Hindawi Publishing Corporation
Journal of Complex Analysis

Volume 2013, Article ID 197410, 17 pages
http://dx.doi.org/10.1155/2013/197410

Research Article

Hindawi

On the Regularity of Weak Contact p-Harmonic Maps

Sorin Dragomir' and Robert Petit

! Universita degli Studi della Basilicata, Dipartimento di Matematica, Informatica ed Economia, Via DellAteneo Lucano 10, Contrada

Macchia Romana, 85100 Potenza, Italy

? Laboratoire de Mathématiques Jean Leray, UMR 6629 CNRS, Université de Nantes, 2, rue de la Houssiniére, BP 92208,

44322 Nantes, France

Correspondence should be addressed to Sorin Dragomir; sorin.dragomir@unibas.it

Received 11 September 2012; Accepted 26 January 2013

Academic Editor: Arcadii Grinshpan

Copyright © 2013 S. Dragomir and R. Petit. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly
cited.

We prove Caccioppoli type estimates and consequently establish local Holder continuity for a class of weak contact (2n + 2)-
harmonic maps from the Heisenberg group H, into the sphere $*"".

1. Introduction

The study of pseudoharmonic maps was started by Barletta et
al. [1] (cf. also [2, 3] for successive investigations) as a gener-
alization of the theory of harmonic maps among Riemannian
manifolds (cf., e.g., [4]) and by identifying the results of Jost
and Xu [5], Zhou [6], Hajlasz and Strzelecki [7], and Wang
[8] as local aspects of the theory of pseudoharmonic maps
from a strictly pseudoconvex CR manifold into a Riemannian
manifold (cf. also [9, pages 225-226]).

A similar class of maps, yet with values in another CR
manifold, was studied in [10]. These are critical points of the
functional

E@=3[ e@dn gpecvaany, o

where M is a compact strictly pseudoconvex CR manifold of
CR dimension 1, Q(¢) = [(d¢)py I3, dv = 0 A (dO)", and
0 is a contact form on M. Also N is a contact Riemannian
manifold and in particular an almost CR manifold (of CR
codimension 1).

A moments thought reveals the augmented difficulties
such a theory may present. For instance, if M and N are two
strictly pseudoconvex CR manifolds endowed, respectively,
with contact forms 6 and 7, then the pseudohermitian analog
of the notion of a harmonic morphism (among Riemannian

manifolds) is quite obvious: one may consider continuous
maps ¢ : M — N such that the pullback v o ¢ of any
local solution v : U' ¢ N — RtoA)v = 0inV
satisfles Ap(veo ¢) = 0inU = gb*l(U') in distribution sense.
Here A, and AI; are the sublaplacians of (M, 0) and (N, #),
respectively. Unlike the situation in [2] (where the target
manifold N is Riemannian and ¢ pulls back local harmonic
functions on N to distribution solutions of A, u = 0) such ¢
is not necessarily smooth (since it is unknown whether local
coordinate systems (U’,x'l) on N such that AI;] x" = 0in
U’ might be produced). To give another example, should one
look for a pseudohermitian analog to the Fluglede-Ishihara
theorem (cf. [3] when M is CR and N is Riemannian), one
would face the lack of an Ishihara type lemma (cf. [11]) as it
is unknown whether AI;] v = 0 admits local solutions whose
(horizontal) gradient and hessian have prescribed values at a
point. Moreover, what would be the appropriate notion of a
hessian (cf. [12] for a possible choice)?

A third example, discussed at some length in this paper,
is that of the “degeneracy” of the Euler-Lagrange equations
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associated to the variational principle

5 J Q(¢)"dv =0, (3)

when N is a Sasakian manifold. Indeed the (2m—1)x (2m—1)
matrix (¢ ); = =0’ +&'n; has but rank 2m — 2 at each point (a
well-known phenomenon in contact Riemannian geometry,
cf,, e.g., [13]. See also [14]). Consequently, in general one may
not expect regularity of weak solutions to (2). For instance, if
N =H,,_, is the Heisenberg group and ¢ = (¢',¢*" ") : U ¢
M — H,,_, is a solution to (2), then ¢’ : U — R*"?is
subject to

zznxj <|X¢'|p_2Xa (¢))=0 1<isam-2, @
a=1

yet ¢*" ! is an arbitrary function (cf. Section 3). For the more

appealing case, where M = H,, is the Heisenberg group and
N = §¥"! is the sphere, (2) may be written as

X"V, =Q(¢)"*¢y 1< A<2m, )
(cf. Proposition 15) which is indeed the form assumed by the
Euler-Lagrange equations in [7], yet unlike the situation there
X" - E,p#0in general (cf. Proposition 16 for the notations).
Although X* - E , 5 has a quite explicit form (yielding—for a
class of weak solutions ¢ : H, — $*"! which are close to
being horizontal maps—simple estimates on X" - E , ), only
a weaker form of the duality inequality lemma in [7] may be
proved (cf. Lemma 17) leading nevertheless (together with a
hole filling argument) to Caccioppoli type estimates

| el
By (x,r)

for some C > 0 and 0 < y < 1, which are known (cf,, e.g., [7]
for a very general argument based on work in [15]) to imply
the local Holder continuity of the given weak solution.

The paper is organized as follows. In Section 2 we recall a
few conventions and basic results obtained in [10]. Sections
3 and 4 are devoted to the study of the local properties of
weak contact p-harmonic maps. We show that weak contact
(2n +2)-maps ¢ : U ¢ H, — S are locally Holder
continuous (cf. Corollary 21) provided they are close to being
horizontal maps; that is, the assumptions (96) are satisfied.
The relevance of the number p = 2n + 2 stems from the
facts that IM () by 1 I?**2dv is a CR invariant and 2n + 2
is the homogeneous dimension of H,. The authors believe
that subelliptic theory should play within CR geometry, as a
branch of complex analysis in several complex variables, the
strong role played by elliptic theory in Riemannian geometry,
and the present paper is a step in this direction.

2n+2

dv < Cr?, (6)
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2. Basic Conventions and Results

For all notions of CR and pseudohermitian geometry we
adopt the conventions and notations in the monograph [9].
For the approach to contact structures within Riemannian
geometry we rely on the presentation in Blair [13], (cf.
also Tanno [16]). Given a real (2n + 1)-dimensional C*®
differentiable manifold M, an almost CR structure is a
complex subbundle T ;(M) ¢ T(M) ® C of the complexified
tangent bundle, of complex rank #, such that T ,(M), N
Ty, (M), = (0) for any x € M. Here T, (M) = T} ,(M) and
overbars indicate complex conjugates. The integer » is the CR
dimension of the almost CR manifold (M, T} ,(M)). Almost
CR structures are a bundle theoretic recast of the tangential
Cauchy-Riemann operator E_)b :C®(M,C) — C®(Ty,(M)")
given by (9, f)Z = Z(f) for any f € C®°(M,C) and any Z €
T, o(M). An almost CR structure is ( formally or Frobenius)
integrable if [Z,W] € C%(U,T,o(M)) for any Z,W €
C*®(U, T, ,(M)) and any open set U C M. The tangential C-R
operator may be extended to arbitrary (0, q)-forms on M and
the resulting pseudocomplex 9, : Q™(M) — Q™ (M),

q = 0, is a complex (ie., 52 = 0) if and only if the given
almost CR structure is integrable (cf. [9]). Integrable almost
CR structures are commonly referred to as CR structures and
appear mainly on real hypersurfaces of complex manifolds,
as induced by the complex structure of the ambient space;
that is, for any complex manifold V and any real hypersurface
McV

