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a b s t r a c t

In this paper we study the thermodynamic efficiency of thermoelectric generators in which the heat
transport is driven by phonons and electrons. It is assumed that the phonon temperature and the electron
temperature are different, and that the electric-charge density is nonuniform. The mean temperature is
defined by observing that the internal energy of the system is the same either in the presence of two
temperatures, or of one temperature. In steady states, we determine the influence of the gradients of
the mean temperature and of the electric-charge density on the theoretical values of the thermoelectric
efficiency. The physical conditions under which such an efficiency is optimal are determined as well.

© 2015 Elsevier Ltd. All rights reserved.
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1. Introduction23

Q4
Thermoelectric effects involve a fundamental interplay between24

electric and thermal properties of a system. The two primary ther-25

moelectric effects are the Seebeck effect and the Peltier effect,26

which can be used to derive all other thermoelectric effects when27

combined with the laws of thermodynamics. The Seebeck effect28

describes how a temperature difference creates a charge flow, while29

the Peltier effect describes how an electrical current can create a30

heat flow.31

Since the initial discovery of those effects, in the early 1800s, a32

solid theoretical foundation has been developed on thermoelectric33

materials [1]. The efficiency of thermoelectric energy converters is34

determined by the non-dimensional product ZT between the tem-35

perature T, and the material parameter Z = �2�e/�, with � being the36

Seebeck coefficient, �e the electrical conductivity, and � the ther-37

mal conductivity of the material, called figure-of-merit. Since the38

higher ZT, the higher the efficiency of a thermoelectric device, in39

the last decades several studies have been developed in order to40

improve Z. To date, the best reported ZT values are in the 2–3 range,41

∗ Corresponding author. Tel.: +39 0971205885; fax: +39 0971205896.Q2
E-mail addresses: progolino@unime.it (P. Rogolino), ant.sellitto@gmail.com

(A. Sellitto), vito.cimmelli@unibas.it (V.A. Cimmelli).

and one of the current tasks in design of nanostructured materials is 42

to achieve ZT � 3, or larger. Although this is a good result, the range 43

of applicability of thermoelectric materials is still susceptible to be 44

extended. 45

The advent of nanotechnologies, on the one side, provides 46

new ways to enhance the performances of thermoelectric mate- 47

rials (for example making nanocomposites, adding nanoparticles 48

to a bulk material, or employing one-dimensional nanostructures 49

[2,3]), on the other side, it requires to revisit the theoretical 50

framework, since the physics at nanoscale shows several differ- 51

ent behaviors with respect to that at macroscale [4–8]. Thus, 52

the aim of the present paper is twofold, namely, to introduce a 53

new theoretical model for thermoelectric effects, and to study 54

its consequences on the efficiency of the thermoelectric energy 55

conversion. 56

The paper runs as follows. In Section 2 we present a two- 57

temperature model of thermoelectric rigid conductor, in which the 58

different heat carriers (i.e., the electrons and phonons in the present 59

paper) are allowed to have their own temperature. In Section 3, 60

under the previous hypothesis, we estimate the efficiency of a one- 61

dimensional thermoelectric generator, pointing out its dependence 62

on the presence of two temperatures. The optimal value of this 63

parameter is calculated as well. In Section 4 we summarize the 64

main results and point out the physical conditions under which 65

the performance of a thermoelectric device is enhanced. 66

http://dx.doi.org/10.1016/j.mechrescom.2015.03.002
0093-6413/© 2015 Elsevier Ltd. All rights reserved.
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2. The two-temperature model67

