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a b s t r a c t

We study the effects of a composition gradient and of a non-vanishing heat flux on the phase velocity of
thermal waves along a graded system. We take into account non-local and non-linear effects by applying
a generalized heat transport equation. We compare the results for high-frequency and low-frequency
waves. For low frequency, we discuss the conditions in which thermal waves may propagate in Si Gex x1−

and Bi Sb Tex x1 2 3( )− systems. For high frequency, we discuss the influence of the relaxation of the flux of
the heat flux on the heat wave propagation.

& 2015 Published by Elsevier B.V.

1. Introduction

Graded materials are inhomogeneous materials, layered or
continuous, which are increasingly used in technology, in such a
way that the change of a material property with temperature may
be compensated by its change with composition, in order to
achieve optimization of some process [1–8]. A usual example is the
alloy Si Gex x1− , which has been much studied in semiconductor
physics to engineer heat or current transport [9–13]. Other ex-
amples arise in thermoelectricity, where the maximization of ZT,
with Z being the figure of merit and T being the absolute tem-
perature, is important to optimize the efficiency of energy con-
version from heat to electricity [14–18]. The figure of merit is
defined as Z S /2σ λ= , S being the Seebeck coefficient, s the elec-
trical conductivity and λ the thermal conductivity. Besides the
difficulty in finding materials with high enough ZT, an additional
difficulty is its variation with temperature, because usually s in-
creases with T while S decreases, in such a way that ZT has a
maximum in a relatively narrow range of temperatures. Thus, the
use of graded systems is very natural, namely to optimize ZT not
only at one point, but along the whole system.

The thermoelectric materials that are most used for energy
conversion are Bi Te2 3, Sb Te2 3 and Pb Te and/or their alloys
Bi Te Pbx x x2 2 3 2− − and Bi Sbx x1 2( )− Te3 [1,10], with x changing along
the longitudinal direction Z. The alloys with x ranging in the

interval 0, 1[ ], as, for instance, Bi Te2 3 for x¼0, and Pb Te or Sb Te2 3,
for to x¼1, are of special interest, as Pb Te has a maximum of ZT
around T¼400 °C, Bi Te2 3 around 200 °C, and Sb Te2 3 around
T¼130 °C. Consequently, their combination along a system allows
us to improve the global efficiency of the energy conversion [19–
21].

In this work we consider the practical consequences of the
inhomogeneity of the composition on the evolution equation for
the heat flux in graded materials, which allows us to obtain the
temperature distribution along the system. This information is
relevant for the optimization of the thermoelectric energy con-
version. Furthermore, we explore the consequences of such evo-
lution equation on thermal wave propagation, in order to infer
which information could be obtained on the system by using low-
frequency and high-frequency thermal waves as exploration
technique [22]. To achieve that task, it is possible to take into ac-
count the influence of x∇ and, in the case of systems which are out
of equilibrium, also of the heat flux due to a non vanishing su-
perimposed heat flux q0. The consequences of a non-monotonic
dependence of the thermal conductivity on x on the behaviour of
slow thermal waves are pointed out in Section 2. In Section 3, a
generalized equation for heat transport, incorporating non-local
and non-linear terms, is derived. Its consequences on the speed of
high-frequency heat waves are considered in Sections 4–6.

2. Heat waves in a graded system: Maxwell–Cattaneo approach

In this preliminary section, we use the Maxwell–Cattaneo
equation for the heat flux q as a model of generalized heat
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transport equation yielding finite wave speed for high-frequency
heat waves, and we search the speed of thermal waves, in the
presence of a composition gradient x∇ and of an initial heat flux
q0. The Maxwell–Cattaneo equation is [23–25]

Tq q , 1τ λ̇ + = − ∇ ( )

with τ being the heat flux relaxation time and λ being the thermal
conductivity. Combined with the energy balance equation in the
absence of external sources, namely

u cT q, 2ρ ρ̇ = ̇ = − ∇· ( )

with u¼cT being specific internal energy, ρ mass density and c
specific heat per unit mass, one gets

c
T

t
c

T
t

T
x

x T
T

T T .
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2τρ ρ λ λ λ∂
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+ ∂
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(∇ )·∇ + ∂

∂
∇ ·∇

( )

We explore the consequences of this equation on the heat wave
propagation, a topic of much interest in non-equilibrium ther-
modynamics [22–24,26,27,25,28–34].