Ty o(M), = [T (M)®gC]NTY(V),, xeM, (7)

is a CR structure on M. Here T*°(V) — V is the
holomorphic tangent bundle over V' (locally the span of
{0/0z/ : 1 < j < N} for any local system of complex
coordinates (z’) on V). Also N is the complex dimension
of V, and then the CR dimension of M isn = N — 1.
Integrability of (7) follows from the Nijenhuis integrability
of the complex structure on V. A solution f to d,f = 0
(the tangential C-R equations) is a CR function on M and,
in the context of real hypersurfaces carrying the induced
CR structure (7), CR functions appear as traces on M of
holomorphic functions defined on a neighborhood of M in
V. Hence to say that the CR structure is given by (7) is to say
that the tangential C-R equations are induced by the ordinary
Cauchy-Riemann system on V. CR functions which are not
traces of holomorphic functions may exist (cf., e.g., [17]). CR
structures which are not given by (7), and for which there
is not any embedding of M into some complex manifold V
yielding (7), do exist as well (cf. again [17, page 172]). An array
of geometric objects, such as pseudohermitian structures, the
Levi form (cf. [9, 18]) and successively (in the nondegenerate
case) contact structures, the Tanaka-Webster connection (cf.
(18, 19]), the sublaplacian A, and the Fefferman metric (cf.
[9, 20]), springs from the given CR structure very much the
way the complex structure determines the metric structure
(up to a conformal invariant) on a Riemann surface and are
thought of as geometric tools whose use will ultimately shed
light on the properties of solutions, local and global, to the
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tangential C-R equations. Integrability of T} ,(M) appears as
a built-in ingredient of objects such as the Tanaka-Webster
connection or the Fefferman metric, yet it is believed to
lack the geometric meaning of involutivity of real smooth
distributions on manifolds (cf., e.g., [21, page 16]). On the
other hand nonintegrable examples of almost CR structures
occur frequently, either on real hypersurfaces of almost
complex manifolds or on contact Riemannian manifolds (cf.
[13, 16]). A remedy was indicated by Tanno [16], showing
that the wealth of additional structure (¢,£,7, g) on a given
contact Riemannian manifold N compensates for the lack of
integrability of T ((N) = {X —ipX : X € Ker(y)} and
specifically providing a generalization of the Tanaka-Webster
connection to the nonintegrable context.

Given a CR manifold (M, T o(M)), let H = Re{T ((M) &
Ty, (M)} be the Levi, or maximally complex, distribution and
JZ+Z)=i(Z-2),Z € T, (M), its complex structure. Let
H; ={w € T; (M) : Ker(w) 2 H,}, x € M, be the conormal
bundle associated to H, a real line bundle over M. Since M
is assumed to be connected and orientable, the conormal
bundle H* — M is trivial. A globally defined nowhere zero
section@ € T°(H") isa pseudohermitian structure on M. For
each pseudohermitian structure 6 on M the Levi form is

Gy (X,Y)=(dO)(X,]Y), X, YeH. (8)
Two pseudohermitian structures 0,0 € [ (H™) are related
byé = AB for some C*™ function A : M — R\ {0}. If this is
the case, then G5 = AGy. A CR manifold M is nondegenerate
(resp., strictly pseudoconvex) if Gy is nondegenerate (resp.,
positive definite) for some 0. If M is a nondegenerate CR
manifold, of CR dimension n, then each pseudohermitian
structure 0 is a contact form; that is, @ A (d0)" is a volume
form on M. If M is nondegenerate and 0 is a contact form on
M, there is a unique globally defined, nowhere zero, tangent
vector field T € X°°(M) (the Reeb vector field of (M, 6)) such
that 6(T) = 1 and (dO)(T,-) = 0. The Webster metric is the
semi-Riemannian metric gy on M given by

G (X, Y)=Gy(X,Y),  go(X,T)=0, go(T,T)=1,

)

for any X,Y € H.If M is strictly pseudoconvex and 0
is chosen such that Gy is positive definite, then gy is a
Riemannian metric on M.

Let N be a (2m — 1)-dimensional C* manifold (m > 2).
An almost contact structure on N is a synthetic object (¢, &, 7)
consisting of a (1, 1)-tensor field ¢, a vector field £ € X*°(N),
and a 1-form# € QY(N) such that

’71'(’);' =0,

rligi =1,

- . .
‘P;c‘Pj = _8; + ijl)

N (10)

(p;EJ =0,

with respect to any local coordinate system (U’, x'i) onN. A
Riemannian metric g on N is associated, or compatible, to the

almost contact structure (¢, &, #) (and (¢, &, 7, g) is an almost
contact metric structure on N) if

GiPP = Gke ~ e & =1 (1)

Associated metrics always exist (cf. [13]). A contact metric
structure is an almost contact metric structure (¢, £, 7, g) such
that O = dn, where Q € Q*(N) is the 2-form given by
Q; = gik?’?-

Let ¢ M — N be a C® map from a strictly
pseudoconvex CR manifold M of CR dimension #n into
a contact Riemannian manifold (N, ¢,&,7, g). Let 6 be a
contact form on M such that the Levi form Gy is positive
definite. Let H' = Ker() and let us consider the vector
bundle valued form (d¢); ;y € T°(H* ® ¢ 'H') given by

((d¢)H,H’)x =y g © (de¢): H, — H!b(x)’ x €M,
(12)

where [T, : T(N) — H'is the natural projection associated
to the decomposition T(N) = H' @& RE Let x € M and let
{X, : 1 < a < 2n} be a local Gy-orthonormal frame of H
defined on an open neighborhood U € M of x € U. We set

Q(¢),

= "(d¢)H,H' “i (13)

- an%(x) (((49) p11r) Ko ((dD) 1) Xeax) -

Note that

Q(¢) = traceg, {Ily (¢"9)} - [y ¢°n|*.  (14)

Definition 1. Let p € (0,+00). AC® map¢: M — N issaid
to be contact p-harmonic if ¢ is a critical point of the energy
functional

ORI COM CNCUE

for any relatively compact domain @ < M. Contact 2-
harmonic maps are called contact harmonic maps.

Let V be the Tanaka-Webster connection of (M, ) that
is the unique linear connection on M obeying to (i) H is V-
parallel (i.e., VyY € H forany X € X°(M) and any Y € H),
(if) VJ = 0 and Vgg = 0, and (iii) the torsion tensor field Ty,
of V is pure (i.e., Ty(Z,W) = 0, Tg(Z,W) = 2iGy(Z,W)T
for any Z,W € T\ ((M)and 7o ] + J o1 = 0, where
7(X) = Ty(T, X) for any X € X°(M) (cf. Theorem 1.3 and
Definition 1.25 in [9, pages 25-26]). The vector valued 1-form
7 is the pseudohermitian torsion of V. Let V' be the generalized
Tanaka-Webster connection of (N, #, g) given locally by

r]’;c = ]i'k + ’Ij‘P;c - ﬂkvjfi + Eivj”k’ (16)

(cf., e.g., [16]), where I“;k are the Christoffel symbols of g;;.
Covariant derivatives are meant with respect to the Levi-
Civita connection of (M, g). For each X € X*(M) we
consider ¢, X € T®(¢""TN) given by

(6.X) () = (d,$) X, € Tyy (N) = (¢7'TN) ,  x € M.
(17)



Let V¥ = ¢ 7'V be the connection induced by V' in the
pullback bundle $'TN — M. We set

By (X.Y) = Ve Y -, VY, X,Y € X°(M). (18)

Let x € Mandlet {X, : 1 < a < 2n} be a local Gg-
orthonormal frame of H defined on an open neighborhood U
of x. We define a C* section I'(¢p) in ¢ 'TN — M by setting

I(¢), = traceGs{HHﬁ¢}x = Z Bo(XpX,),  (19)

where I1; 3 denotes the restriction of B, to H ® H. By a
result in [10] the Euler-Lagrange equations associated to the
variational principle 6E, ,(¢) = 0 are

Q(g) 2" [( <P2); o ¢] div (Q(¢)<p-z)/zVH¢j)

= traceg, {I1y¢" (1 ® 7y)}
2n (20)

-2 [(67); 0] (1o 9) X, (1) X, (),

a=1

traceg, {Ily ¢"An} =0,

here goz = -I +n®¢&(cf, eg, [13]). Also 1y is the
pseudohermitian torsion of (N, ¢,¢,#, g); that is, T(X) =
Ty (& X),and A (X, Y) = g1y X, Y) forany X, Y € X¥(N).
I‘J';c are again the local coefficients of V' with respect to

', x'i). In particular if g is a Sasakian metric, then¢ : M —
N is contact p-harmonic if and only if

[(#);-¢]

x {dN(Q(cp)(”‘””va )

+Q<¢>“"2’”Z" (rg-¢)X,(¢°) X, (¢e)} =0,

a=1

1<i<2m-1.
(21)

3. Weak Contact Harmonic Maps

Sections 3 and 4 are devoted to the study of local properties
of weak critical points of the functional (15). A study of the
regularity of weak solutions to subelliptic systems (such as
(53)) was started by Wang [8], and Capogna and Garofalo
[22], though only for maps from Carnot groups, (cf. also Zhou
[23]).

