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(A9 @ @) @ (AV ® &D). Note that when & is the canonical grading of E then AQ® &
MSC: is the Grassmann envelope of A. In this wor.k we de.s.cribe the generators of the T,-ideal,
Prim'ary: 16R10 1d®" (UTy (F ) ® &), of the Z,-graded polyno_mlal 1del_1t1tles of the superalgebras UTy ; (F) ® g,
Secondary: 16W55 as well as linear bases of the corresponding relatively free graded algebras. Here, given
k > 1,1 > 0, UTy (F) is the algebra of (k+1) x (k+ ) upper triangular matrices over F with

the Z,-grading UTy,(F) = (UT’B(F ) UT,O(F)) ® (8 M"XO’(F)). In order to prove our result

we obtain a similar description corresponding to the T-ideals Id(UT,(E)) and Id(UT,,(G,))
of ordinary polynomial identities, where G, is the Grassmann algebra generated by an r-
dimensional vector space.

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

Superalgebras and their graded polynomial identities play a prominent role in the description of the structure of varieties
of associative Pl-algebras, over a field of characteristic zero, as shown in the papers by Kemer [16,17], Giambruno and Zaicev
[15], Berele and Regev [2] and many other authors. A first important example of superalgebras is given by the Grassmann
algebra E generated by an infinite-dimensional vector space L. A classical theorem of Krakowski and Regev determined the
codimension sequence and a basis of the T-ideal Id(E) of the ordinary polynomial identities of this algebra (see [ 18]). Later, its
cocharacter sequence was obtained in [ 19]. Also the structure of the T,-ideal Id®" (E) of all Z,-graded polynomial identities of
E with respect to its natural Z,-grading is well known; see for instance [ 14]. Recently, we have described [9,23] the Z,-graded
polynomial identities satisfied by E with respect to any Z,-grading such that L is a homogeneous subspace. On the other hand,
in his celebrated results on the structure of T-ideals of the free associative algebra [16], Kemer succeeded in classifying
the T-prime T-ideals over a field of characteristic zero. More precisely Kemer showed that the only non trivial T-prime
ideals, in zero characteristic, are the T-ideals of the polynomial identities of the following matrix algebras: M,,(F), M, (E),
M, 4(E). Here F is the ground field and M, 4(E) is a certain subalgebra of M, (E). We remark that all of them have a natural
superalgebra structure. Moreover, such an algebra is either simple or is the Grassmann envelope of a finite-dimensional Z;-
simple superalgebra. We remark that a classification of such finite-dimensional superalgebras is given by Wall in [25]. Recall
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that the Grassmann envelope of the superalgebra A = A @ A" is given by
G4 = A" ®E”) & A" ® EV)

where E = E@ @ E® is the decomposition into the homogeneous components of the Grassmann algebra with respect to its
canonical Z,-grading, that is, E® and EV are respectively the center and anticommutative part of E. As proved in [16,17],
any proper T-ideal of the free algebra coincides with the ideal of the polynomial identities satisfied by the Grassmann
envelope of a suitable finite-dimensional associative superalgebra. The relationship between the structure of the graded
polynomial identities of a superalgebra A and those of its Grassmann envelope G(A) is well understood, [ 16,1,3]. In particular,
if = Id®" (A) is the T,-ideal of a superalgebra A, and we denote by I* the T,-ideal of G(A), then it is proved in [16] that I** = I.

The situation is more complicated if one considers the graded tensor product of superalgebras. Some results concerning
the graded tensor product of the superalgebras listed above are contained in [21,13,8]. Besides these developments, it is
natural to consider the Grassmann algebra with respect to any Z,-grading such that L is a homogeneous subspace and let us
denote by & = £© @ &V the corresponding decomposition. In this case, if A = A® @ A is a superalgebra, we can build
the superalgebra

ARE:=A"®eM) 0 @AV ®e"),

which is a relevant generalization of G(A). Actually, for the canonical grading of E we have A ® & = G(A) and still all the
elements of the subspace L are homogeneous of odd degree.

Besides, in the opposite situation, if the subspace L is homogeneous of even degree, then the corresponding grading
of the Grassmann algebra is the trivial one, that is, €@ = E and ¢V = 0. In particular if, in addition, we take A = F
endowed with the trivial Z,-grading, then A® & and (A ® )R E correspond to the algebras E and E ® E endowed with the
trivial Z,-gradings, respectively. Hence, in this case, the description of their Z,-graded polynomial identities can be obtained
directly from the well known characterization of the T-ideals of ordinary identities Id(E) and Id(E ® E) (see [18,20]). Since
Id(E ® E) # Id(F), one concludes that the involutive property relating the T,-ideal of a superalgebra A and its generalized
Grassmann envelope A ® & cannot hold in the general case.

