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Abstract 

Stochastic analysis of flow and mass transport in soil, usually assumes that soil hydraulic properties are stationary 
homogeneous stochastic processes with a finite variance. Some field data suggest that soil hydraulic distributions 
may have a fractal character with long-range correlations. In this study new field soil hydraulic data-sets, measured 
along transects of an Andosol and a Vertic-Fluvent soil, were analyzed for fractal behavior using a stochastic fractal 
function such as fractional Brownian motion (fBm) and power-law variogram fits to estimate the monofractal Hurst 
exponent H as a measure of self-similarity. Our analysis lend further support to the hypothesis that horizontal 
processes, that mimic fBm, will display a power-law variogram. 
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1. Introduction 

Many phenomena studied in geology show notable properties of scale invariance. Fragmentation 
processes of the Earth's crust, for example, occur with similar mechanisms at very different scales [1]. By 
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the same token, the structure of drainage networks and rainfall essentially stays the same regardless of the 
scale of observation in question [2]. 

This consideration, at times formalized mathematically by widely accepted empirical laws, has 
recently given rise to renewed interest, essentially due to the impulse given by the works of Mandelbrot 
[3] on fractal geometry to geophysics and hydrology. This tool is particularly suited to describing the 
disorder of natural objects. However, this disorder often possesses a certain structure or internal 
coherence: without an appropriate reference it is difficult, for each of the cases cited, to understand the 
scale of observation from a photograph. This characteristic, thanks to which an object observed at 
different scales always shows the same appearance, is called self-similarity or scale invariance. 

Fractal geometry is effective at describing such objects that have a dimension which, unlike what 
happens in Euclidean geometry, is not an integer. 

Analysis of natural geometries in terms of invariant-scale structures or fractals is assuming ever-
increasing importance in the study of spatial variability, in measuring soil aggregates, size of soil particles 
[5] and soil hydraulic properties [6; 7; 4]. 

Initial research in this area did not consider the spatial structure of soil hydraulic properties, assuming 
that they behave like a white noise process [8]. Later research considered spatial correlation of flow 
properties. Various autocovariance functions, including anisotropic ones, were used to describe the spatial 
correlation [9; 10; 11; 12; 13; 14; 15; 16]. However, in most such efforts it was assumed that the 
correlation structure of parameter fluctuations is such that the fluctuation variance is bounded and reaches 
its asymptotic value as the volume of the analysed region increases. The validity of this assumption for 
geological formations has yet to be demonstrated. The field data from the rather homogeneous Border site 
[17] indicate that, at least for this site, the assumption is valid. Other sites, however, show scale-
dependent variance and long-range correlations of soil hydraulic properties [18; 19; 20]. This dependence 
on scale is amply illustrated by Gajem [21] who examined a region of 85 ha at three sampling scales on a 
transect at 0.20, 1.00, 20.00 m intervals, increasing transect lengths in proportion. As the length of the 
transects increased, so did the variance and the range of dependence. 

Such facts led us to consider whether some soil properties, in particular pedological contexts in 
southern Italy, exhibited true similarity at different scales [19] and to explore its representation by fractals  
[3]. We will take as a starting point the stochastic fractal of linear Brownian motion (fBm) which began to 
be applied in Soil Hydrology during the early 1900’s [22]. Numerous additional applications followed 
[23] 

2. Fractional Brownian motion (fBm) 

Process )(xY  is termed Brownian if: 

),()()( hxxYhxY   (1) 

where ),( hx  is a stochastic Gaussian process with zero constant mean and variance equal to h, 
independent of x. The variogram of Y coincides with the variance of ),( hx  and is: 

HhhxhxExYhxYEh 222 ),(var),()()()(  (2) 

where H is the Hurst exponent [24], a real number with values between 10 H . If the sampling 
interval is divided by any arbitrary positive value r and the result rescaled in the ratio Hr , then the new 
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semivariogram will be identical to the old one. In this sense Brownian motion is a self-similar or fractal 
process.  