Let M be a strictly pseudoconvex CR manifold and 0 a
contact form on M. Let {X, : 1 < a < 2n} be a local G-
orthonormal frame of H defined on the open set U € M and
X, the formal adjoint of X; that is,

Xiu=-Xu- fu, ueCyU), (22)
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where f, = 0b%/0x" + bPT, and X, = b*9/0x™. Also I,
are the local coeflicients of the Tanaka-Webster connection
of (M, ) with respect to the local coordinate system (U, x?)
on M. Clearly (X u,v) = (u, X,v) for any u € C(l)(U), where
(u,v) = fU uv dv.

Proposition 2. Let ¢ : M — N be a smooth map and g
a Sasakian metric on N. Then ¢ is contact p-harmonic if and

only if

[(9);-¢]

Y {-x2 ()T x,¢)

a=1

+ Q@) (11] 0 ) X, (6°) X, (¢)} = 0
(23)

for any local orthonormal frame {X, : 1 < a < 2n} of H.

Proof. Let us note that div(X,) = trace{d, — V; X,} = f,,
where 3, = 9/0x*. Thus (by (22))

div (Q(9) 50 = - % X Q@) x,4) 20

on U. Then (23) follows from (21). O

Example 3 (contact p-harmonic maps into the Heisenberg
group). Let N = H, _;, m > 2, be the Heisenberg group
(cf., e.g., [9, pages 11-14]). Let (x%, y*,t) be the Cartesian
coordinates on R*”" and let

9 +2y0‘2 Y:i—Zxo‘a

X = > 3.
ot ¢ oy® ot (25)

“7 ox%
I<a<m-1
Let ¢ be the (1, 1)-tensor field on H,,,_, determined by
¢(Xa) =Y  o(Ya)=—Xoo  9®=0 (26)
where £ = —0/0t. Next the differential 1-form # € Q'(H,, )
given by

2m-2

n=2 Z (y"dx™ — x*dy™) — dt (27)

a=1

is a contact form on H,,,_,; that is, # A (dn)™" is a volume
form. Let H = Ker(#). Finally we shall need the Riemannian
metricgonH,, ; givenby g = -dn(,,¢- Jon H® H, g(-,&) =
0on H, and g(§,&) = 1. Then g is a Sasakian metricon H,,,_,
(and actually (H,,_,, g) is a Sasakian space form of ¢-sectional
-3; cf, e.g.,, [13]). A calculation shows that

—5; 0 0
2 o
Q@ < 0 —5ﬁ 0) R (28)

—Zyﬁ Zxﬁ 0
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where x, = x* and y, = y*. Let T, = X, — iY, and let
T, (H,, ;). be the span of {T,(x) : 1 < « < m — 1} over C.
Then T, o(H,, ) is a strictly pseudoconvex CR structure on
H,,_, and 0 = —x is a contact form such that the Levi form G
is positive definite. Let V' be the Tanaka-Webster connection
of (H,,,_;,0). A calculation shows that

Vé“aﬁ = 0, Vé“aﬁw,l = —280435,

, (29)
Vo9 = 20apls Vo

a+mflaﬁ+m_l = 0’
where 9, = 9/0x* and 9,,,,,_; = 9/dy” for simplicity. Hence

2m—1 2m—1
ro’c,/r;jrm—l = _roc:nm—l,ﬁ = 2605/3 (30)

and the remaining connection coefficients vanish. The Web-
ster metric g of (H,,_,, 0) is given by

26043 + 4yay[3 _4yocxﬁ _zyrx
g —4xayp 2045 +4x,x5 2%, |, (31)
_2yﬂ 2xﬁ 1

hence (by a straightforward calculation)

2n 2m—-2

Q(¢)=2)

a=1 i=1

@ =2xf. o

where ¢ = (¢',¢*™ ") : M — H,_, and ¢' = (¢',...,
(/52'"_2). Let us substitute (28)-(32) into (23) so that to obtain

iXZ('X¢"p72Xa(¢i)):O, 1<i<2m-2. (33)
a=1

Hence if ¢ : M — H,,,_; is a contact p-harmonic map,
then ¢’ is subject to (33) while ¢*™ ' is an arbitrary function.
Therefore, in general one may not expect regularity for a given
(weak) contact p-harmonic map.

The identity (23) in Proposition 2 leads naturally to the
notion of a weak solution to the contact p-harmonic map
system. Indeed we may establish the following.

Lemma 4. A smooth map ¢ M — N of a strictly
pseudoconvex CR manifold M into a Sasakian manifold N is
contact p-harmonic if and only if

2

=

{x: ()7 [(97), 2 9] X. (¢7))

Q)" [(97); = 9] (1 > ¢) X (¢) X ()}

=0

Il
—

a

(34)

Jor any local orthonormal frame {X, : 1 < a < 2n} of H

on U and any local coordinate system (U', x"") on N such that
¢'(U)2U.

Proof. Let us multiply (23) by a test function v € C;°(U) and
integrate by parts

J @)y x, (¢') X, ((¢°)) v

- | @ X)X () X (9w

On the other hand (as both & and # are parallel with respect
to V')

(35)

agi — gt 811]-

‘e
ook T et ok = Dte (36)
oe?) ‘
— =g €T &7

2\ pi inli il 2\J 1t i
(0°) Tie + 08T = &l = (0°) T~ Ta - 39)

where T,ie are the coefficients of Ty with respect to (U’, x".
Therefore (35) may be written as

J Q ¢)<p—2)/z
X ; {(SDZ);Xa (¢') X, (v) (39)

(97X (1) X, () w} v =0
and Lemma 4 is proved. O
Let us consider the function spaces
WP (U) = {ue L’ (U) : Xu € LP (U),1 < a<2n},
(40)

where X u are understood as weak derivatives. If 1 < p < oo,
then W}l(’p (U) are separable Banach spaces with the norms

2n 1/p
"u"W)l(’P(U) = <||u||€P(U) + ZHXa”"ZD(U)> . (41)
a=1

Also W)I(’P (U) is reflexive provided that 1 < p < oo. The
central concept of this section may be introduced as follows.
Let {X, : 1 < a < 2n} be a Gy-orthonormal frame of
H defined on the open set U ¢ M. Let U' € N be an
open set which is relatively compact in a larger coordinate
neighborhood in N.

Definition 5. Amap ¢ : U — U’ is said to be weak contact p-

harmonic if it is a weak solution to (34); that is, ¢j € W)l(’p )
forany 1 < j < 2m —1 and the identities (39) are satisfied for
any test function y € C°(U).

Let¢: U — U’ be a weak contact p-harmonic map. By
(14)

Q(4) = X% (¢) X, (¢') (95 °9) - [Xu$20 - 9] }
(42)



6
on U, hence
|Q(¢)] < C|X</J|2 a.e. in U,
2 2n 2m—1 12 (43)
|X¢| = Z Z Xﬁ ((pl)l >
a=1 i=1
where C = max{supa|g,-j|,supﬁ|11,-| 01 <4,j <2m— 1L

Then both integrals in (39) are convergent and the adopted
definition is legitimate.