2.1. Propagation along an equilibrium state (q 00 = )

We consider small-amplitude temperature perturbations
T T i t zexp0δ δ ω κ= [ ( − )], with T0 being a constant reference tem-
perature, ω the frequency of the perturbation and κ the compo-
nent of the wave-vector along Z. First, we neglect the non-linear
term in T 2(∇ ) , because we consider propagation along an equili-
brium state. In such condition it is logical to suppose that T(∇ ) is
very small, in such a way that T 2(∇ ) may be considered negligible.
Then, by Eq. (3) one gets for the dispersion relation

Bi i 0, 42 2χκ κ ω τω− + ( − ) = ( )

with
c

χ = λ
ρ
, B x

c x z
1= ∇
ρ

λ∂
∂

. From here, one obtains

Bi B i i4
2

.
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Thus, the phase speed

v Re/ , 6p ω κ≡ ( ) ( )

reads
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For B¼0, from Eq. (7) we get the classical expression of the phase
speed corresponding to Maxwell–Cattaneo equation, well-known
in the literature [24–26]. For B 0≠ and low-frequency waves

B4 2 2χτω( ⪡ ) we obtain

v B
B

B1
4

.
8

p 2
2χτ ω= − ≈

( )

Thus, the presence of a composition gradient yields a propagatory
character to low-frequency heat waves, which otherwise, would
proceed with speed v 2p χω= , vanishing for 0ω → .

Since B c x x1/ /ρ λ= ( )(∂ ∂ )∇ , it turns out that the phase speed is
positive (i.e., the speed will propagate to the right-hand side) for
positive gradient of λ. Moreover, the higher λ∇ , the higher vp, so
that the waves proceed faster in regions with higher in-
homogeneity in the thermal conductivity. This result could be also
interpreted in terms of the Le Châtelier–Braun principle [35], ac-
cording to which the system reacts against perturbations; in this
case, since heat diffuses faster in regions with high thermal

conductivity, going towards such direction will provide the most
efficient way to react against the perturbation. For ω → ∞, in (7)
one has

v
c

,
9

p ω λ
ρ τ

( → ∞) =
( )

which is the usual expression of high-frequency wave speed for
Maxwell–Cattaneo equation [23–26].

By Eq. (5) we also obtain the attenuation length
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For B 0≠ , and in the limit of low-frequency waves, the expression
above reduces to

A
B

B

B
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≅

( )

2.2. Propagation along a non-equilibrium steady state (q 00 ≠ )

In a non-equilibrium steady state, characterized by a non-
vanishing heat flux q0, the term T T

T
∇ ·∇λ∂

∂
is no longer negligible.

However, up to the first-order approximation in T∇ , it may be
linearized as Tq

T
2

0− ·∇
λ

λ∂
∂

. Then, Eq. (3) becomes
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From this expression one gets the dispersion relation still in the
form (4), with
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λ
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∂
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where q0 denotes the scalar value of q0. The phase speed vp is still
given by Eq. (7), with B given by this expression above. When
B 0≠ and 0ω → , it reduces to Eq. (8).

It is worth observing that B contains now both the contribu-
tions of x∇ and of q0. When q 00 = , one recovers Eq. (7). Finally, in
the high-frequency limit, Eq. (9) is recovered.

Thus, we conclude that in this model x∇ and q0 influence the
low-frequency speed but not the high-frequency speed.

2.3. Illustration in Si Gex x1− , and in Bi Sbx x1 2( )− Te3 alloys

Eq. (8) yields v xp c x z
1= ∇
ρ

λ∂
∂

. For many systems T x,λ ( ) is a non-

monotonic function of x because crystals with atoms with different
atomic masses disperse phonons more intensely than uniform
crystals. Thus, the value of x/λ∂ ∂ may be positive or negative. For
instance, at T¼300 K, the system Si Gex x1− , T x,λ ( ) has

300 148 W/m KSiλ ( ) = , 300 60 W/m KGeλ ( ) = and has a minimum
near x¼0.4 with 15 W/m KSi Ge0.4 0.6λ = [9], and the system
Bi Sbx x1 2( )− Te3, T x,λ ( ) has Te 300 1, 75 W/m KBi 32λ ( ) = ,