On the other hand, it is easy to see that if a superalgebra A satisfies some monomial multilinear identity
w®1,...,¥,21, ..., 2Zy) then the monomial w is a graded identity also for A® &. Hence, in order to obtain some insight
concerning the relationship between the graded polynomial identities of A and those of its generalized Grassmann envelope
A® &, it is convenient to start with the case when the superalgebra A satisfies a monomial multilinear identity. Since we
consider unitary superalgebras, we assume that A satisfies the monomial identity zz, - - - z,;, for some m > 1. In this paper
we consider the generalized Grassmann envelope of a remarkable class of finite-dimensional superalgebras satisfying the
monomial identity z,z,. In this case, we notice that the superalgebras A and G(A) satisfy the same Z;-graded polynomial
identities but the situation is very different if we study the generalized Grassmann envelope A ® €. Let us consider n = k+1
for some integers k > 1,1 > 0, and let UT,(F) be the algebra of n x n upper triangular matrices with the elementary
Z5-grading induced by the n-tuple of elements of Z, (0,...,0,1,..., 1), thatis:

— ——

k times I times

= (50 88 (8 ).

We will denote by UTy ;(F) this superalgebra. We emphasize that UTy(F) is a minimal superalgebra according to the
definition given in [15] and so it plays a fundamental role in the theory of P.I. algebras. The same result holds for any Z,-
grading defined on UT,(F). In [4] Di Vincenzo and Drensky, as a corollary of a more general result, found a basis of the
Z,-graded identities for UTy ;(F). More generally, the description of Z,-graded polynomial identities of UT;, (F) can be found
in [22,6]. We remark that UTy ;(F) REis isomorphic to the superalgebra

UT (6@ 0 0 M(e®
UTiei(8) ::( k(o : UTl(g<0>))®<0 ' '(() ))'

Hence these superalgebras satisfy the same Z,-graded identities. A first step in the study of their Z,-graded polynomial
identities was concluded by da Silva (see [24]) with the description of the T,-ideal Id®" (UT; 1(&)). Although the description
of the graded identities of UTy (&) for some particular cases is a consequence of [4,2], giving a description of Id®" (UT ;(§))
in the general case remains an interesting and relevant problem in PI-theory. Our main goal in this paper is to solve this
problem. The key piece in our proof is the description of Id(UT,(G4)) as well as the generators of the so called “proper
multilinear spaces” modulo the ideal of identities of Id(UT,(G,)). Here d denotes either a non negative integer or the symbol
o0 and Gy, G, and G, are respectively the ground field, the Grassmann algebra generated by an r-dimensional vector space
and the infinite-dimensional Grassmann algebra.

We remark that, although the description of Id(UT, (G, )) was obtained by Berele and Regev, our proof besides describing
the generators of the proper multilinear spaces modulo Id(UT,(Gx,)), also leads to the description of Id(UT,,(G;)). Our proof
has the advantage of allowing us to deal with the general case. More precisely, we will describe Id®" (UT,;(€)) and the
generators of the so-called “Y-proper multilinear spaces” modulo Id®" (UTy;(€)) forall k > 1,1 > 0 and any Z,-grading &.
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2. Preliminaries

In this section, we recall some definitions and we fix some notations which will be used in this text. Let F be a field of
characteristic zero and let F (X) be the free associative algebra generated by a countable set X over F. We say that a polynomial
f(x1,...,x) in the free associative algebra F (X) is an (ordinary) identity of an associative algebra A if f (a4, ..., a;) = 0 for
allaq, ..., a € A. The set Id(A) is a T-ideal of F(X), that is, it is an ideal invariant under all endomorphisms of F (X).

Moreover, it is well known that, if the characteristic of the ground field is zero, then Id(A) is determined by its multilinear
polynomials. If a, b € Athen the Lie commutator of length 2 is defined by [a, b] := ab — ba and the Lie commutator of length

n is inductively defined by [a4, ..., a,;] := [[a1,...,an_1],ay] foralln > 3andall ay, ..., a, € A.Let 8 be the unitary
F-subalgebra of F(X) generated by all Lie commutators in the indeterminates of X. Let P; be the space of the multilinear
polynomials in the indeterminates x1, . . ., X;. One calls the elements of B proper polynomials and the space P; N\ 8B is denoted

by I;. These spaces are very important in PI-theory. In fact, if A is also a unitary algebra, then the study of Id(A) is equivalent
to the study of the spaces I'; N Id(A) (see [10]).