Example 6 (Example 3 continued). A weak solution to (33)
isamap ¢ = (¢,¢"™ ") : U — U' cc H,,, such that
¢ € WP (U,R*?) and

5 e x,

1<i<2m-2,

) X, (y)dv =0,
(44)

for any y € C;°(U). We need to recall the following general
result, due to Xu and Zuily [24]. Let X = {X,,...,X,,} be
a Hormander system on an open set U ¢ R, N > 2, and
Q ¢ RY a domain such that U > Q. Let a’(x, y) be a
symmetric and positive definite matrix defined in QO x R”.
If | f(x, y, p)| < alp|* + b for any (x, y, p) € O x R” x R™,
then any continuous solution ¢ = (¢',...,¢") to

Y X} (o (2,0 (0) X" () = £ (5,9 (), X (),
ij=1
1<a<v,
(45)

in Q is actually smooth. Let us assume that U is a domain
such that U is contained in a coordinate neighborhood in M.
By the result in [24] quoted above.

Proposition 7. For any weak solution ¢ = (¢',¢*™) : U —
U' c H,,_, to the contact p-harmonic map system (33) if ¢’ €
C'(U, R*"72), then ¢' € C*™(U,R*™2).

Of course in the particular case p = 2 any distribution
solution ¢’ is C* (as the operator ¥ " X X, is hypoelliptic).

Example 8 (contact p-harmonic maps into the sphere). Let
N = §' ¢ R® and let g be the canonical Sasakian
metric on $”"!. Then a C* contact p-harmonic map ¢ =
(¢'...,¢"™) : M — S isasolution to

(q)z)i‘ °¢] ZZ”X; (Q(¢)(p—2)/2 Xa¢j)
()9 2

Q(¢)(P*2)/2

x {[(so2)§ = ¢] [X9[’¢/

(46)

+zzz" (¢*n) (X,) (¢} 9) X, (¢f)} ,
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forany 1 < i < 2m — 1. Here |X¢|* = Zf{:l ¥ 1X,¢P? and
Zf{fl gbf; = 1 with ¢y = ¢, 1 < B < 2m. Equation (46) follows

from (23) by computing the Christoffel symbols of S~ with
respect to the local coordinate system

!

¥ U - R Y=« x= (x',me) eU,

U =80 {xyn >0}, &' = (x5 s Xo) s
(47)
that is
U a4 xjxk
jk| =X ik 9jk = Ojk L |x’|2’ (48)
so that
2n i . X 2
1| o6) X (¢7) X, (67) = 1xof ¢,
(MEEACORACY -
1<i<2m-1.
On the other hand (cf. [9])
jlk = T + W&+ 1,0} + 19 (50)

so that

(jik ° )Xa(¢j)Xa(¢k)
= (F}i o) X, (¢') X, (¢") (51)

+2(¢°7) (%) (90 ) X, (¢7)

for any Sasakian metric g. When N = $*"7!, the identities

(49)-(51) lead to

3 (T )%, (9) %, (¢)
- X (52)
= X9 - Y 26" (X.) (92 ¢) X, (')

and then to (46) by taking into account that ¢ is an f-
structure on $>"'; that is, q)3 + ¢ = 0. Our next purpose in
this example is to prove the following result.
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Proposition 9. Let ¢ : H, — S*™' be a horizontal map.
Then ¢ is contact p-harmonic if and only if ¢ is subelliptic p-
harmonic with respect to the canonical Hormander system X =
{X,,Y,:1<y<nfonH,

According to [7] given a Hormander system of vector
fields {X,} defined on an open set O < R, one may adopt
the following.

Definition 10. A subelliptic p-harmonic map is a C* solution
¢ : O — R to the system (the formal adjoint of X,
in [7] is =X, under the conventions adopted in the present
paper)

ZX: (|X¢|pizxa¢“> = |X¢|p¢0‘, 1<a<2m, (53)

such that Y2 ¢2 = 1.

SZm—l

A horizontal map is a smooth map ¢ : H,, — such

that

Xa (ﬁbl) (Hied)=0, l<ac<2n (54)

One may define weak solutions ¢ : H, — U’ to (54) by
requiring that ¢' € W)I(’P (U) for some 1 < p < oo and
that (54) holds a.e. in U. Then the statement in Proposition 9
holds for weak solutions of the relevant equations as well. In
particular, by a result in [7], any weak horizontal contact p-
harmonic map ¢ : H, — U’ is locally Holder continuous
provided that p > 2n + 2.

The proof of Proposition 9 is to write (46) in the form
(53). We need the following.

Lemma 11. Let M be a strictly pseudoconvex CR manifold. A
smooth map ¢ : M — S is contact p-harmonic if and
only if

—ZX ()" [(97), 28] X (¢)) = Q&)"¢,

(55)

forany 1 <i < 2m—1 and any local orthonormal frame {X, :
1 <a<2n}ofH.

By (14) if ¢ : M — S is a horizontal map, then
Q¢) = |X</>|2 and one may readily check that (55) is
equivalent to (53) for any 1 < i < 2m — 1. Of course the
component ¢,,, will satisty (53) as well (as a consequence
of the constraint Ziil gbi = 1). To prove Lemma 11, let us
multiply (46) by a test function y € Cy°(U) and integrate
over U. The left-hand side of the resulting equation is

) ¢ ).
X (§) %, () S

where p = Q(¢)'*"?'2. Then (by (37))
2 i
de )j

ox'*

PRACHEACY!
= 3 (¢) X, (¢°) (Eng - nE )
= (by (52) and (50))
=&, <|X¢Iz¢€ =22 1% (¢) #iXe (¢’k))
- 2 X (#) Xa (6, < k€ - "’2>
= Eng’| X9/’

+ 2 (1% (#7) 91X (¢°) - Xa (¢)

X, () nim’}
(57)

hence (46) implies

ZX ( ¢)p 2)/2[( )i°¢}Xa(¢j)>
)(P 2)/2( |X</)| +Z[ ( )( ¢)]2>¢1

(58)

which yields (55) because on the sphere

Q(¢) = X[ - 11y 671" (59)

Lemma 11 is proved.

The notion of a weak contact harmonic map as introduced
above is confined to maps ¢ : M — N such that the target
contact Riemannian manifold N is covered by a single coordi-
nate neighborhood. Another natural approach (customary in



the theory of harmonic maps among Riemannian manifolds,
cf,, e.g., [4, page 38]) is to use Nash’s embedding theorem (cf.
[25]) in order to embed isometrically the target manifold N
into some Euclidean space RX and produce an alternative
first variation formula (cf. Theorem 2.22 in [26, page 139])
depending however on the embedding N < RX.

A generalization of Nash’s embedding theorem to the
context of contact Riemannian geometry has been obtained
by DAmbra [27]. Let H; =~ C* x R be the Heisenberg group
equipped with the standard Sasakian structure (¢, &y, 9> go)-
Let (N, (¢,&,7, g)) be a contact Riemannian manifold. By a
result in [27], if N is compact and L > dim(N) + 1, there is a
C'-embedding 1 : N — H, which is both horizontal, that is,
1,H' ¢ " Ker(#,), and isometric in the sense that : preserves
the Levi forms

9p (vw) = Fou(p) ((dpz) v, (dpl) w) , VWE H;, peN.
(60)

Any contact Riemannian manifold N is in particular a
sub-Riemannian manifold (in the sense of [28]); hence N
carries the Carnot-Carathéodory metricdy, : N x N —
[0, +00) associated to the sub-Riemannian structure (H’, g)-
In particular ¢ is an isometry among the metric spaces (N, d )
and (H;,dy) (cf. Section 7 for the definition of the distance
function dy : H; x H; x [0,+00)). As H; also possesses
a linear space structure, the methods in [29] (methods of
direct infinitesimal geometry) become available on a contact
Riemannian manifold (e.g., one may merely use the balls
with respect to dy and the linear structure of the ambient
space H; to reformulate on N Definition 2.1 in [29, page
280]) and we conjecture that the arguments in [29] may be
recovered to study the equation A, u = 0 on a strictly pseu-
doconvex CR manifold (the theory in [29] only deals with
second order degenerate elliptic equations on domains in
R"). Unfortunately the existence of C'-embeddings of given
contact structures is not sufficient for differential geometric
purposes, as long as Gauss and Weingarten formulae (which
require two derivatives of 1) are involved. The problem of
improving D’Ambra’s proof (to get a horizontal embedding
of class at least C?) is open.