Te 300 1.70 W/m KSb 32λ ( ) = and has a minimum near x¼0.5 with
Bi Sb0.5 0.5 2( ) Te 0.2 W/m K3 = [19] Q2. In Fig. 1 we plot a sketch of them.
For the alloy Si Gex x1− , for x between 0 and 0.4, x/ 0λ∂ ∂ < , and for x
between 0.4 and 1, x/ 0λ∂ ∂ > . Then, the low-frequency waves will
propagate to the left-hand side (from Si Ge0.4 0.6 to Ge) in the former
case, and to the right-hand side (from Si Ge0.4 0.6 to Si) in the latter
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case. These situations are sketched in Fig. 2(a). Analogously, for the
system Bi Sbx x1 2( )− Te3, for x between 0 and 0.5, x/ 0λ∂ ∂ < , and for x
between 0.5 and 1, x/ 0λ∂ ∂ > . Then, the low-frequency waves will
propagate to the left-hand side (from Bi Sb0.5 0.5 2( ) Te3 to Bi Te2 3) in
the former case, and to the right-hand side (from Bi Sb0.5 0.5 2( ) Te3 to
Sb Te2 3) in the latter case. These situations are sketched in Fig. 2(b).
By the previous observations we conclude that if a low-frequency
heat wave is produced in the pure Si or the pure Ge sides, it will be
not capable to penetrate the system (Figs. 3 and 4)Q3 .

The situation may change in the presence of a heat flux q0.
Since both for Si and Ge the thermal conductivity decreases
for increasing temperature ( 350 119 W/m KSiλ ( ) = , 350Geλ ( )=
49.5 W/m K ), one has T/ 0λ∂ ∂ < . According to Eq. (7), a positive
value of q0 (to the right) will reduce the values of the phase speed
B. In particular, under the condition

⎜ ⎟ ⎜ ⎟⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠q

x T
x2 / ,

14Ge
Ge Ge
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λ λ

< −
∂
∂

∂
∂

∇
( )

heat waves will be able to go from Ge to Si Ge0.4 0.6, while under the
condition

⎜ ⎟ ⎜ ⎟⎛
⎝
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⎛
⎝

⎞
⎠q

x T
x2 / ,

15Si
Si Si

z0 λ
λ λ

>
∂
∂

∂
∂

∇
( )

heat waves will be able to go from Si to Si Ge0.4 0.6 (i.e. the sign of B
will change at those values of q0).

Then, the presence of a heat flux may allow heat waves to
penetrate into the system also in situations in which, in equili-
brium, they would not be able to penetrate it.

3. Approximate constitutive equation for heat flux in graded
materials

In the previous section we have taken the Maxwell–Cattaneo
equation as a model for heat transport. Now, we consider a more
general equation, including non-local and non-linear effects,
which may be especially relevant in nanosystems and may influ-
ence the high-frequency wave speed. The formulation of gen-
eralized heat transport equations with non-linear and non-local
terms has became a relevant area in heat transport in the last
decade [36–38,28,29,39,25,40–45].

In a graded material with the composition x depending on the
longitudinal position Z, x is an independent parameter, but it

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66

67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99

100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132

Fig. 1. Sketch of thermal conductivity of the alloys Si Gex x1− and Bi Sbx x1 2( )− Te3 as a function of x, at room temperature (T¼300 K) according to [9,19].

Fig. 2. Propagation of low-frequency waves in Si Gex x1− alloys (a and b), and in Bi Sb Tex x1 2 3( )− alloys (c and d). (a) From Ge to Si Ge0.4 0.6, (b) from Si Ge0.4 0.6 to Si, (c) from
Bi Te2 3 to Bi Sb Te0.5 0.5 2 3( ) and (d) from Bi Sb Te0.5 0.5 2 3( ) to Sb Te2 3.

Fig. 3. Sketch of the situation considered in Section 4.
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cannot be regarded as a dynamical variable, since it does not
change with time. In this paper we consider non-local effects re-
lated to l x∇ , with l the phonon mean free path, which had not been
considered in above mentioned analyses of non-local theories of
heat transport. If the composition changes significantly along l,
this modifies the phonon collisions and may influence the heat
dynamics. In previous references [28,29,36,37] non-local effects in
the heat transport equation were analyzed, with emphasis on
nanosystems, but the non-localities considered there were only
due to inhomogeneities of the heat flux itself. Here, the presence
of x∇ adds a further motivation to non-local analysis.