In ordinary Brownian motion the successive values of  are totally independent. The generalisation 
proposed by Mandelbrot and Wallis [25], for 10 H , defines a fractional Brownian process whose 
irregularity is a function of H. In particular, for H=0 the process )h,x(  is reduced to classical white 
noise and )(xY  to the well-known random walk, and for H=1 the process )(xY  becomes smooth. Figure 
1 reports some realisations of )(xY  at different H values. 

A further generalisation of this fractional Brownian process, in the case of a discrete h, was proposed 
in Mandelbrot [26]. This generalisation was obtained by making ),( hx  a Gaussian process with zero 
mean and unit variance, but with an autocovariance function given by 

HHH hhhHhC 222 121
2
1),(   (3) 

where h is the spatial or temporal lag, while 10 H . It can be easily proved that when H=0 or H=0.5, 
then ),( hx  becomes the classic normal white noise process, while for H>0.5 the function C(h, H) is 
always positive. Hence positive values of ),( hx  tend to be followed by positive values and the same 
occurs for negative values (persistence). Therefore the closer H is to one, the smoother the process 
becomes. For 0<H<0.5 the autocovariance function of ),( hx  is negative and hence with positive values 
of ),( hx  there tend to be negative values, and vice versa, and the relative stochastic process is very 
noisy. For both the above processes, it may be demonstrated [27] that their normal Hausdorff-Besicowitch 
fractal dimension D is a simple function of H given by 

DH 242    (4) 

 

Figure 1. Realizations of the stochastic process Y(x), for different values of H. 

which according to Mandelbrot [3] exceed the topological dimension. Barry and Lewis [28] showed that 
equation (4) also holds good for another fractal process, that of Weierstrass-Mandeltrot. Such 
considerations lead us to believe that model (2) is fairly general to obtain an acceptable estimate of D. 
Taking logarithms of both sides of equation (2) the following linear equation is obtained: 

)log(2))(log( hHh   (5) 
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with a linear coefficient equal to 2H, which allows an estimate of 2H to be obtained with the classic least 
squares method, estimating )(h  from observed data and then interpolating the straight line (equation 5) 
with zero intercept. Having estimated H, by means of (4) we obtain straightaway an estimate of D: 

2
24 HD   (6) 

Physical interpretation of the fractal dimension D is fairly simple: the closer D is to 1 the closer we are 
to the linear smooth case. Conversely, the closer D is to 2, the closer we are to the classic random walk 
process, and hence erratic and hard to predict. 

3. An application on Andosol and Vertic Fluvent soils 

The Brownian model was applied to several series of data, observed at constant distance, along 
transects of the type shown in figure 2: 

 
Figure 2. A schematic representation of the experimental transects. 

The analyzed series refer to particular values of i) volumetric water content of soil , ii) water potential 
p  (cm), iii) water flux density q (cm/h), iv) water storage S (mm), v) clay content AG (%); vi) 

temperature TMP (°C). These series are presented in detail below.  

3.1.  Series observed on an Andosol in a plot at Ponticelli (Naples) 

 Series l  , l=1, 2, ..., 50m, obtained by measuring water content with a neutron probe, at 48 hours 
from the start of a drainage test with soil surface evaporation prevented. 
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 Series p( , l = 1, 2, ..., 50m, obtained by measuring water potential with mercury tensiometers, at 
312 h from the start of drainage. 
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 Series ql , l=1, 2, ..., 50m, obtained by using Darcy's Law to calculate the water flux density within the 
soil profile for t=48 h and z = 90 cm. 

 

 
 Series Sl , l=1, 2, ..., 50m, obtained in the presence of a major winter crop, numerically integrating 

water content profiles to a depth of 90 cm. 
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 Series AGl , l =1, 2, ..., 50m, obtained by measuring, for z=30cm, the percentage content of clay in the 

soil. 
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3.2. Series observed on a Vertic-Fluvent soil in a plot at Policoro (MT) 

 Series l , l=1, 2, ..., 132, obtained by measuring soil volumetric water content at an interaxis distance 
of 0.25m between the rows of a pepper crop after irrigation supply of about 400 m3/ha. 

 

 
 Series TMPl , l =1, 2, ..., 132, at the measuring points of the previous series, with an infrared 

thermometer (mod. Campbell PRT5 sensitive to wavelengths of 8-14 ; under a viewing angle of 8° it 
observes a field of 6.5cm 2). 