4. Contact Harmonic Maps into Spheres

Let Q@ ¢ R" be a bounded open set and X = {X,,...,X,,}
a Hormander system of vector fields X, = bf(x)a/axA €
X(RY) such that bf e C®°(R") n Lip(RN). We recall (cf,
e.g., [9, page 261]) the following.

Definition 12. A number D is a homogeneous dimension
relative to Q) with respect to X if there is a constant C > 0

such that
By (x, b
M > C<L) (61)
|Bx (%0, 70) "o
for any Carnot-Carathéodory ball B, = Bx(x,,7,) of center
X, € Q and radius 0 < r, < diam(Q) and any Carnot-
Carathéodory ball B = By(x, ) of center x € B, and radius
0<r<r,.
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The diameter of Q) is meant with respect to the Carnot-
Carathéodory metric associated to X. Hajtasz and Strzelecki
[7] studied local properties of weak solutions to the system
(53). Their main finding is that every weak subelliptic D-
harmonic map ¢ € WyP(Q, ") (i.e., every weak solution to
(53) with p = D) islocally Holder continuous. Maps ¢ : QO —
S” with values in a unit sphere S” ¢ R”*! have a special status
due to the fact that the subelliptic harmonic map system (here
(53)) may be written in a simple form using an approach
commonly referred to as the Frédéric Hélein trick (cf. [7, page
353], see also Hélein [30]). The purpose of this section is to
start a study of weak solutions to the system (55) following
the ideas in [7] though confined to maps ¢ : H,, — ™!
which are “close to horizontal” in a sense to be made precise
in the sequel.

Let H, be the Heisenberg group equipped with the
standard contact form 0 = dt + izzzl(z”diy - z,dz"). Let
U ¢ H, be a bounded domain. Let {X, : 1 < a < 2n} =
{X,,Y, : 1 <y < n} be the Gy-orthonormal frame given
by X, = 0/0x" + 2y'T and Y, = 0/dy" - 2x'T, where
T = 0/0t as in Example 3. Clearly the coefficients of the X s
lie in C*°(R**!) N Lip(R**"). We recall that an absolutely
continuous curve y : [0, 7] — H,, is admissible if

d 2n
T =Y u X, (y®) (62)
a=1

for some functions u,(¢) such that Zizl u,(£)* < 1.

Definition 13. The Carnot-Carathéodory distance dx(x, y)
among two points x, y € H, is the infimum of all 7 > 0
for which there exists an admissible curve y : [0,7] — H,
such that y(0) = x and p(r) = y. Balls with respect to
dyx : H, xH, — [0,+00) are denoted by By(x,r) = {y €
H, : dx(x,y) < r} and referred to as Carnot-Carathéodory
balls.

We shall characterize horizontal maps in terms of the first
order differential operator

Lu=u""X, (u,) - u*X, (Uy) (63)

defined for u = (i, ..., u,,,) € W)l(’p(U, R>™).

Proposition14. Let¢p: U — U’ = 8" ' n{x,, >0} c R*"
be a map such that ¢, € W)I(’P(U) forany 1 < A < 2m. Then
¢:U — U’ is a (weak) horizontal map if and only if L ,¢p = 0
foranyl <a<2n.

Let (z,,...,%,,) be the natural complex coordinates
on C" and set z, = x, + iy, and (xy,...,%,,) =
(X1 > Xy V1s---» V). The following conventions are

adopted as to the range of indices:

1<AB-<2m  1<ij<2m—1,

(64)
l1<a, B, <m, 1<rs---<m-1
Let v = x*0/0x* + y*0/3y* € X°°(R*") so that the pointwise

restriction of v to $*”~" is a unit normal field on $*"~'. Let J,
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be the complex structure on C™. Then & € £%°(S*"™!) given
by (d)E, = Jov, for any x € S"" is the Reeb vector field
on 8! Here:: ™' — R istheinclusion. With respect
to the local chart x' = (xy,..., x,,,_;) in Example 8 the Reeb
vector £ is given by

Ea _ _yzx) £m+r _ xr. (65)

Then #; = gijfj together with (48) in Example 8 leads to

Mo = Vo= DX M =X~ 2y (66)
(04 (04 ym [0 %4 m+r r ym re

Finally (66) implies that X, (¢')(1;°¢) = —L ,¢. Proposition 14
is proved. In particular Q(¢) may be written as

2n
2 2
Q(9) = |X¢[" - Y |Lagl™ (67)
a=1
Our next task is to put (55) into a more tractable form.

Proposition 15. Let ¢ = (¢,,...,¢,,,) : U — U’ such that
b€ W)l(’p (U). Let us consider the functions

Voc,u = Q(¢)(P_2)/2 {Xa (¢rx) - ¢m+o¢La¢} >
Viraa = Q)" (Xo (bria) + faLad}

withl <a<m. LetVy = (Vy,...,Vy,,) foranyl < A <
2m. Then ¢ : U — U’ is a contact p-harmonic map if and
only if

(68)

X"V, =Q(¢)"’¢y 1< A<2m. (69)

Here the dot product means X* - V,, = Z X (Vaa)
Using (p2 =-I+n®¢&and (65) and (66), one obtalns

[((P )j]lgi,jSZm—l
o o xm o xm
O +y ek x| Y\ %
) —xs<y +xmx) —83+x5<x—x’”y>
P P ' " g

(70)

Then substitution into (55) leads to

> X [QUO)T (X, () - 97 Lag) | = Qo)

(71)

2n
DX [T (X, (97) + °L.9)] = Qo) P9

a=1
(72)
It remains to be shown that (71) and (72) imply
2n
> X (@) (X, (¢7) + ¢7Lag) | = Q)
a=1

(73)

Let us multiply (71) by ¢*y, where y € Cy°(U) is an arbitrary
test function, and integrate over U so that to obtain (after
integration by parts)

PRALL

_ Q(¢)(P_2)/2

)72 (X (87) - 9" Lag) ¢

x {Q (#)9°¢" - 2. X (67 X (¢') o
29" K () La¢>} :
Similarly let us multiply (72) by ¢"*"y so that to obtain
2X; Q@) (g™ + 6 L) ]
= Qe)"”
(75)

{Q(¢) m+s m+r ZX m+s X (¢m+r)

=YX, (™) La¢>} :

Let us contract the indices o and [ in (74) (resp., r and s in
(75)), add the resulting equations, and use the identities

Xa (¢a) ¢oc + Xa (¢m+r) ¢m+r = _Xa (¢2m) ¢2m’
_¢m+a¢oc + ¢r¢m+r = _¢m¢2m’
b+ 9" Buusr = 1= b3

¢m+aXa ((pzx) - ¢rXa (¢m+r) = La(/) + ¢mXu (¢2m) .
We get

- DX, [QU®) 7™ (X (67) + 9" Lub) $om |

(76)

_ Q@)™ ””{o«b( 6,0 - X (6) X, 6)

+Y (L4867, ()] La¢} .

(77)

Let us use Q(¢) — Y, X,($)X,(¢) + Yo(Lah)’ = Xo(¢yn)?
(a consequence of (67)). Finally

T [ Q@ (X, (57) + 671,9) )
- Qe)r "

X ‘[Q ((/5) ¢§m - ;Xa(qme)z - Z(pmxu (¢2m) La¢} .
(78)
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Now the identity (73) follows from (78) and X = -X,, — f,.
Proposition 15 is proved.

