always assume that Z;‘ij:1 rijci; = 1. In this case, the differential operator Wy, turns
into

%(@L(u)(x) if x € int(K);

Wilw)(z) = {o if 7 € OK

(ue C*(K), z € K).
3. Markov operators preserving polynomials

The main assumption in Theorem 2.2 involves the invariance under 7' of the spaces of polynomials of
degree m, m > 1. Such a property, that seems to have its own independent interest, will be discussed below
in more details.

As a first simple remark, note that, if 7" satisfies (1.3) and (2.5), then for every A € [0, 1] the operator
Uy := AT + (1 — M) satisfies the same property.

We begin by presenting a counterexample to (2.5).

Example 3.1. Let K = K, be the canonical simplex of R? (see (1.15)) and consider the Poisson op-
erator Ta : C(K3) — C(K3) associated with the Laplace operator Au(z,y) := %(:ﬂ,y) + giy?(a:,y)
(u € C?(int(K3)), (x,y) € int(K3)) (see (2.16) and (2.17)). Then Ta(P2(K3)) ¢ Pa(K>).

Indeed, consider the function f(z,y) = 2 ((z,y) € K2) and assume that Ta(f) € P2(K>), i.e., there

exist a,b,c,m,n,p € R such that
TA(f)(z,y) = az® + bry + cy® +mz +ny + p

for every (z,y) € Ka.
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Since Ta(f) = f on OK5, we have

and

TA(f)(z,1—2) = f(z,1—2z) (z€][0,1]).

Accordingly, we get b=c=m =n=p =0 and a = 1. Thus, Ta(f) = f and this is not possible because
f is not harmonic on int(K3).

Below we shall consider another property similar to (2.5), namely,
T(PQ(K)) CPl(K), i.e., T(hlhg) EPl(K) for every h1, ho EPl(K) (31)

Note that assumption (3.1) is satisfied when K is a simplex and 7" is the canonical projection on C(K)
(see Theorem 1.4).
Next we show that this is the only case where (3.1) can occur.

Theorem 3.2. Assume that there exists a Markov operator T on C(K) satisfying (1.3) and (3.1). Then K
is a simplex and T is the canonical projection associated with it.
In particular, T(P,,(K)) C Pi(K) for every m > 2.

Proof. Setting M as in (1.6), from (1.3) it follows that P;(K) C M. Thus, M separates the points of K
and, by (3.1),

T(P(K)?) C T(P(K)) C Pi(K)C M.

Therefore, by Proposition 1.3, T is a projection and 0p K = 0y K, where H := T(C(K)) (see (1.8)).

We now proceed by induction to show that T'(P,,(K)) C Pi(K) for every m > 2. Indeed, assume
that the inclusion holds true for some m > 2 and fix u € P,,1(K) having the form u = H:’:{l h;, with
hl,. . .,hm+1 S Pl(K)

Setting v := [[;~, h; € Pp(K), we have that u = vhy,41 and T'(v) € P1(K), so that hy,1T(v) € P2(K)
and T(hm+1T(U)) e P (K)

But Ap+1T(v) = hpg1v = uw on Op K = 0y K, and hence, by (1.14), T(u) = T(hm+1T(v)) € Pi(K).

From the above, it follows that T'(Pas(K)) C Pi(K) and hence, by continuity, T(C(K)) = P;(K). From
Theorem 1.4 it turns out that K is a simplex and 7 is its canonical projection. O

From Theorem 2.4 it follows that, if K is an ellipsoid, then several classes of Poisson operators associated
with strictly elliptic operators verify (2.5).

The next result, which generalizes Theorem 3.5 of [11], shows that the inclusion T'(Py(K)) C P(K)
characterizes the ellipsoids between those convex compact subsets of R¢ that are strictly convex, i.e., 0. K =
OK. In such a case, necessarily int(K) # () unless K is trivial, i.e., K reduces to a singleton.

Theorem 3.3. Given a non-trivial strictly convex compact subset K of R, d > 2, the following statements
are equivalent:
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(i) There exists a non-trivial Markov operator T on C(K), i.e., T # I, satisfying (1.3) and (2.5).
(ii) There exists a non-trivial Markov operator T on C(K) satisfying (1.3) such that

T(P:(K)) C P»(K). (3.2)
(iii) There exists a non-trivial Markov operator T on C(K) satisfying (1.3) such that
T(2) € Po(K), (3-3)

where & := Y1, pr = || - [3.
(iv) 0K is an ellipsoid defined by a quadratic form Q(x—Z) := Z?,j:l rij (i —Z;)(x;— %) (x = (T5)1<i<d €
R?) with center T = (¥;)1<i<a € R? (see (2.18)).