  

 

4. Results and Discussion 

For the above series, the relevant variograms are reported below (figures 3-9). 

        

Figure 3 (a) Empirical variogram for  on Andosol; (b) Logarithmic plot of empirical variogram and relative fitting curve. 

a b
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Figure 4 (a) Empirical variogram for p  on Andosol; (b) Logarithmic plot of empirical variogram and relative fitting curve. 

 

          

Fig. 5 (a) Empirical variogram for q on Andosol; (b) Logarithmic plot of empirical variogram and relative fitting curve. 

 

          

Fig. 6 (a) Empirical variogram for S on Andosol; (b) Logarithmic plot of empirical variogram and relative fitting curve. 
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Fig. 7 (a) Empirical variogram for AG on Andosol; (b) Logarithmic plot of empirical variogram and relative fitting curve. 

 

            

Fig. 8 (a) Empirical variogram for  on Fluvent soil; (b) Logarithmic plot of empirical variogram and relative fitting curve. 

 

            

Fig. 9 (a) Empirical variogram for TMP on Fluvent soil; (b) Logarithmic plot of empirical variogram and relative fitting curve. 

Examination of the variograms of the Andosol series (figure 3a-7a) shows that they have a similar 
form, which indicates that, despite the difference in mean transect levels, their spatial structure is similar. 

a b 
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Vice versa, the variogram of the Vertic soil (8a-9a), being the product of a process with rather weak 
correlations, is flat and less interpretable in terms of nugget variance. 

Estimation of the fractal dimensions of the series was then simply inferred from the variograms in 
figures 3b-9b whose slope, as shown in the section above, is equal to 4-2D. Estimation of the slope for the 
first 15–20 lags of the variograms was performed with the least squares method. Such estimates are 
reported in table 1 which supplies other information on the structure of the series examined: soil type, 
variable type, spatial-lag, goodness of fit index (R

2
) of the variograms observed on double logarithmic 

scale. 

Tab. 1 - Estimate of fractal dimensions of the seven series examined and goodness of fit index R2 

Soil Parameters Lag (m) D 2R  
Andosol  1.00 1.74 0.91 
Andosol /p  1.00 1.72 0.97 
Andosol q 1.00 1.78 0.94 
Andosol S 1.00 1.70 0.97 
Andosol AG 1.00 1.80 0.82 

Vertic-Fluent  0.25 1.83 0.96 
Vertic-Fluent TMP 0.25 1.93 0.58 

 
From the results obtained, it may be noted that the fractal dimension lies in the interval (1.7-2.0). In 

particular, it must be observed, for the TMP series, the highest value for D at the lowest goodness index 
of fit R2=0.58. This result may be explained by the fact that this series is coloured by the instrumental 
noise of the thermometer used which was able to modify the measurement of the parameter in question to 
such an extent as to mask self-similarity substantially. In general, the values estimated for all the other 
series are compatible with those published in the international literature [3; 29; 30], confirming that soils 
may vary more randomly than Brownian motion. It may be assumed that the different, independent 
factors, that affect the variation of the series combine with one another to mask the fractal property of 
statistical self-similarity at all scales. 

5. Conclusions 

The horizontal spatial variability of some soil hydraulic properties measured along transects by non 
destructive techniques, was analyzed using a fractional Brownian motion (fBm) model. In the special case 
of the scale-invariant distributions observed on an Andosol and on a Vertic-Fluvent soil, the scaling 
monofractal Hurst exponent has been obtained from log-log plots of h  vs h and used as a measured of 
self-similarity. The values of H lay between 0.0 and 0.5, and thus the fractal dimension D lay between 1.7 
and 2.0 suggesting that soil varied more randomly than Brownian motion. While this may be so, we 
concluded that various independent factors that affect soil variation combined in a way that can 
overshadow self-similarity. Nevertheless the fractal representation should be borne in mind by soil 
hydrologists and D values of soil properties computed for reference against those of Brownian fractals. 

There is further to understand the physical interpretation of fractal dimension and to develop the 
relationship between the fractal dimension and hydrology parameters, because fractal have potential as a 
descriptive tool for scaling up various scales. 
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