The crucial manner of exploiting the constraint
Zf;:l ¢’ = 1 is contained in the following.

Proposition 16. Let U ¢ H,, be a bounded domain and ¢ :
U — S cR™, ¢ = (¢y,....¢5), amap such that ¢, €
W)l(’P U). Then

2m

Va= Z‘/)BEA,B’ (79)
B=1

where one has set Ey g = ¢gV, — ¢, Vp. Moreover if ¢ is a
contact p-harmonic map, then

X" E AB
_ (p-2)12 B (80)
= Q(¢) {0505mX (Pa) = OaParmX (65)} L,

whereo, = 1ifl < A<m, 0, =-1ifm+1<A<2m,and
the range of the indices in (80) is meant mod m.

The identity (79) is a consequence of the constraint alone.
The identity (80) for A = « and B = f follows from
(74) (interchange o and f in (74) and subtract the resulting
identity from (74)). In general, for any y € C;°(U)

JU X"+ (¢aVp) y v
= | Vo X (v -x (@0)] v (81)

- | e gy | Ve x (@) v

hence (by (69))
J X" - (¢aVp) ydv
U
= | QW@ 6upa-@)* 7 x (45) - X 90} v

- [ Q@ o (1) X (@)l
(82)

Now let us interchange A and B in (82) to produce another
identity of the sort and subtract it from (82). This yields (80).
Proposition 16 is proved.

Although regularity of contact p-harmonic maps cannot
be expected in general (cf. Example 3), a few fundamental
questions may be asked. For instance, what is the the outcome
of the ordinary hole filling argument (cf,, e.g., [31, pages 38-
40]) and of Moser’s iteration technique in regularity theory?
our finding in this direction is Theorem 20. We shall need the
following.

Lemma 17. Let U ¢ H, be a bounded domain. Let R, > 0
and U, cC U such that Bx(x,400R,) c U for any x € U,. Let
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B = Bx(x,,7) with x, € U, be a Carnot-Carathéodory ball
such that 0 < r < R, and let y € Wy*™*(B) be a function of
compact support. Then for any contact (2n + 2)-harmonic map
¢:H, — S satisfying (96) for some 0 < ¢ < 1 and some
0<d<1

lj [X* - (¢pEap)] wdv
¢ (83)

D (1-e)D
< C”Xw"LD([EB) {||X¢||LD(1()O[B) + "X‘/)"LlD(elootB)}

for some constant C = C(U,,n,R;) > 0, wheree = (1 —8)/D
and D = 2n + 2.

This is similar to Lemma 3.2 (the duality inequality) in [7,
page 354] and will be proved later on in this section.

LetU, cc U and R, > 0 as in Lemma 17. Also let x € U,
and 0 < r < Ry and set B = By(x,r) and 2B = Bx(x, 2r). Let
v € C;°(U) be a test function such that 0 < < 1,y = 1 on
B,y = 00onU\ 2B, and | Xy| < C/r for some constant C > 0.
Next let us set

Va = [ba—(Ba)ys] v (84)

Throughout if (X, ¢) is a measurable space and A ¢ X a
measurable set with y(A) > 0, we adopt the notation u, =
(1/u(A)) IA udy. Let us take the dot product of (79) with X™,
multiply the resulting equation by y4, integrate over 2B, and
sum over A

2m
LB (X" Va)yadv
A=l

(85)

2m

=zj

AB=172B

(X" - (¢5Eap)] yadv.
The first line of (85) may be computed as follows:
J (X7 V) yadv
2B
= LB Va- X (ypy)dv (86)

= | Ve B0 (84 (@)a] + X (8}
and summed over A

DY Va-X($a)

= Z {sz,aXa (ll’“) +VoiaaXa (¢m+0¢)}
’ (87)

= Q)" {|X¢|2 - ;(Lagb)z}

=Q(¢)"”
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by the very definition of V, (cf. Lemma 22) and by (67). Thus
(85) becomes

[IRZCRES ) MO OVRIASIOLY
(88)

=2, LB (X - (¢pEap)] wadv.

For simplicity let I, 5 = _[ZB[X* - (¢gEsp)lyadv and Cy =
> ap L4 pl- Using (88), we may perform the estimates

[ aw)avs | ya@)a
B 2B

<ot Y [ 104 (@adasl Val 9] v
A Y2
(89)

Lemma 18. Let one set |L¢|* = Ziﬁl L $|*. Then |LX| <
V2|X¢| a.e. in U and consequently

[Val < V6Q($)* ™" | x| 60)
a.e.inU, forany 1 < A < 2m.

The inequalities in Lemma 18 follow easily from |¢,] < 1
and [ X¢,| < | X¢|. Using (90), we may write (89) as

jowwm
B

< Co+ VBY, [ Q)" 6 - (9a)usl 10| 0] v
A Y2
o1

In the following estimates C denotes some positive constant,
not necessarily the same in all formulae. By Holder’s inequal-

ity

[ Q@) 6x - (a)ual X9 [x9] v

s (LB o4 - (‘/’A)Z[E;lpdV)l/P

pl(p- 1) (p-1/p
([, (0" xal bxa)”™av)
2B\B

c( LB |X¢A|pdv

(p-1/p
x Y2120 x, p/(p—l)) )
(JZB\BQ(¢ | ¢|
(92)

by the Poincaré inequality

(LB |64~ ($4)sl" dV>l/p < Cr(LB |X¢A|Pdv)1/p (93)
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and by | Xy| < C/r. Let us observe that Q(¢)) < |X</>|2 yields

(p-1/p
p(p-2)/2(p-1) p/(p-1)
([, @ el
(94)
( ny >(P—1)/P
= LIEB\B ’X</>| Y ’
Hence (by (91))
1/p
J Q(¢)"dv < C, +C<J |X¢>|pdv)
B 2B )

(p-D/p
X(J' LX¢de> .
2B\B

Let us set Ip(r) = IBX(x " | X¢|Pdv. Also let us restrict our

considerations to maps ¢ : H, — S$*"! for which one may
control Q(¢) from below. We adopt the following.

Definition 19. A map ¢ : H, — S*™ ' is said to be close to a
horizontal map if there exist constants 0 < ¢ < 1and 0 < § <
1 such that

ae in {x € H,: |X¢|(x) > 1},

|L¢| < c|X¢|’
L] < c|X¢|

(96)
ae in {x € H, : |X¢| (x) < 1}.
If¢:H, — S ' is close to horizontal, then (by (96))

Q(¢) = a|X¢|’, a=1-c>0. (97)

Our main result in this section is the following.

Theorem 20. Let U ¢ H, be a bounded domain in the
Heisenberg group and Z,, = 9/0z* — iz"0/ot, 1 < «a < n,
the Lewy operators. Let X = {Zy+ Zo,i(Zy—Zo) : 1 < a < 1}
and U, cc U. Let ¢ € WU, S be a map obeying to
(96) for some 0 < c<1and0 <8< 1LIfp:U — S 'isa
weak contact (2n+2)-harmonic map, then there exist constants
ro>0,C>0and0 <y < 1such that

J |Xe|™"2dv < Cr" (98)
By (x,1)

forany x e Uy and any 0 < r < r,,.

As a consequence of Theorem 20 (by applying a version
of the Dirichlet growth theorem due to Macias and Segovia

(15]).

Corollary 21. Let U c H, be a bounded domain. Any weak
contact (2n+2)-harmonic map ¢ : U — S satisfying (96)
is locally Holder continuous.

To prove Theorem 20, we use a hole filling technique
essentially due to Widman [32], (cf. also Bensoussan et al. [31,
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page 38-40]). By (95) with p = D = 2n+2 and Lemma 17 with
Y = y,, we have

| a@)av

<C {ID(Zr)l/D(ID @ -1, (r))(D—l)/D
(99)
+ [1p 2007) + Iy, (2001) Y]

2m
x Z ”XWA"LD(Z[EB)} .