Moreover, if T is a non-trivial Markov projection on C(K) satisfying (1.3) and (3.2) (or (3.3)), then one
and only one of the following statements holds true:

(a) T is the Poisson operator associated with a suitable strictly elliptic differential operator of the form
(2.19), whose coefficients (cij)i<i,j<d are constant and satisfy Zijzl rijcij = 1.

(b) For every x € int(K) the support Supp(jil) (see (1.1)) is contained in an affine hyperplane R, through
x and hence, for every f € C(K),

T(f)(x) = / f i, (3.4)

OKNR,;

Proof. The implications (i) = (ii) and (ii) = (iii) are obvious.
(iii) = (iv). From (3.3) we infer that T'(®) — @ is the restriction to K of a polynomial P of degree at
most two. Consider the hypersurface

S:={z¢e R? } P(z) =0}.
From Theorem 1.1 we get that
OrK={2 € K|T(®)(z)=P(x)} =KNS. (1)
Now we proceed to show that
0K =0rK = S. (2)

Indeed, (1.12) implies that 0K = 0. K C drK C S. Before showing the converse inclusion, we first observe
that S # K, otherwise, by (1), OrK = K and, as a consequence of the classical Korovkin theorem (see,
e.g., [5, Theorem 4.2.7]), we should have T" = I. On account of this preliminary remark, we deduce that
int(K) ¢ S and hence we can choose z¢ € int(K) \ S C int(K) \ OrK.

Now, in order to complete the proof of (2), assume, on the contrary, that there exists g € S\ K.

Then the straight line R through g and xy cannot be contained in S (because xo ¢ S) and hence, since
P is a polynomial of degree at most two, RN .S contains at most two points.

On the other hand, R N S contains exactly two points because K is strictly convex, and R N JK C
RNorK Cc RNS,sothat RNS=RNIK = RNOrK and hence § € 0K, a contradiction.
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Having now (2) at our disposal, assume that

d d
P(z) = Z a;jT;x; + Z biz; +c (3)
i=1

ij=1

(z = (zi)1<i<a € R?), where the matrix A := (a;;)1<i,j<a is symmetric and by, ..., b4, c € R. Since 9K is
a bounded quadric, then it is an ellipsoid and, in particular, det A # 0. Therefore, considering the point
T = (T;)1<i<a Whose coordinates are the unique solutions to the system

d
QZaij§j+bi:O, izl,...,d, (4)
j=1
then
d
P(x):= )  ay(e; —T;)(z; — ;) =7
i,j=1

d -
(z = (7i)1<i<a € R?), where vy := D=1 GiTiTj — c.
Therefore,

d
0K = {x e R? ’ Z am’(% —fi)(mj _fj) —7}'

ij=1

Since 0K is an ellipsoid, then v # 0 and the matrix (r;;)i<; j<a is positive-definite, where r;; := Lij
(t,7=1,...,d). Thus,

0K ={z e R?| Q(z — z) = 1}, (5)

where Q(x — ) := Z?,j:l rij(r; — ) (x; — T;) (v = (7;)1<i<a € RY).

(iv) = (i). It is a consequence of Theorem 2.4.

In order to show the last part of the statement, consider a Markov projection 7" on C'(K) satisfying (1.3)
and (3.2). In case (b), for every = € int(K), since Supp(jil) C OK (see (1.13) and the preceding formula (2)),
we get,

() = [ fant = [ sdnt
K

OKNR,

for every f € C(K).

Suppose that case (b) does not occur and fix z € int(K) such that Supp(fil) is not contained in any
affine hyperplane through Zz.

Without loss of generality we can assume that 0K is an ellipsoid with center the origin of R%, so that
rijziz; (r = (vi)1<i<a € R?Y) such that

we can consider a positive definite quadratic form Q(x) = ijzl

K={zeR"|Q(z) <1}.