We say that an associative algebra A over a field F is a Z,-graded algebra (or a superalgebra) if there exist two subspaces
A©® AD sych that A = A® @ AV and the following relations are satisfied:

AQAO® L ADAD c A®  gpd AQAD L ADWAO < 4D,

We call A? the i-homogeneous component of A and we say that an homogeneous element a € A? has homogeneous degree
i. A subspace W C A is called homogeneous if and only if W = (W NA®) @ (W N AD),

One defines a free object in the class of superalgebras by considering the free F-algebra over the disjoint union of two
countable sets of variables, Y and Z, whose elements are regarded as even and odd respectively. We shall denote this free
superalgebra by F (Y, Z). Its even part is the space spanned by those monomials which contain an even number of elements
from Z. The remaining monomials span the odd component of F (Y, Z). A polynomial f (y1, ..., y¢, 21, ...,2m) € F(Y,Z)is
a Z,-graded identity of the superalgebra A if f(ay, ..., a;,b1,...,by) = Oforallay,...,a € A and by, ..., by € AD,
The set Id®" (A) of all Z,-graded identities of Ais a To-ideal of F (Y, Z). Furthermore, similarly to the ordinary case, we denote
by P; , the space of the multilinear polynomials in the indeterminates y1, ..., ¥, Z1, . . ., Zm Of the free algebra F (Y, Z). Let
B(Y) be the unitary F-subalgebra of F (Y, Z) generated by the elements of Z and by all non trivial Lie commutators in the
indeterminates of Y UZ. An element of B(Y) is called a Y-proper polynomial and the space P, N B(Y) is denoted by I p. It
is well known (see [5,12]) that if A is a unitary superalgebra over a field F of characteristic zero, then Id®" (A) is determined
by its Y-proper multilinear polynomials.

Let E be the unitary Grassmann algebra generated by an infinite-dimensional F-vector space L. Denote by € = ¢© @&
an arbitrary Z,-grading of E such that the subspace L is homogeneous and let .£ be a linear basis of L.

Givenk > 1,1 > 0, let UTy ((F) denote the algebra

A B
UTii(F) = (0 C) ;A € UTi(F), B € My (F),C € UTI(F)}

with the Z,-grading

UTi(F) = (6\ 2)}@{(8 f;)}

Since our main goal is to characterize the Z,-graded polynomial identities of UT} (F) ® &, clearly we may assume that
& isinduced by a fixedmap || - || : £ — Z, which associates each basis element e; € £ with its Z,-degree in €. Given an
integer € > 0, some important examples of these maps are || - ||, || - |lex and || - ||s defined respectively by

0, i=1,...,¢€ 1, i=1,...,¢€ 0, ieven
leille = leillex = leillc =

1, otherwise 0, otherwise 1, iodd.
Note that the canonical grading is induced by || - ||o, while || - ||o= induces the trivial one.
Denote by E, Ec+ and E the Grassmann algebra endowed with the Z,-grading induced by the maps || - [l || - ||+ and

I - lloo, respectively. It is clear that in order to characterize the graded polynomial identities of UT ;(F) ® & with respect to
any Z,-grading & it is enough to study them for the superalgebras UTj ;(F) ® E¢, where § =€, €™, oo.
Moreover, given & € {e, €*, oo}, if we denote by UTj ;(E¢) the subalgebra of UTy,(E¢) defined by

A B
UTiei(Ee) = {(0 C) 1A € UT(E), B € Mii(ES"), C € UTI(E.;O))}

and we consider the natural Z,-grading of UT} ;(E¢) given by:

UTii(Es) = {(Q 2)} ® {(8 g)} ’

then clearly its graded identities coincides with the graded identities of UT; ;(F) ® Eg.
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Therefore we wish to describe the Z,-graded identities of UTy ;(Ez) for any & € {¢, €*, 00}, k > 1and | > 0. In order to
do this, for r > 1, let G, denote the Grassmann algebra generated by an r-dimensional vector space and let G, denote the
infinite F-dimensional Grassmann algebra; that is

Gr = (1,01, 02, ...,V ViVj = —VjVi)F
Goo = (1, V1, 02, ... ViVj = —VjVi)F.

Still, when convenient, we identify Gy with the ground field F. Now we will describe the ordinary identities of UT,(Gg),
d = r, oo withr > 0. This characterization will be used in the description of UTj ;(E¢).