We deal with this modelization in the thermodynamic frame-
work of extended irreversible thermodynamics [15,24,45–49], in
which the entropy and the entropy flux depend not only on the
classical variables but also on the fluxes present in the system. Let
us assume the entropy S and the entropy flux J s( ) depending on
internal energy, on the heat flux, and on the flux of the heat flux  ,
so that

ds T du d dq q : , 161 1
1

1
2ρ α ρ α= − · − ( )− − −  

TJ q q, 17s 1 β= + · ( )( ) − 
with α1, α2 and β being material parameters, to be identified be-
low in physical terms [48]. The flux of the heat flux is a second-
order tensor usually considered in non-local models of heat
transport [24,50–53]. We aim to obtain evolution equations for q
and  compatible with the second law of thermodynamics, which
requires a positive definite character of the entropy production.
From Eq. (16) we have for the time derivative of the entropy

s T u q q : . 181
1 2ρ ρ α α̇ = ̇ − · ̇ − ̇ ( )−  

The coupling of Eqs. (2) and (18) yields

s T T

T

q q q q

q q q

:

: . 19

1
1 2

1

1
1 2

ρ α α

α α

̇ = − ∇· − · ̇ − ̇ = − ∇·[ ]

+ ·∇ − · ̇ − ̇ ( )

− −

−

 

 
On the other hand, the entropy production (per unit volume and
time) can be written as [15,24,48]

s J . 20sσ ρ= ̇ + ∇· ( )

Introducing in the previous expressions Eqs. (17) and (19), one has

T T

T

q q q q

q q

:

0. 21

1 1
1 2

1

σ α α

β

= − ∇·[ ] + ·∇ − · ̇ − ̇

+ ∇·[ ] + ∇·[ · ] ≥ ( )

− −

−

 


Then

Tq q q q: 0. 221
1 2σ α α β= ·∇ − · ̇ − ̇ + ∇·[ · ] ≥ ( )−   

Writing explicitly the last term in Eq. (22), the latter may be
rewritten as

Tq q q: 0. 231
1 2σ α β β α= ·[∇ − ̇ + ∇·( )] + [ ∇ − ̇ ] ≥ ( )−   

The left-hand side of the above inequality is a bilinear form in q
and  times their conjugate thermodynamic forces, which contain
the time derivatives of the fluxes q̇ and ̇ . We are looking for
evolution equations giving q̇ and ̇ in terms of q,  and x∇ . The
simplest way to get these equations, by preserving the positive
character of the entropy production, is to express the thermo-
dynamic forces in terms of the fluxes as [15,24,35,48]

T x xq q q , 241
1 1 2 3 4α β α α α α∇ − ̇ + ∇·( ) = + · + ·∇ + ∇ ( )− ′ ′ ′ ′  

x x xq qq q , 252 1 2 3 4β α β β β β∇ − ̇ = + + (∇ ) + ∇ ∇ ( ) 
where i, 1 4iα = …′ , and k, 1 3kβ = … , are phenomenological coef-
ficients. In usual approaches, only the first terms on the right-hand
side are considered. Here, instead, we also include intrinsic non-
linear terms (in 2α ′ and β2), and additional non-linear terms (in 3α ′

and β3) related to inhomogeneities in x. Introducing them in the
inequality (23), we obtain

x

x x x

q q qq q

q

: : :

: 0. 26

1 1 2 2 3 3

4 4

α β α β α β

α β

· + + ( + ) + ( + ) ∇

+ ·∇ + ∇ ∇ ≥ ( )

′ ′ ′

′

   


In order to have this inequality satisfied for arbitrary values of  , q
and x∇ , we must require

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

0; 0; 0;

2
; 0.

27

1 1 4 4

2 2
2

1 1 3 3

α β α β

α β
α β α β

≥ ≥ = =

+
≤ + =

( )

′ ′

′
′ ′

Taking into account the third of the constraints above, and ne-
glecting the relaxation term 2α ̇ (which will be considered in
detail in Section 6), Eq. (25) yields

x xq qq q q qq q.
281

2

1

3

1
1 2 3

β
β

β
β

β
β

β β β= ∇ − − (∇ ) ≡ ∇ − − (∇ )
( )

′ ′ ′

After introducing Eq. (28) into Eq. (24), the evolution equation for
q takes the form

T x

x

x x

q q qq q

q q qq q q

q qq q . 29

1
1 1 2 3

1 2 1 2 3

3 1 2 3

α ββ ββ ββ

α α β β β

α β β β

∇ − ̇ + ∇·[ ∇ − − (∇ ) ]

= + [ ∇ − − (∇ ) ]·

+ [ ∇ − − (∇ ) ]·∇ ( )

− ′ ′ ′

′ ′ ′ ′ ′

′ ′ ′ ′

The relation above represents the heat transport equation when
the relaxation time of ̇ is supposed to be much shorter than that
of q. Note that 1

1

1
τ≡α

α ′
can be regarded as the relaxation time of the

heat flux and 2
2

1
τ≡α

β
as the relaxation time of  . Then, when τ1

and τ2 are null, the second and the third term of Eq. (16) vanish,
and one recovers the classical entropy. The new terms with respect
to previous non-local and non-linear analyses are those containing

x∇ . In the next two sections we explore the consequences of this
equation on thermal wave propagation.