Given ¢,7 = 1,...,d, since the function oy; := T(priprj) — pr;pr; is a polynomial of degree at most two
which vanishes on 0rK = 0K = {x € R? | Q(x) = 1}, by Hilbert’s Nullstellen Satz there exists ¢;; € R
such that

aij = cii(1 - Q). (6)
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Note that the matrix (cv;(Z))1<i,j<a is positive-definite. Indeed, if &€ = (&)1<i<a € R?\ {0}, then the
quantity

d d 2
Z a;j(2)6:&; = T((Z& (pr; — pTi@))) > (2)

is strictly positive, otherwise we should have

d
Zfi (pri - pri(g)) =0 on SUPP(/]?)
i=1
ie.,

Supp(ﬂg) C {y eR? ‘ y—2) = 0}7

a contradiction (here (-,-) denotes the canonical scalar product on R%).
As a consequence, from (6) it follows that the matrix (¢;;)1<i,j<d is symmetric and positive-definite.
Let us consider the differential operator Wy defined by (2.1). From (2.3) and (6) it follows that, for every
iji=1,...,d,

Wo (priprj + (1 — Q)) =Wr (T(pfrip'rj)) =0,
so that

d d
Wr(Q) = Z TijWT(pTiPTj) = Z rijCiiWr(Q).

i,5=1 t,j=1

On the other hand, since @) = 1 on 0K = 0rK, from (1.14) it follows that T'(Q)) = 1 and, by (2.3), we
have that

Wr(Q)=T(@Q)-Q=1-Q.
Thus, Wr(Q) does not vanish on int(K), so that Z?j:1 rijci; = 1 and the proof is now complete. O
A special case of the previous result is worth being stated separately.

Corollary 3.4. Given a non-trivial strictly convex compact subset K of R%, d > 2, the following statements
are equivalent:

(i) There exists a non-trivial Markov operator T on C(K) satisfying (1.3), such that
T(@)—(1+ NP e Pi(K) (3.5)

for some A € R, \ # 0, where ¢ := Zle pre.
(ii) K is a ball with respect to the Buclidean norm || - ||2 on R%.

Moreover, if
d

T(®)=(1+ NP+ Y bix;+c

i=1
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with A € R,\ # 0, and by, ...,bg,c € R, then K is the ball of center T = (T;)1<i<a € R? and radius r,
where
b; 2

T; = —i for every 1 <i<d and r:=,/|Z|5—

>0

Proof. (i) = (ii). It is enough to apply the same reasoning as in the proof of the implication (iii) = (iv) of
Theorem 3.3 with P(x) = 2?21 A2 + Zle bizi + ¢ (v = (2:)1<i<a € R?Y) (see also (3)-(5)).

(ii) = (i). Assume that K is the ball of center 7 = (Z;)1<i<qs € R and radius 7 and consider the Poisson
operator T associated with the Laplace operator A (see (2.15) and (2.16)). Then T is a Markov operator
satisfying (1.3) and

d
Ta(P) :QZ@pri—l—r2— 1Z]|3. O
i=1

Remark 3.5. In [11] the reader can find a complete description of those convex compact subsets K of R?
such that there exists a Markov projection 7" on C'(K) satisfying (1.3) and (2.5).

We proceed further to study condition (2.5) in the setting of product spaces.

Consider a finite family (K;)1<i<q of convex compact subsets having non-empty interior, each contained
in some R%, s; > 1,71 =1,...,d. For every i = 1,...,d, let T; : C(K;) — C(K;) be a Markov operator
satisfying (1.3) and (2.5). Setting K := Hle K; and denoting by T := ®f:1Ti the tensor product of
(T3)1<i<a (see [5, pp. 32-36]), then T is a Markov operator on C(K) which satisfies (1.3).

For every 1 =1,...,d, set

and, for j =1,...,d,
4 {Ai if j =1 (3.7)
R ID(Aj) if j # 4. '

Moreover, for every i = 1,...,d, denote by (7;(t));>0 the Markov semigroup on C(K;) generated by
(A;, D(A;)). Then we can define a linear operator A : ®§l:1 D(A;) — C(K) such that, for every (u;)1<i<d €

[T, D(A4)),

d d

where ®f:1 D(A;) denotes the linear subspace generated by

d

=1

The operator A will be denoted by ®?:1 A; and it will be again referred to as the tensor product of the
family (A;)i<i<a-

Finally, consider the Bernstein-Schnabl operators B,, (n > 1) associated with T' = ®?:1 T; and, for every
i=1,...,d, let B, ; be the Bernstein-Schnabl operators associated with T; (see (1.2)). From the commu-
tativity as well as the associativity properties of tensor products of measures (see [14, Vol. I, Section 13]),
it follows that
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d d
B, <® fi> =) Bu.ilf), (3.9)
i=1 i=1

for every ®?:1 fi € H?:l C(K;).