In the present section we develop a physical model for thermo-68

electric effects starting from the observation that, since the heat69

carriers (phonons and electrons in our case) behave as a mixture of70

gases flowing through the crystal lattice [9,10], each of them may be71

endowed with its own temperature [11]. According to the theory of72

fluid mixtures with different temperatures [12,13], we assume that73

each constituent obeys the same balance laws as a single fluid, in74

such a way that the time rates of the internal energy of phonons per75

unit mass up and of the internal energy of electrons per unit mass76

ue, as well as the time rate of the electrical charge per unit mass77

of electrons �e are governed by the following partial differential78

equations79

�∂tup = −∇ · q(p) (1a)80

�∂tue = −∇ · q(e) + E · i (1b)81

�∂t�e = −∇ · i (1c)82

with � as the mass density of the conductor, E as the electric field,83

and i as the electric-current density. Moreover, in Eq. (1a) q(p)
84

denotes the phonon contribution to the heat flux, and in Eq. (1b)85

q(e) stands for the electron contribution to the heat flux [10]. They86

are such that the overall heat flux reads q = q(p) + q(e).87

According to the basic principles of Extended Irreversible Ther-88

modynamics [6,8,14], the thermodynamic theory in which the89

dissipative fluxes are considered as independent variables, we90

assume that the fluxes q(p), q(e) and i are state variables, too.91

Along with the results obtained in Ref. [11], we assume that the92

evolution equations of those fluxes, respectively, are93

�p∂tq(p) + q(p) = −�p∇Tp − �pe∇Te (2a)94

95

�e∂tq(e) + q(e) = −�ep∇Tp − (�e + �e�	)∇Te + �e	96

×
[

E − ∇
(


e

�e

)]
+

(

e

�e

)
i (2b)97

98

�i∂t i + i = −�e�∇Te + �e

[
E − ∇

(

e

�e

)]
(2c)99

wherein 	 is the Peltier coefficient, �p, �e and �i are the relax-100

ation times of phonons, electrons and electric current, respectively101

[10,15], �p and �e are the contributions to the thermal conductivity102

of the material due, respectively, to phonons and electrons [10,16],103

and the material functions �pe and �ep express the contributions to104

the thermal conductivity of the phonon-electron interactions [11].105

Moreover, in Eq. (2), Tp is the phonon temperature, and Te is the106

electron temperature, which are related to the average temperature107

T of the system as follows [11]108

T = c(p)
v Tp + c(e)

v Te

cv
(3)109

with c(p)
v and c(e)

v being the phonon and the electron specific heats110

at constant volume [17], respectively, and cv = c(p)
v + c(e)

v being the111

specific heat at constant volume of the whole system [18]. Finally,112


e = −�eTe
∂s

∂�e

(4)113

is the chemical potential due to the electrons.114

Then, if we introduce the following quantities115 ⎧⎪⎨⎪⎩
˛ = c(e)