4. Heat waves in an equilibrium graded system: generalized
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Fig. 4. Sketch of the situation considered in Section 5.
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approach

In this section we apply Eq. (28) to the analysis of heat wave
propagation in graded systems. Our aim is to study which in-
formation may be obtained on the composition changes along the
system by means of this technique, and to explore the influence of

x∇ on the speed of propagation. First, we will consider heat waves
propagating into an equilibrium reference state, with vanishing
average q. The linearization of Eq. (29) around q 0= turns out

T x

x x

q q q

q q q, 30

1
1 1

2
3

2

1 3 3 1 3 3
2

α ββ ββ

α ββ α β α β

∇ − ̇ + ∇ − (∇ )

= + [ + ](∇ )·∇ − (∇ ) ( )

− ′ ′

′ ′ ′ ′ ′ ′

and then

T A B C xq q q q , 311
1

2α∇ − ̇ = + ∇ + (∇ )·∇ ( )−

with

A x x B C, , . 321 3
2

3 3
2

1 3 3 1α ββ α β ββ ββ α β= + ∇ − (∇ ) = − = + ( )′ ′ ′ ′ ′ ′ ′ ′

The terms in α1, 1α ′, and 1ββ ′ may be identified by comparing Eq.
(31) to

T lq q q, 332 2τ λ̇ + = − ∇ + ∇ ( )

used in [28,36,54], which is the Guyer–Krumhansl equation [55]
(namely, the Maxwell-Cattaneo equation plus the non-local con-
tribution of the last term, with l being the phonon mean free path),
when the temperature of the system is kept constant in time. We
conclude that

T T
l
T

,
1

, ,
34

1 2 1 2 1

2

1

2

2
α τ

λ
α

λ
ββ β

β λ
= = = =

( )
′ ′

and suppose that the previous identifications remain true also
when the temperature is varying in time. We consider for the
perturbation a plane wave of the form

q z t q i t z, exp , 350δ δ ω κ( ) = [ ( ∓ )] ( )

and we also assume for the temperature distribution

T z t T T T T i t z, exp . 360 0 0δ δ ω κ( ) = + = + [ ( ∓ )] ( )

The � sign corresponds to waves propagating to the right along
the longitudinal direction Z, and the sign + to waves propagating
to the left along the same direction. Introducing Eqs. (35) and (36)
into Eq. (31), one gets

i
T

T i q A q B q Ci x q.
37z2 1

2κ δ α ωδ δ κ δ κ δ± − = + ∓ ∇
( )

Taking into account the energy balance (2) with u cTρ ρ̇ = ̇, we have

i c T i q, 38ωρ δ κδ= ± ( )

Introducing this last relation in Eq. (37), one has the following
dispersion relation of the perturbations qδ :

cT
i A B C x.

39
z

2

2 1
2κ

ρω
α ω κ κ− + = [ + ] ± ∇

( )

Let us ignore for a while the term iB 2κ in Eq. (39) (this term, which
makes the equation parabolic, will be discussed in detail in Section
6, in combination with the term in 2α ̇ of Eq. (25), which we have
also neglected in Eq. (28)). Ignoring also A, which contributes to
the wave attenuation, Eq. (39) reduces to**

c T CT c x. 40z
2

1
2 2 2κ α ρ ω ρωκ− + = ± ∇ ( )

By substituting in Eq. (40) the expression of ω obtained by Eq. (6),
we get**

Re cv T Re C v T Rek x. 41p p z
2

1
2 2 2 2 2κ α ρ κ ρ−( ( )) + ( ( )) = ± ( ) ∇ ( )

Thus, the equation giving the phase speed vp reads

cT v CT cv x 1 0. 42p p z1
2 2 2α ρ ρ∓ ∇ − = ( )

This equation leads to the results

v v 1 , 43p p
2

0 ϕ ϕ= ( + + ) ( )+

for the speed of the pulses propagating in the same direction as
the heat flux, and

v v 1 , 44p p
2

0 ϕ ϕ= ( + − ) ( )−

for the speed of the pulses propagating in the opposite direction.
In the equation above

v
cT c

1
,

45
p

1
20 α ρ

λ
ρ τ

= =
( )

which is the usual value of high-frequency thermal wave propa-
gation, while the contribution from the inhomogeneity ϕ is

T c T
x

2
.