A=1

On the other hand, by the very definition of v,, we may use
the Poincaré inequality to estimate

2m
Z "X‘//A”LD(Z[B)
Aml

= ; {”(XV/) [¢A N (¢A)2B]HLD(2[E;) + "WX(/SA“LD(Z[HG)}
D D Vb
=3 ([, ol - @sl"av)

D D 1/D
i)

C D 1/D
< ?Z(J |¢A - (¢A)2[EB| dV)
A
1/D
+ (J |X¢A|de> ,
(100)
that is,
2m
Y1 Xwall oo < Cln2r)''. (101)
A=l
Using (97) and (101), the inequality (120) yields
al, (1)
< c{1,en"P(1p 2r) - 1 (1) " (102)

+ [Ip (2007) + I5(200r)' ] Ip(2r) P} .

By the Vitali absolute continuity of the integral I,,(200r),
there is 7 > 0 such that I,(200r) < 1forany 0 < r < 7.
As a consequence of (102) we may establish the following.

Lemma 22. There exist 0 < ro < ry and 1/2 < A < 1 such that
Ip (1) < AIp(2007)" ¢ (103)

forany 0 <r <.
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Proof. The proof is by contradiction. Let us assume that for
any 0 < ry < rpandany 1/2 < A < 1, thereis 0 < r < r,
such that I(r) > AI(200r)' "¢, where I is short for I - Note
that 1(200r) < I(2007)' . Then (by (102))

AI(200r) € < I (r)
< C{1(200r) (1 - 1)!PV/P
+[1200r) + 1(200r)' ] 1(2r)"'P}

< CI1(200r)" " {(1 - )PP 4 12) P}

(104)
Therefore
% <A< C{a-n)P Py 12n)P}. (105)
The inequality (105) leads to
(L)D < J | x| . (106)
2C B

Indeed, by the contradiction assumption, we may pick a
sequence /\ € [1/2,1) such that/\ — lasj — ooand
consider the corresponding radii 0 < r; < ry. By passing to a
subsequence, if necessary, one may assume that lim;
To, for some r € [0,7,]. Let j — oo in

< <cf(i-2)" e r(er) "}

and use the absolute continuity of the integral. Then either
roo > O (yielding (106)) or r,, = 0 and then 1/2 < 0, a
contradiction. Finally (106) may be exploited as follows. Let
ro = 1/k. By the contradiction assumption there is 0 < r <
1/k such that (by (106))

<%)D <I(2r)< LX o | x| dv

and the last integral tends to 0 as k — ©0, a contradiction.
Lemma 22 is proved.

Now we may prove the Caccioppoli type estimate (98).
Let 7 = 1/200 so that (103) may be written as

j— 00 J

(107)

N | —

(108)

Ip (1r) < Mp(r)' ™. (109)
Then (by (109) and induction over )
I (") < AU=G-9"Ve (1901-0)" (110)

for any m € Z, m > 1. Let us consider the family of intervals
{(@", 7™ : m e Z,m > 1}. It is a cover of (0, 1], hence for
each 0 < r < rythereism € Z,m > 1, such that ™ < r/r, <
™!, Now the inequality r < 7" 'r, implies (by (110))

m- _ym-1
Ip () < I (77" ') < AT e )09
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On the other hand let us set y = (logA)/(log 7) (so that 0 <
y < 1) and observe that the inequality r/r, > 7™ implies

()

— ] >
o

that is, A < (r/r,)". One may choose r, > 0 from the very
beginning such that I(r,) < A for any x € U,. Note that
0 < € < 1/2 (by the very definition of €). Then [1 — (1 -
O"lfe = Y (1-€) 2 1+ (m - 1)(1/2) = (m + 1)/2,
hence A-01-9"V/e < © 472 where C = r(;y/Z VA. Theorem 20
is proved. O

(log A™)/(log 7) /\m (112)

It remains that we prove Lemma 17. It suffices to prove the
inequality (83) for any y € C;°(B). Let us consider

1 “on
w(x) = (E>le » xeH, (13)
0

where a, = (227" /T(n/2))” and |x| = (lz* + #)Y* is

the Heisenberg norm of x = (z, t). By a classical result of
Folland, [33], G(x, y) = w(xy_ ) is a fundamental solution
for the Hormander operator ZZ" X2, In particular for any
bounded domain U ¢ H,, one has the representation formula

we) = [ X600 Xu(avly)  w4)

for any u € C;°(U) and any x € U. By a result of Citti
et al., [34], we may consider a smooth cut-off function 0 <
Y, < lsuchthaty, = 1 on2B,y, = 0 onU \ 4B, and
| Xy,l < C/diam(B) (the diameter is meant with respect
to the Carnot-Carathéodory metric on H,). Using (114) for
u = Y, one may write

JB (X" (‘/’BEA,B)] ydv
= | X @sEan) v v v )
= JB dv (x) [ X" - (¢pgEap)] (x) v (x) (115)

<[ X,60:0) Xy ()av(y)

= JB A pp- (Xy)dv,
where we have set

S (9) = [ X (BaEan)] ()90 () X,6 () dv ().
(116)

We wish to prove an estimate on |/ (y)|, where of = &/ 4 p for
simplicity. As it is well known, |Bx(x,7)| = Cr*™2 for some
constant C > 0 and any x € H, and r > 0. Here |A| denotes
the Lebesgue measure of the set A. In particular the Lebesgue
measure on (H,,, dx) has the doubling property. Thus we may

13

apply a result by Macias and Segovia, [15], to pick a Whitney
decomposition of U,, = U\ {y}. Precisely let y € B, and given
x €U, letussetr, = dy(x, Hn\Uy)/IOOO. Next let us choose
among {Bx (x,7,)} xeu, @ maximal family of mutually disjoint
balls {By(xo 7o)laer- Then U, = Uger Bx(%,37,) (the
Whitney decomposition of U,) and there is N > 1 such that
each x € U belongs to at most N balls B (x,, 6,,). Moreover,
again by a result in [15], we may associate a partition of unity
to the Whitney decomposition of U, ; that is, we may consider
a family of smooth functions {0,},c; such that 0 < 6, < 1,
Yaer 0o = 1on U, Supp(6,) ¢ B, = Bx(x,,6r,), and
|X6,| < C/r,. The bounds on the gradients actually follow
from the work by Citti et al., [34], quoted above. Then

o, (y)

-ZJ

el

(¢sEap)] () v (x)
X 0, (x) X,,G (3, x) dv (x)

X" (‘/’B - (‘PB)Ba) EA,B] (x) ¥ (%)
ael VBq (117)

X 0, () X,,G (3, x) dv (x)

+ Z((pB)BM JB (X" Eqp) (%) ¥ (x)

ael

x 0y (%) X, ,G (3, x) dv (x)

=d, (y)+4, (y).