v
cv

; 1 − ˛ = c(p)
v
cv

ˇ1 = Te

T
; ˇ2 = Tp

T

(5)116

then, from Eq. (3) we have 117

˛ˇ1 + (1 − ˛)ˇ2 = 1 ⇔ ˇ2 = 1
1 − ˛

−
(

˛

1 − ˛

)
ˇ1 (6) 118

which clearly points out that if one is able to measure the sin- 119

gle heat-carrier temperature (for example Te, as suggested in Ref. 120

[11]), then it is also possible to estimate the other temperature, 121

provided that the average temperature T is known by experimental 122

measurements. 123

Whenever the relaxation times of the dissipative fluxes q(p), 124

q(e) and i are negligible, from Eqs. (2) the following constitutive 125

equations for thermoelectric effects arise: 126

q = −�p∇Tp − �e∇Te +
(


e

�e
+ 	

)
i (7a) 127

i = −�e�∇Te + �e

[
E − ∇

(

e

�e

)]
(7b) 128

with �p = �p + �ep, and �e = �e + �pe. The consequences of these 129

equations on the efficiency of thermoelectric energy conversion, 130

under the hypothesis of negligible 
e/�e, have been studied in Ref. 131

[11]. 132

Here we go deeper in that analysis, and account not only for 133

the effects due to the different temperatures, but also for those 134

due to the term 
e/�e. Nowadays, these effects play a relevant 135

role in the so-called “functionally graded materials” (FGMs) [19], 136

in which material inhomogeneity is exploited to enhance the effi- 137

ciency of thermoelectric coupling [20–23]. Indeed, in recent years 138

FGMs, i.e., a new class of advanced materials with varying proper- 139

ties over a changing dimension, are attracting the attention of many 140

research groups. In FGMs the properties change continuously, or 141

quasi continuously, along one direction, and this implies that the 142

different material functions may be assumed to be continuous, or 143

quasi-continuous. Their versatility allows the use of these materials 144

in thermoelectric applications, too. In particular, the efficiency of 145

thermoelectric devices can be improved by adjusting the carriers’ 146

concentration along the material’s length. This can be achieved by 147

employing a functionally graded thermoelectric material (FGTM), 148

with the carriers’ concentration optimized for operating over a spe- 149

cific temperature gradient [20–23]. 150

To achieve this task, we first notice that, as proved in Ref. [11], 151

when the relaxation times of the fluxes are negligible, then the 152

specific entropy s only depends on the unknown variables up, ue 153

and �e. In this way, from the definition of chemical potential (see 154

Eq. (4)), it follows 155


e

�e
= f (up; ue; �e) (8) 156

Due to the relation (8), the chain rule allows to rewrite Eq. (7b) 157

as 158

i = −�e�̃∇Te −
(

�e�
∂f

∂Tp

)
∇Tp + �e

(
E − ∂f

∂�e

∇�e

)
(9) 159

wherein �̃ = � + ∂f/∂Te. We notice that in deriving Eq. (9) we used 160

the constitutive relations up = c(p)
v Tp and ue = c(e)

v Te. 161

The theoretical model for thermoelectric effects expressed by 162

Eqs. (7a) and (9) is able to account both for different heat-carrier 163

temperatures, and for a charge-carrier gradient. 164

3. Efficiency of thermoelectric nanowires 165

Motivated by the developments of research on new materials 166

[24], let us calculate the efficiency of a thermoelectric generator 167

arising from Eqs. (7a) and (9) for a one-dimensional nanodevice in 168

steady conditions. From the geometrical point of view, we repre- 169

sent the system as a segment of length L, and denote the position 170
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of its points by the coordinate � ∈ [0, L]. We assume that the hot171