46z
3 3 1

2
ϕ

ββ α β ρ λ
τ

=
( + )

∇
( )

′ ′ ′

For x 0z∇ = , one recovers the usual result (45). Since xz∇ has been
considered positive, it follows from Eq. (43) that the velocities vp+

and vp− will be higher or lower than vp0 according to the relative

sign of 3 3 1ββ α β+′ ′ ′. However / 03 3 1 1 3 3ββ α β β β β α+ = ( )( + ) =′ ′ ′ ′ , be-
cause of the constraint (27). Thus, as a consequence of the second
law, we have that x∇ does not influence the phase speed in the
high-frequency limit. At low-frequency, instead, it does influence
the wave speed, as seen in Eq. (8).

5. Heat waves in a non equilibrium graded system: generalized
approach

In this section, we consider thermal waves along a non-equi-
librium reference state characterized by a non vanishing average
heat flux q0 imposed on the system. We linearize Eq. (29) by
considering q q q0 δ= + and keeping only first-order terms in q0.
We obtain in this way

T x x

x

x x x

q q q q q q

q q q qq

q q q q

2

2

2 . 47

1
1 1

2
2 0 3

2
3

1 2 1 0 2 3 0

3 1 3 2 0 3 3
2

α ββ ββ ββ ββ

α α β α β

α β α β α β

∇ − ̇ + ∇ − ·∇ − (∇ ) − ∇ ·∇

= + ∇ · − (∇ )·

+ (∇ )∇ − (∇ ) − (∇ ) ( )

− ′ ′ ′ ′

′ ′ ′ ′ ′

′ ′ ′ ′ ′ ′

Here, we have written q instead of qδ for the sake of simplicity of
notation. Eq. (47) may be rewritten as

T A B C x Dq q q q q, 481
1

2
0α∇ − ̇ = ′ + ∇ + ( ∇ + )·∇ ( )−

with A A E′ = + , where A is given just below Eq. (31) and E and D
are given by

E D2 , 2 .2 3 3 2 2 2 1α β α β ββ α β= − ( + ) = ( + )′ ′ ′ ′ ′ ′

For the sake of generality, on purely mathematical grounds, we
still take into account the term in C, although in Section 4 it has
been shown to be null in this particular case, because of second-
law restrictions.

The last two terms are new as compared to Eq. (31) used in the
previous section. When x 0∇ = , we recover the equation used in
[28], except for the term in q2∇ , which was not considered there.
Neglecting the term in q∇ , the equation giving vp is now
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cT v C x Dq T cv 1 0, 49p p1
2 2

0
2α ρ ρ∓ ( ∇ + ) − = ( )

which leads to results analogous to Eqs. (43) and (44) with

x q T c T2

2
.

50
3 3 1 2 2 1 0 2

ϕ
ββ α β ββ α β ρ λ

τ
=

[( + )∇ + ( + ) ]
( )

′ ′ ′ ′ ′ ′

When q 00 = , Eq. (50) reduces to (46). However

2 / 22 2 1 1 2 2ββ α β β β α β+ = ( )( + )′ ′ ′ ′ , which may be different from zero,
according to Eq. (27). We observe that none of the relations (27)
constraints the sign of the term / 21 2 2β β α β( )( + )′ , so that it may be
positive or negative.

Thus, the intensity q0 of the applied heat flux does influence the
wave speed either at high frequency, as seen in Eq. (50), as at low
frequency, as seen in Eq. (8). This is in contrast to what happens
for x∇ which, according to second-law restriction (27), does not
influence the high-frequency speed.

6. Dynamical contribution of the higher-order flux to heat
wave propagation

In Sections 4 and 5 we have dropped from the evolution
equation for q the contribution of the term q2∇ . Of course, this is
not admissible in the limit of very short-wavelengths, in which
case this term would lead to an infinite speed of propagation. We
have also neglected the relaxation of the flux of the heat flux,
when we have assumed Eq. (28), neglecting the term in 2α ̇ pre-
sent in Eq. (25). In this section we take into account both 2α ̇ and

q2∇ , and prove that we still obtain a hyperbolic system leading to
finite speed of propagation.