Theorem 3.6. The Markov operator T = ®g:1 T; satisfies (2.5). Moreover, if (Ap, D(Ar)) is the generator
of the semigroup (T'(t))t>0 as in Theorem 2.2, then

(i) T(t) = ®f:1 T;(t) for every t > 0.
(ii) The subspace ®?:1 D(A4;) is contained in D(Ar), it is a core for (Ar, D(Ar)) and

d d d
=1

=1 j=1

(see (3.8)).
(iii) ®§l:1 C?(K;) is a core for (Ap, D(Ar)) and, if (u;)1<i<a € H?Zl C?(K;), then

d d
AT(@”i) = Zul @ @ui—1 @ Wr,(u;) @ uip1 @ - -+ @ ug.
i=1 i=1

Proof. Note that, given (u;)1<i<d, (vi)i<i<d € Hle Py (K;), then, for every i = 1,...,d,
(uivi) o pry = (u; o pry)(v; o pr;) € Po(K)
and
T((uZ o pr;)(v; o pri)) = T;(u;v;) o pr; € Po(K).
Moreover, for i, =1,...,d, i # 7,
T((uz o pr;)(vj o prj)) = (Tz(uz) o pri) (Tj(vj) ) prj) = (u; o pr;)(u; o prj) € P(K).

On the other hand, for every u € P;(K), there exist o, a1,...,aq € R and (u;)1<i<a € H?:l P (K;)
such that v = oy + Zle a;(u; o pr;). Therefore, on account of the preceding identities, it follows that
T(P(K)) C P (K).

By induction, it is now easy to show that T'(P,,,(K)) C Py, (K) for every m > 2. According to Theorem 2.2
we can consider the Markov semigroup (7'(t)):>0 on C(K), along with its generator (Ap, D(Ar)).

Looking at the family of generators ((A;, D(A;)))1<i<a defined by (3.6), from [18, Section A-1-3.7, p. 23]
it follows that the operator Zle ®;l:1 A; ; defined on ®f:1 D(A;) is closable on C(K) and its closure
(B, D(B)) generates a Cop-semigroup (S(t));>0 on C(K) given by

Moreover, ®f:1 D(4;) is a core for (B, D(B)).
We now proceed to show that

d d
Q) C*(K;) c D(Ar) and Ap=B on Q) C*(K;). (1)

i=1 =1
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Indeed, given (u;)i1<i<d € ®f:1 C?(K;) and considered the sequence (B,),>1 of Bernstein—Schnabl
operators associated with 7" (see (1.2)), then, on account of (3.9) and Theorem 2.1 for u = ®f:1 u;, we get

d
nlgrgo n(Bp(u) — u) = nl;rréon(®3nz(uz) - ®uz)

d
= lim n(z Bpi(u1) @+ @ Bpic1(ti—1) ® (Bni(u) — 1) @ uip) @ -+ @ Ud)

i=1
d
= anggo Bpi(u1) @+ @ Brjyo1(ui—1) ® [n(Bn,i(wi) — w)] @ w1 ®@ - @ ug
=1
d
= Zul @ Qui—1 @Wr, (u;) ®Uiy1 @ - @ ug = B(u).
i=1

Therefore, by Theorem 2.2, u € D(Ar) and Ap(u) = B(u).
On the other hand, for every m > 1,

d d
P (K) C U ) P, (K:) C ®02(Ki),

mi+---+mg<m =1

which implies that Py (K) C ®§l:1 C*(K;) C ®§l:1 D(A;) and Ap = B on P (K) by virtue of (1).
Furthermore, due to Theorem 2.2, P, (K) is a core for (Ap, D(Ar)) and hence (B, D(B)) = (Ar, D(Ar))
(see the remarks before Theorem 2.2). In particular, T'(t) = S(t) for every t > 0 and the proof is now
complete. O

The special case where K; = [0, 1] for every i = 1,...,d, is worth being studied separately.

Let Qq :=[0,1]%, d > 1, and for every i = 1,...,d consider a Markov operator T; on C([0,1]) satisfying
(2.7) and (2.5).