side (i.e., the right side, at � = L) is held at the temperature Th, and172

the cold side (i.e., the left side, at � = 0) is held at the temperature173

Tc. Moreover, we suppose that an electric current and a quantity of174

heat enter uniformly into the hot side of the element. Then, accord-175

ing to Eq. (7b), the electric field E is parallel to the electric current176

i, namely, it is directed from the hotter side (i.e., the right side, at177

� = L) to the colder one (i.e., the left side, at � = 0).178

Recognizing that in a one-dimensional setting, when a conduc-179

tive material is subjected to a thermal gradient, the charge carriers180

migrate throughout the system from the hotter side to the colder181

one, and, in the open-circuit condition, they accumulate in the cold182

region, generating so an electric potential difference, we conclude183

that the electric-current density i and the temperature gradients184

∇Te and ∇Tp have to be opposite vectors, for arbitrary values of the185

material coefficients �e�̃ and (�e�)∂f/∂Tp. As a consequence, by Eq.186

(9) we infer that ∂f/∂Te > 0 and ∂f/∂Tp > 0. We note that in princi-187

ple the Seebeck coefficient may assume either a positive value (for188

example in the case of a p-type semiconductor wherein the current189

is brought by holes), or a negative one (for example in the case of a190

n-type semiconductor wherein the current is carried by electrons).191

Our main conclusions here will be derived under the assumption192

of a positive Seebeck coefficient. Moreover, since the electric cur-193

rent is always parallel and concordant to the gradient of the electric194

charge, still by Eq. (9) we conclude that ∂f/∂�e < 0.195

In our case, the efficiency  of the thermoelectric generator is196

defined as the ratio of the electric power output (per unit area) Pel197

and the heat supplied (per unit area) per unit time Q̇ , namely,198

 = Pel

Q̇
(10)199

In calculating the right-hand side of Eq. (10), we explicitly200

observe that the loss of electrical power due to the Joule effect201

should be represented by negative terms, while the gain of use-202

ful electrical power generated by a temperature difference should203

yield positive terms. For the sake of simplicity, in the next we204

approximate the material parameters �̃, �e, ∂f/∂Tp and ∂f/∂�e by205

their mean values �, �e, fp and f� in [0, L]. This mathematical206

assumption, which allows our calculations to be reduced to a more207

simple level, is tantamount to suppose that those constitutive quan-208

tities suffer very small variations in [0, L]. Moreover, owing to the209

reduced length, we can approximate the gradients in Eq. (9) by210

their measured values �Tp/L, �Te/L and ��e/L, with �Te = Th
e − Tc

e ,211

�Tp = Th
p − Tc

p , and ��e = �e
h − �e

c.212

In these conditions, the electric-power output is equal to the213

work made by the Coulomb force per unit time iE for moving the214

electric charges from � = L to � = 0, namely,215

Pel =
∫ 0

L

iEd� = i

∫ L

0

−Ed� = − i2L

�e
+ �i�Te + ifp�Tp − i

∣∣f�∣∣��e(11)216

once the use of Eq. (9) is made. We note that Eq. (11) is in accordance217

with the convention above on the sign of terms which contribute to218

Pel, since the negative signs in the first and fourth term of the right-219

hand side of Eq. (11) correspond to a loss of useful energy due to220

the well-known Joule effect, while the positive signs in the second221

and third term correspond to a gain of useful energy generated by222

the temperature differences �Te and �Tp. This result constitutes a223

further proof that our previous conclusions on the sign of the terms224

∂f/∂Te, ∂f/∂Tp and ∂f/∂�e are correct.225

On the other hand, since in our representation the cross section226

at the left-hand side of the nanowire is a point, the heat passing227

through it per unit time, which just represents the heat supplied228

to the system per unit time, is given by the absolute value of q229

evaluated in this point. In this way, the total heat supplied per unit 230

time can be written as 231

Q̇ = �p
�Tp

L
+ �e

�Te

L
+ (	 + f )i (12) 232

wherein f is the mean value of the function f longwise L. 233

The coupling of Eqs. (11) and (12) with Eq. (10) yields 234

 =
− i2L

�e
+ �i�Te + i(ifp)�Tp − i

(∣∣f�∣∣)��e

�p
�Tp

L + �e
�Te

L + (	 + f )i
(13) 235

Then, if we define the new variables 236⎧⎪⎪⎨⎪⎪⎩
x = iL

�T

y =
√

��e

iL

(14) 237

by straightforward calculations, from Eq. (13) we get 238

 =
(

1 − Tc

Th

)⎡⎢⎣−
(

�eff
�eˇ1

)
x2 + �

ˇ1
x −

(
�2

eff
ˇ1

∣∣f�∣∣) x2y2

�+1
Th + �

(
1 + ı

ˇ1

)
x

⎤⎥⎦ (15) 239

wherein �eff = �p + �e, � = �ˇ1 + ˇ2fp, � = �p�−1
eff (ˇ2ˇ−1

1 − 1), and 240

ı = f /(�Th). Eq. (15) shows that the total efficiency can be written 241

as  = cr, where 242

c =
(

1 − Tc

Th

)
(16) 243

is the usual Carnot efficiency (which represents an ideal limit, since 244

it is obtained for a quasi-static transformation, which requires infi- 245

nite time), and 246

r =
−

(
�eff

�eˇ1

)
x2 + �

ˇ1
x −

(
�2

eff
ˇ1

∣∣f�∣∣) x2y2

�+1
Th + �

(
1 + ı

ˇ1

)
x

(17) 247

is a reduced efficiency, the value of which is always smaller than 248

unit. Although in Refs. [25,26] it is shown that, in principle, even 249

the Carnot efficiency is attainable, the actual devices have perfor- 250

mances which are notoriously much more modest, that is, r � 1. 251

In order to find new strategies to enhance the thermoelectric 252

efficiency, here we look for the couple of variables xopt and yopt 253

which maximizes the reduced efficiency. 254

Moreover, if we introduce an effective figure-of-merit defined 255

as
256

Zeff =
(
�
)2

�e

�eff
257

then the standard analysis of the stationary points of a two-variable 258

function turns out that in correspondence of the values 259

xopt = � + 1

�T(1 + ıˇ−1
1 )