The presence of term /! (y) represents of course the main
difference with respect to the proof of the so called duality
inequality in [7] (there X* - E, 5 = 0). Integrating by parts,

o, (y)

N CICECAR

a€l

X E,p(x)- X, [1//0 (x) 6, (x) X, ,G (y x)] dv(x).
(118)

Due to the explicit form of the fundamental solution G(x, y),
one may easily check that

|X,G (x, y)| < Cdy(x, y) ", (119)

2n-2

|X,X,G (x, )| < Cdx(x,y) "7, (120)

for any x, y € U. Here it is irrelevant whether differentiation
is performed in x or y. Estimates of the sort in the case of
an arbitrary Hormander system of vector fields have been
obtained by Sanchez-Calle [35]. Estimates on G(x, y) itself are
available, yet only estimates on the derivatives are needed for
the following calculations. Using (119)-(120) and

| Xy, ()] < Cdy(x, ),
(121)

|6, (x)| < Cdx(x, W oael,
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one has
'Xbx Vo (x)e (X)X G y, |<Cd X, ) 2n—2,
(122)
hence
5 (x) = (¢5) E,p(x)
|}, ()| <CZJ [¢5 B B“Z,LZAB ldv(x),
ael dX(x’ )’)
(123)

where I, = Supp(8,). Let x € B, = Bx(x,,6r,). As y €
H, \ U,, the very definition of ,, yields dx(y, x,) > 1000r,;
hence

10007, < dy (y,x,)

< dy (y,x) +dx (x,x,) (124)
< dy (x,y) +6r,
and in particular 6r, < dy(x,y). Thus |B,| = Cr2*"? <

Cc'd x(x, y)2"+2, where C' = C672"7%; hence there is a constant
C > 0 such that

)2n+2

>C|B,|, xeB (125)

dx(x’ Yy

o

Letusset ] = {a € I : T, N 4B #0}. Let us apply (123) and
(125) and Holder’s inequality to perform the estimates

' 1
< CE 5], s

<Y (), b <¢B)Bal”2dv)wz

a€]

(D*-1)/D?
1 ? (D~
X(I[EB |JB Bl de) ’
o o

(126)

where we have set D = 2n + 2 for simplicity. By (90) in
Lemmal8 and Q < |X¢|2, one has |E, 5| < 2\/8|X¢|D_1;

hence
(D*-1)/D?
1 2 v
(g b ol )
(04 «

(D*-1)/D?
ol ay )
(.

At this point we need to apply a version of the Sobolev
inequality due to Franchi et al. [36]. Precisely, for any

(127)

D? /(D+1)d
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1 < p < 2n+2thereis a constant C > 0 such that for any ball
By (x,r) with x € U and 0 < r < diam(U)

»” 1/p"
dv)

1
(m Lx(x,r) 'u T UBy(xr)

1 1/p
< Cr(— J |Xu|Pdv) (128)
|BX (x, r)l By (x,r)
. 2m+1)p
C2m+2-p
By the assumption in Theorem 20 one has X, ¢, € L****(U);

hence X ,¢5 € L"(U) for any 0 < v < 2n+ 2. Therefore (by the
Sobolev inequality above)

1 D? ot
(MMB - (¢B)Ba' d")

(129)
)(DH)/DZ

1 &2 /(D+1)
<C — X d
= r“( B | JB,, [X¢] !

Collecting the information in (127) and (129),

D*/(D+1) (Pri/b
|\, (y)|<CY r. B, |J |Xg)| dv . (130)

ae]

In the sequel we write briefly a ~ b whenever a/C < b <
Ca for some constant C > 1. Let ¢ € J. If thereisk € Z
such that x, € Bx(y, 2K\ Bx(y, 2572), then Ty = 2k and
B, ¢ Bx(y, Zk) (our arguments follow closely those in [7,
page 356]). Moreover

B <6ra )2“*2
= (X« 131
|Bx (3,2%) 2t e

hence |B,| = |[Bx(y, 25. Consequently

)"
|Bal

. 1 D) (D+1)/D

(132)

Also {a € J : x, € By(y,251) \ By(x,,252)} =
k=2

0 whenever
> diam(8B) and the estimate (130) may be written as

1 , (D+1)/D

<c Yy 2k<—k J Ixg|” /(D+1>dv> '
2k<4 diam(8B) lBX (%2 )I By (3,25)

(133)

Next we shall express the estimate on Id;( y)| in terms of
Riesz potentials and then use the general estimates on L”
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norms of Riesz potentials as obtained by Hajlasz and Koskela
[37]. To recall the needed result, let (X, p) be a metric space
endowed with a Borel measure y such that y(B) > 0 for any
ball B ¢ X.Let A ¢ X be a bounded open set and let us
consider the numbers g > 0,0 > 1, and h > 0.

Definition 23. An (abstract) Riesz potential operator ]Z’;‘ is
given by

(Ui 9) )
Kh 1 . 1/q
oy ([ e
2k§20%am(A) ( |B (x,25)| Jp2v) | |
(134)
The estimate (133) implies
|, ()] < (P 1x¢1) (), q= 2 ()
b ’ D+1

The needed result in [37] holds for an arbitrary metric space
(X, p) endowed with a Borel measure y such that u(B) > 0 for
any ball B ¢ X. Let A ¢ X be a bounded open set such that y
is doubling on

V ={x € X : dist(x, A) < 20 diam (A)}. (136)

Let us assume that there are constants b > 0 and D > 0 such

that
D
) p (A)

forany x € Aandany 0 < R < 20 diam(A). Moreover let
h>0and0 < g <s < D/h. Then (cf. [37])

(137)

R
#(B(xR) > b( diam(A)

h
diam (A)
TR
where s = sD/(D — hs) and the constant C > 0 depends

only on h, 0, g, s, b, D, and the doubling constant. Then (by
Holder’s inequality with 1/(2n + 2) + 1 /D' =1, resp., with
Yu+1/y' =1)

JB (X" - (¢ppEap)] wdv

L2n+2(B)

2n
< 2 Ixy]
a=1

2(n+1)/(2n+1)
X(IB e, ()] vy

(139)
)(2n+1)/[2(n+1)]

!

) 1
# X1yl ], 472 O v

with 1 < p < D to be determined later on. At this point
we need an estimate on Id;'( y)|. By (80) in Proposition 16 if

15

¢:H, — S !isa contact (21 + 2)-harmonic map obeying
to our assumptions (96), then

D-2)/2 D-1+8

X" B g < 2Q()° 2" X9| |L¢| < [2¢X9|°*, (140)
hence (by (119))
|t ()]
<3 [, 105 Ean) Ol o o)
ael
(141)
X |9<x (x)l XayG (y>x)|d" (x)
|X¢|"
<C B et B Y
“T ] e

wherev = D — 1 + §and 0 < v < D. By dy(x, y)*"*' >
C|B,l/r, for any x € B, one obtains

|,szf;' (y)| < CZr‘x ﬁ JB |X¢|Vdv

ae]

(142)
D »/D (D-v)/D
scye ([ x) e,
ae}l lxl

that is,
|7 ()|

v/D
1 D

R (o
Z |BX (s 2k)| By (y,25) | ¢l

2k <4 diam(8B)

(143)
hence
|l ()] < (1i5,1%el") (v) (144)
Therefore (by (135) and (144))
(J  \DI(D- 1)dv)u}l)/z)
D
£ C“]i’g?(D-f-l)|X¢| ||LD/(D—1)(8B) (145)
diam (8B)
O
that is,
DID- 1) (D-1)/D
(J, o™ av) ™ < Clxogpony  146)

where V = {x € H,, : dist(x, 8B) < 4 diam(8B)}, respectively,

(J,

< A 500 T

diam (8B)
8BV

_ (p-D/p
dv)

(147)

el DK

LYV

< C||x¢"

L*(100B)’
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where
0<2§5<D, les*zDSD (148)
v Y- -5
Therefore it must be that
l<p< ___ KD (149)
H=5_"% “DO+)u-D
On the other hand
v
|||X</>| L5(100B)
J(D+1)p-D] [(D+1)u~D]/(uD)
([ ey ™ P
100B
(150)

and we may choose y such that vu/[(D + 1)u — D] = 1; that
is, u = D/(2 - ). Consequently

(D+1)u-D
ub

1-€
1200 g = (., 10170)

- (u=D/u l-€
(J EA 1’dv> sC(J |X¢>|de> :
B 100B

Also

xvlte = | xolfar

1-
1-¢, e=—6,
D

(151)

1/(2-6)
< (j |X1//|”(2_6)dv> B9 (152)
B

D 1/(2-9)
sc(J XylPav)
B

that is, [| X/l @) < ClIXwll o). Summing up (by (139) and
(146) and (151)),

[, " @san) vy

(153)
D (1-e)D
< X0 ooy (1%l 01008 + X055 o008 |

which is (83). Lemma 17 is proved.
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