Besides Eqs. (33) and (35), we consider a perturbation of 
which has been assumed as a dynamical variable in Section 3, of
the type

i t zexp , 510δ δ ω κ= [ ( ∓ )] ( ) 
i.e. we consider for it a propagation wave, analogous to those for qδ
and Tδ in Eqs. (33) and (36). Eqs. (2), (24) and (25) become,
respectively

i c T i q, 52ωρ δ κδ= ± ( )

i
T

T i q i q q x ,
53z2 1 1 2 0 3

κ δ ωα δ κ βδ α δ α δ α δ± − ∓ · = + · + ∇ ·
( )

′ ′ ′  

i q i q q x q2 . 54z2 1 2 0 3βκδ α ωδ β δ β δ β δ± − = + + (∇ )· ( ) 
We have so an homogeneous system of three equations for Tδ , qδ
and δ , of the form

⎛

⎝

⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟

⎛

⎝

⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟

i c i

i i q x

i q x i

T
q

0

0 2

0,
i

T
z

z

1 1 2 0 3

2 0 3 2 1

2

ωρ κ

ωα α κβ α α

βκ β β α ω β

δ
δ
δ

∓

± − − ∓ − − ∇

± − − ∇ − −

=κ ′ ′ ′



which allows for non-trivial solutions if and only if determinant of
the matrix of the coefficients vanishes. By putting equal to 0 this
determinant, we obtain the following dispersion relation

i c c c i c i c

q c x c q c

q i c q xi c

x c q xi c x i c

i
T T

2

2

2

0.
55
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z

z z z

1 2
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2

1 2
2

1 1
2 2

2 0 3 2 0

2 2 0
2

3 2 0

3 2 3 0 3 3
2

2

2

2 1

2

2

α α ω ρ α β ω ρ α α ω ρ α β ωρ β κ ωρ

ββ κωρ ββ κωρ βα κωρ

β α ωρ β α ωρ

βα κωρ β α ωρ β α ωρ

α κ ω β κ

− − − + +

± ± ∇ ∓

− − ∇

∓ ∇ − ∇ − (∇ )

+ + =
( )

′ ′

′

′ ′

′ ′ ′

We first consider q 00 = and x 0z∇ = , so that Eq. (55) becomes

i c c c c c
T

i
T

0.
56

1 2
3

1 1 1 2
2

1 1
2 2

2

2

2

1

2

2

α α ρ ω α β ρ α α ρ ω α β ρ β κ ρ α κ

ω β κ

− − ( + ) + ( + + )

+ =
( )

′ ′

This equation may be rewritten as

A i B C i D i E , 573 2 2 2ω ω ω ωκ κ− ″ − ″ + ″ + ″ = ″ ( )

with

A c B c c, , 581 2 1 1 1 2α α ρ α β ρ α α ρ″ = ″ = + ( )′

C c D c
T

E
T

,
1

,
1

.
591 1

2
2 2 1 2

α β ρ β ρ α β″ = ″ = + ″ = −
( )

′

If we write

i iRe Im , 601 2κ κ κ κ κ= ( ) + ( ) = + ( )

Eq. (57) becomes

A i B C i D i i

E i

2

2 , 61

3 2
1
2

2
2

1 2

1
2

2
2

1 2

ω ω ω ω κ κ κ κ

κ κ κ κ

− ″ − ″ + ″ + ″ ( − + )

= ″( − + ) ( )

which leads to

B D E2 , 622
1 2 1

2
2
2ω ωκ κ κ κ− ″ − ″ = ″( − ) ( )

for the real part, and to

A C D E2 , 633
1
2

2
2

1 2ω ω ω κ κ κ κ− ″ + ″ + ″ ( − ) = ″ ( )

for the imaginary one.
In the high-frequency limit, namely for κ → ∞, ω → ∞, we ob-

tain

v
D

A cT c
l1

.
64

p
2

2

1 2 1
2

2

2
0

β
α α α ρ

λ
τρ ττ

= ″
″

= + = +
( )

For l 02 = , this expression reduces to the well-known expression
(45) from the Maxwell–Cattaneo law. Note that when 02α → or

02τ → , as we assumed in Sections 4 and 5, the phase velocity
would be divergent, because the corresponding approximate
equation is parabolic. A finite speed is recovered if the term in β
related to q2∇ in (31) is negligible. Neglecting it, the coupling of
Eqs. (37) and (2) yields a hyperbolic equation for temperature
perturbations, with finite wave speed in the high-frequency limit,
as in Sections 4 and 5.