[
−1 +

√
1 +

(
�

�

)(
ZeffT

� + 1

)(
1 + ı

ˇ1

)]
(18a) 260

yopt = 0 (18b) 261

of the variables, the reduced efficiency gets its maximum value, and 262

the optimal efficiency (13) becomes 263

opt = c(� + 1)

ˇ1(1 + ıˇ−1
1 )

2

[
2

ZeffT
+ �(1 + ıˇ−1

1 )

�(� + 1)
264

− 2
ZeffT

√
1 + �(1 + ıˇ−1

1 )

�(� + 1)
ZeffT

⎤⎦ (19) 265
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Fig. 1. Behavior of opt/c versus ˇ1 for three different values of the non-dimensional parameter ˛ = c(e)
v /cv and for a fixed value of ı: theoretical results arising from Eq. (19)

in the case of f = f(�e).

Eq. (19), which generalizes the results obtained in Ref. [11]267

under the hypothesis that the terms proportional to 
e/�e are neg-268

ligible in Eqs. (7), points out that the optimum efficiency strongly269

depends not only on the two temperatures Tp and Te, but also on270

the gradient of the charge carriers.271

In particular, from Eq. (19) it is easy to see that272

ZeffT → ∞ ⇒  → c

(
�

�ˇ1

)(
1 + ı

ˇ1

)−1

273

so that the material functions �̃, ∂f/∂Tp and ∂f/∂�e must fulfill the274

following physical restriction275 (
�

�ˇ1

)(
1 + ı

ˇ1

)−1

≤ 1276

This consideration, joined with the further observation that,277

whenever the terms in f can be neglected in Eq. (7), then  → c as278

ZeffT→ ∞, allows to conclude that the presence of a non-vanishing279

gradient of the electric charges worsen the thermoelectric effi-280

ciency. This is logical, since the inhomogeneity in the charge density281

induces a current circulation inside the conductor and, as a conse-282

quence, an enhancement of the dissipation by Joule effect.283

For the sake of illustration, in the next we evaluate f in corre-284

spondence of fixed values of Te and Tp, so that f = f(�e), and plot285

the ratio opt/c in such a situation. Although in a special case, this286

simplifying assumption allows us to show clearly in the next fig-287

ures both the role played by the two temperatures, and the role288

played by the gradient of electric charges.289

In Fig. 1 we plot the behavior of the ratio opt/c as a function290

of ˇ1, for three different values of the nondimensional parameter291

˛, i.e., ˛ = 0.25, ˛ = 0.5 and ˛ = 0.75, and when ı = 1. For the sake of292

illustration, in our computation we assumed that �p = �e, as the293

materials commonly used in thermoelectric applications show a294

phonon thermal conductivity which is approximately equal to the295

electron thermal conductivity, and supposed ZeffT = 1.296

As it can be seen, in this case the maximum efficiency increases297

for increasing values of ˇ1. This means that the bigger Te with298

respect to Tp, the better the performance of the thermoelectric299

device. Indeed, Fig. 1 also allows to analyze the role played by c(e)
v 300

and c(p)
v , the latter being usually higher than the former. In fact, it 301

points out that the (positive) slope of the curve opt = opt(ˇ1) grad- 302

ually decreases whenever ˛ assumes very small values, whereas it 303

takes an almost constant value when ˛ reaches high enough val- 304

ues, in such a way that whenever Te > Tp, the higher ˛, the higher 305

opt. We also note that in Fig. 1 the value opt/c = 0.13, attained 306

when ˇ1 = 1, corresponds to the case of a single-temperature model, 307

namely, Te = Tp ≡ T. 308

In Fig. 2, instead, we plot the behavior of the ratio opt/c as 309

a function of ı, for three different values of the non-dimensional 310

parameter ˛, i.e., ˛ = 0.25, ˛ = 0.5 and ˛ = 0.75, and when ˇ1 = 0.5. In 311

obtaining the results of Fig. 2 we still assumed that �p = �e, and 312

ZeffT = 1. Along with previous observations about the role of the 313

gradient of the electric charge, from Fig. 2 we infer that the smaller 314

ı, the higher the performance of the thermoelectric device. Fig. 2 315

still allows to analyze the role of the different specific heats. In 316