3. The ordinary identities of UT,(G,)

First of all we note that, for any polynomial f (xq, ..., x,) € F(X) and any matrices A; = (ai(j])), e A = (ai(jm)) €
UTa(Gy), it is easy to check that f(Ay, ..., An) = (bj) € UTa(Gy), where by = f(a(",...,a") foralli = 1,...,n.
Furthermore, we remember that [x;, x,, x3] is an ordinary identity of G4, for any d = r, 0o, and the Jacobson radical of
UT, (F) is given by the vector space J(UT,(F)) = spang{e;; 1 <i < j < n} and it is a nilpotent ideal of index n. Denote by J

the vector space
J :==spang{aje;; 1 <i<j<n and a; € Gg},

then it is clear that J® = 0.
We have the following lemma.

Lemma 1. The polynomial [X1, X2, X3] - - - [X3n—2, X3n_1, X3n] 1S an ordinary identity of UT,(Gy), ford = r,oo withr > 0.
Furthermore, given 1’ > 0, we have that [x1, X2] - - - [Xa(ntr')—1, X2(n+)] is an ordinary identity of UT,(G) and UT,(Gyp41).

Proof. From the remarks above, we clearly have [Aq, Ay, A3] € ] for any matrices Aq, Ay, A3 € UT,(Gy) and therefore
[x1, X2, X3] - - - [X3n—2, X3n_1, X3n] iS an ordinary identity of UT,(G,). In order to prove the second claim, suppose that there
exists r’ > 0 such that [x, X2] - - - [X2n+r/)—1, X2(n+r)] IS DOt an ordinary identity of UT,(G,), for some r = 2r’ orr = 2r’ + 1.
Then there exist pairs of indices (iy, j,) with 1 <i, <j, < nand elements a;,j, € G, such that

(i, €irjy > Ginj iny 1+ [y iy > G Ciggi ] 7 0
where 7 = n + r’. Now, since /" = 0, at most n — 1 of the above commutators belong to J. In other words, at least 1’ + 1

commutators does not belong to J and therefore they are of the form [bey, bey] #0,forsome1 <t <nb, b € G,. But this
is impossible since r < 2(r’ + 1) and we have only r distinct generators v; € G,. O

Definition2. Given n > 1 and ' > 0, we denote by I, the T-ideal of F(X) generated by the polynomial
[x1, X2, X3] - - - [X3n—2, X30—1, X34], and by I, - the T-ideal generated by I,, and the polynomial [X1, X2] - - - [X2(n-r/)=1, X204+ ]-
That is,

Iy = ([x1, X2, X3] - - - [X3n—2, X30—1, X3n 1)1

and

In = ([x1, X2, X3] - - - [X3n—2, X3n—1, X3n], [X1, X2]- - - [X2nry— 15 X200y D T+

In this section we will prove that
Id(UT,,(Gso)) = I,
and
[d(UT,(Gyr)) = Id(UTn(Garr41)) = In .
In order to describe a linear basis of I'; (UT,(Gq)) = m. let us give some lemmas, definitions and remarks. In
particular, the next lemma means that I" = I,,, where I = ([x1, X2, X3])1.

Lemma 3. Letf = fifs - - - fa be a multilinear polynomial of F(X) such that each f; belongs to the T-ideal, I, generated by
[x1, X2, X3]. Thenf eI,
Proof. It is enough to prove that I, contains all products ¢ = wiciw,Cows - - - WyChWyy1, Where each ¢; is a commutator of
length 3 and each wj is either equal to 1 or w; € X.

Ifw; = 1foralli = 2,...,n,thenitis clear that ¢ € I,. Otherwise, consideri := min{j; 2 < j < n and w; # 1}. Then
C = wiC1 - Ci_q Eﬁwm -+ - wyChwyo1 and we can write

C = wiC1 -+ Ci—q1 GWj Wit1 - WpCaWny1 — W1C1 - - - Ci—1 [Ci, Wil Wi - - - WnCrWipp1.
~—— ~——
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By proceeding inductively we obtain that ¢ is a linear combination of products of the form w1¢C; - - - ¢,y 1, Where either
C; = ¢ or ¢; = [c;, w;], for a certain w; € F(X).In any case, it is clear that w,¢(C; - - - Cawny1 € I, and the same holds for¢. O

Definition 4. (1) We say that a commutator ¢ = [x;,, X;,, . .., X;,| is semistandard if the indices iy, iy, ..., i, satisfy the
inequalities iy > i andi, < --- < iy ifu > 2,andi; < i ifu = 2.If c is a semistandard commutator, we take
8 ={iy, ..., iy} and we write ¢ = ¢, 5.