IfT:= ®?:1 T; : C(Qq) — C(Qa), then, for every u € C%(Qq) and z = (x;)1<i<a € Qu,

Wr()(e) = 5 Y i) 55 (@) (3.10)

where a;(x) = Tj(e2)(z;) — 27 (1 < i < d).
Finally note that, if 7; = T3 for any i = 1,...,d (see (1.19)), then

1< 0%u
W (u)(z) = 52:@(1 —7i) 5 () (3.11)
=1

(u € C*(Qa), = (zi)1<i<d € Qa)-

Corollary 3.7. Under the preceding assumptions, the operator T maps Py, (Q4) into P, (Qq) for everym > 1.
Therefore, the differential operator (Wr, C?(Qq)) is closable and its closure generates a Markov semigroup
(T'(t))i=0 on C(Qq) satisfying all the properties stated in Theorems 2.2 and 3.6.

We end the paper by discussing property (2.5) for Markov operators which are the convex convolution
product of two given ones.
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Consider two Markov operators S and T on C'(K) satisfying (1.3) and the relevant selections of probability
Borel measures (fi5).cx and (il).cx associated with them according to (1.1).
Considering the mapping 79 : K x K — K defined by

1+ X2
2

772(361,3:2) = ((.’L‘l,xz) € K x K), (312)

for each f € C(K), we define the following function on K by setting

U@ = [ Fomdil o dil - IZ I[ f(“;”)dﬂf@ndﬂf(m (3.13)

KxK

(x € K). Then U(f) € C(K) and the operator U is a Markov operator satisfying (1.3). Moreover, dgK N
orK C oy K.

The operator U will be called the convex convolution product of S and T. The Bernstein—Schnabl oper-
ators associated with U are given by

Bou(f)(x) =B s(Burysa)(z) (f€CK), z€K), (3.14)

where

Bu1,f0(21) = By (f(m2(21,7)) (@) (21 € K). (3.15)

We finally mention that the differential operator Wy associated with the Markov operator (3.13) is given
by

_ Wr+Ws

Wur 1

(3.16)
Theorem 3.8. Let K be a convex compact subset of R, d > 1, having non-empty interior, and consider two
Markov operators S and T on C(K) satisfying (1.3) and (2.5). Then the convex convolution product U of
S and T defined by (3.13) maps P, (K) into P, (K) for each m > 1.

Therefore, the differential operator Wy = (Ws + Wr)/4 (see (3.16)) defined on C?(K) is closable and
its closure generates a Markov semigroup on C(K) satisfying all the properties stated in Theorem 2.2.

Proof. The case m = 1 being obvious, we can assume m > 2. Consider hq,...,hy, € Pi(K) and z1,22 € K.
Denote by F(m,2) the set of all mappings o : {1,...,m} — {1,2} and, for 0 € F(m,2), set R] := {i =
1,...,m|o(i) =1} and R :={i=1,...,m| o(i) = 2}. Therefore,

(Zﬁlhz) (xl—;@) B zim T ki) T hateo),

c€F(m,2)i€RY 1€RS

where the product Hz’eRg h; is, by convention, equal to 1 if R7 = ) for some k = 1, 2. Then, from (3.13), it
follows that

U(]ih) > S< 11 hi>T< 11 hi) € Pu(K),

oc€F(m,2) “i€RY i€Rg

because of the assumptions on S and 7" and since card R{ + card RS =m. O
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Remark 3.9. From Theorem 3.8 it turns out that the sum Wg + Wy = 4Wy,, defined on C?(K), is closable
and its closure generates a Markov semigroup (7'(t)):>0, which is the rescaled semigroup with parameter 4
(see, e.g., [15, Chapter 111, Section 1]) of the semigroup generated by the closure of (W, C?(K)).

This result is not trivial because, in general, the investigation of the generation property of the sum of

two generators is a delicate problem (see, e.g., [15, Chapter III, Section 1]).

However, the sum Wg+W7r is also equal to 2Wsyr and SJFTT is a Markov operator on C'(K) satisfying (1.3)

and (2.5). Therefore, the semigroup (7'(¢));>0 also coincides with the rescaled semigroup with parameter 2
generated by the closure of (WS-‘—TT ,C?(K)). Thus it can be represented as in (2.6) in terms of iterates of

Bernstein—Schnabl operators associated with U or with S+TT We refer to [7] for more details in this respect.
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