particular, we have that the smaller ˛, the higher opt. We note 317

that these behaviors are in agreement with those of Fig. 1, since we 318

are assuming that ˇ1 < 1. We would have the opposite behaviors if 319

ˇ1 > 1. 320

4. Main conclusions 321

In this paper, on the example of a thermoelectric nanowire in 322

steady-state conditions, we have analyzed the consequences of 323

accounting both for different temperatures of the different heat 324

carriers, and for the gradient of the electric-charge density. Our 325

results arise from the theoretical two-temperature model in Eq. 326

(7), the thermodynamic compatibility of which has been proved in 327

Ref. [11], wherein the possibility of measuring the phonon and the 328

electron temperatures was discussed as well. 329

For practical applications, the results presented above suggest 330

that, in order to enhance the efficiency of thermoelectric energy 331

conversion, it would be useful to have: 332

• the charge distribution as much homogeneous as possible, in such 333

a way that f → 0 in Eq. (13); 334
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Fig. 2. Behavior of opt/c versus ı for three different values of the non-dimensional parameter ˛ = c(e)
v /cv and for a fixed value of ˇ1: theoretical results arising from Eq. (19)

in the case of f = f(�e).

• the physical parameter ˇ1
ˇ2

= Te
Tp

as higher as possible;335

• the electron specific heat c(e)
v as higher (respectively, smaller) as336

possible, and the phonon specific heat c(p)
v as smaller (respec-337

tively, higher) as possible, whenever ˇ1
ˇ2

> 1 (respectively, ˇ1
ˇ2

<338

1).339

Indeed, we already observed that the first of the conditions340

above minimizes the quantity of energy dissipated by the Joule341

effect. In FGTMs, if the nanodevice is composed by segments with342

different thermoelectric properties, it should be designed in such343

a way that the concentration of electric charge inside the different344

segments is either the same, or as much similar as possible.345

The second condition ensures that in the device the electric phe-346

nomena are prevalent with respect to the thermal ones, in such a347

way that the energy dissipated by the diffusion of heat is limited.348

Finally, the third of the previous conditions can be interpreted as349

follows. If Te < Tp, it limits the quantity of energy transported by the350

electrons which can be stored as internal energy, and maximizes351

the part of this energy which can be used to create an accumulation352

of charges and, as a consequence, a difference of electric potential.353

If, instead, Te > Tp, it limits the part of the energy transported by the354

phonons which can be stored as internal energy, and maximizes the355

part of this energy which can be transformed in electrical energy.356

The last two items above already emerged in Ref. [11], where the357

contribution of the electric chemical potential was considered neg-358

ligible. The first item, instead, is new, and shed new light on the role359

of the charge density on the determination of the thermoelectric360

efficiency.361

Indeed, in classical thermoelectricity all the efforts to improve362

the efficiency were focused on the enhancement of the figure-of-363

merit Z. Although this remains a very important parameter, here364

and in Ref. [11] we have shown that if a more realistic model is365

applied, by supposing that each of the heat carriers is endowed with366

its own temperature and by including the effects due to a nonuni-367

form charge distribution, then there are new parameters beside Z,368

namely ˛, ˇ1 and f , which can help to enhance the performance369

of the thermoelectric devices. This fact allows to analyze the prob-370

lem of the efficiency from a different perspective, which will be371

exploited by us in forthcoming researches.
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