Now, we consider q 00 ≠ and x 0z∇ ≠ . From Eq. (55) one may
obtain the phase speed and the attenuation factor in full gen-
erality. However, in order to avoid cumbersome expressions, we
focus our attention on the high-frequency and short-wavelength
perturbations (i.e. for ω and κ very high), whose phase speed
yields the propagation speed of heat pulses [16,29,43,44]. Thus,
keeping only the highest order terms (those in ω2, κ2 and ωκ) in
(55), we arrive to

T c
q

x
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2

0. 65z
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3 3

β
ρ

κ α β α α ω ββ βα κω
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′ ′

′

From here, the corresponding equation for the phase speed vp may
be written in a compact form as
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F G H,
2

, .
1 1 1 2

1

2 2

1

3 3

1

α β α α
β

ββ βα
β

ββ βα
β

=
+

=
−

=
+′ ′ ′

It leads to results analogous to those in Eqs. (43) and (44), but with
vp0 given by Eq. (64) and

H x Gq
T c

F2
.

67z 0ϕ ρ= [ ∇ + ]
( )

7. Conclusions

In this paper we have generalized previous analyses on non-
local and non-linear effects in heat transfer, by including not only
non-local effects due to inhomogeneities in the heat flux (the last
term in Eq. (33), for instance), but also due to inhomogeneities in
the system composition. The motivation for this extension has
been the analysis of graded systems, increasingly used in ther-
moelectric energy conversion. If the systems are small, for instance
of nanometric scale, the composition gradient may be high, be-
cause the composition changes over a small length. It has been
seen that for low-frequency waves, both the composition gradient

x∇ and the external heat flux q0 influence the wave speed in the
Maxwell–Cattaneo model (1), while none of them influences the
high-frequency speed.

Since the low-frequency wave speed depends on x x/λ(∂ ∂ )∇ , and
since T x,λ ( ) has a minimum as a function of x for systems as
Si Gex x1− , or Bi Sb Tex x1 2 3( )− , it turns out that low-frequency heat
waves will not penetrate into the system neither from the x¼0
Ge, Bi Te2 3[ ] nor from the x¼1 Si, Sb Te2 3[ ] sides, but they penetrate
into the system from xmin to x¼0 and from xmin to x¼1, being xmin

the composition for which T x,λ ( ) has the minimum value (see
Fig. 2). This situation may be changed under the presence of a non-
vanishing average heat flux q0. In fact, if the flux is sufficiently high
and it points in the suitable direction, waves will be able to pe-
netrate both from the x¼0 side and from the x¼1 side.

When the Maxwell–Cattaneo equation is generalized in Eq.
(29), in order to incorporate non-local and non-linear effects, both

x∇ and q0, in principle, can influence the high-frequency speed.
We have considered different situations with increasing com-

plexity: heat waves along an equilibrium state with x 0∇ ≠ (Sec-
tion 4), heat waves along a non-equilibrium state, with x 0∇ ≠ and
q 00 ≠ , (Section 5); and we have seen the relevant role of a finite
non-vanishing relaxation time for  (in the analysis of heat pulses
in high-frequency thermal waves) with non-local effects (Section
6). If such relaxation time is assumed to vanish, the wave speed in
the high-frequency limit diverges. It has been noted that the re-
strictions (27) from second-law impose that the contribution of x∇
in the high-frequency limit should be zero, but not that of q0. Fi-
nally, we have underlined the role of the relaxation time of the
flux of the heat flux  in the high-frequency wave speed. For a
vanishing relaxation time of  , the non-local contribution q2∇ to
Eq. (29) would imply a divergent speed, but the consideration of
the a non-vanishing relaxation time of  gives to it a finite value.

As a final remark, we observe that it is logical to expect that the
inhomogeneities in the composition influence also the efficiency
of the energy conversion in thermoelectric graded materials. In
fact, in thermoelectric devices the conversion efficiency, which
strongly depends on the concentration of the heat and current
carriers, can be substantially improved by adjusting the carriers'
concentration along the material's length. This can be achieved by
employing a functionally graded thermoelectric material (FGTM),
with the carriers' concentration optimized for operating over a
specific temperature gradient [12,13].

Thus, the implications of a non-vanishing composition gradient

on the efficiency of functionally graded thermoelectric systems
deserve consideration, and will be investigated in future
researches.
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