(2) We say that a product ¢ = ¢y - - - ¢;; of commutators is m-semistandard if it is a product of m semistandard commutators,
that is, if each ¢; = ¢y, ;, for certain positive integer k; and ordered set 8; = {si,...,Ss;;}. In this case we put
k= (ki,... kn), 8 = (31,..., 38y, and we write ¢ = i 5

(3) Given an m-semistandard product ¢ = ¢ ---cn = ¢j 3 We say that ¢; is a mark commutator if it satisfies one of the
conditions:

e its length is at least 3

e i > 1, both ¢; and ¢;_; have length 2, ¢;_; is not a mark commutator and k; < $1,_1.
(4) Given an m-semistandard product ¢ = cj, 3, we say that ¢ is m’-marked if it has exactly m" mark commutators.

The reader can find some examples of m-semistandard m’-marked commutators in Remark 6.

Remark 5. It is important to note that the definition of “mark commutator” (and therefore the definition of “m’-marked”)
is given (for commutators with length 2) by looking at the product of commutators from left to right.

Remark 6. Given an m-semistandard product ¢ € Iy, it is easy to verify that there exists m’ > 0 such that ¢ is an m’-marked
product. If t > 2 and m’ > 1, it is clear that there exists positive integers hy, ..., h,y and ordered sets A1, ..., Amp i1,
B, ..., By such that

c = [Xa],] ) xazﬁl] Tt [XGAl,],] ) XCIA]J] [Xh] s Xb]y] ) be],l]
elements of A1 elements of 81
et [Xalim/ ’ xalm/] e [XaAm,—l,m’ ’ XaAm/,m/] [Xhm/7 Xbl.m/ RN ) Xme/’m/]
elements ofAm/ elements of ﬁm/
’ [X“1,m/+1 ’ X“z.m/+1] T [x“Am/H—].m/H ’ xaAm/+14,m’+1]
elements Ofﬂm/_,_]
where A; = {a1;,...,ds ;} with A; > 0 an even number, 8; = {byj, ..., ijJ} with B > 1,fori e {1,...,m" + 1},
je{l,...,m}.stll forj e {1,...,m'}, we have A; > 2 and hj < by, a ;if Bj = 1;and hj > by;if B; > 1.
Note that the commutators [xhj, Xbyjs -+« Xbg, j], withj =1, ..., m’, are exactly the m’ mark commutators in the product
C. _
Notation: ¢ = Cot (hy By)Ag (hy By) vy (g B ) Ay 1 When convenient, we will use the notation ¢ = Cihd where A =

(1, ..oy Amyr), h= (i, ... hy)and B = (By, ..., Buw).
For instance,

o C = [x1, x4][X2, X5][x3, X5][X7, Xg] is a 1-marked product ([X,, x5] is the only mark commutator) with 4A; = {1, 4}, h; = 2,
B = {5} and Ay = {3, 6,7, 8}

o [x1, x3][x2, x4][X5, Xs1[X7, Xg] is @ 1-marked product ([x,, x4] is the mark commutator) with A; = {1, 3},h; = 2, 81 = {4}
and A, = {5,6,7, 8}.

o [x, x3][x1, X41[x7, X10][Xs, X91[Xs5, Xg] is a 2-marked product ([x;, x4] and [xg, X9] are the only mark commutators) with
A1 =1{2,3},h1 =1, 81 = {4}, A, = {7, 10}, h, = 6, B, = {9} and A3 = {5, 8}.

o [x1, x4][x2, X5, X31[X3, X71[Xs, Xg] is @ 2-marked product ([x», X5, Xg]| and [xg, Xg] are the mark commutators) with A; =

{1,4},hy = 2,8, = {5, 8}, Ay = {3,7},h, = 6, B, = {8} and A3 = 0.

If m" = 0 then clearly t is an even number and ¢ = [xq, X2] - - - [X;—1, X;]. In this case we also denote ¢ = ¢, = Ci i@ Where
A=A ={1,....t}, h=Fand B = 0.

We will prove that, given t > 2, the space I} is spanned, modulo I,, by products ¢ = ¢;---¢, € I} which are m-
semistandard m’-marked products of commutators such thatm > 1and 0 < m’ < n — 1. On the other hand, the space I; is
spanned, modulo I, 7, by products ¢ = ¢y - - - ¢, € It which are m-semistandard m’-marked products of commutators such
thatl<m<n+r —landOsm <n—1.

For our purposes it is extremely important to understand what happens when we consider in /; an m-semistandard
m’-marked product of commutators in case all of the commutators are of length 2 and m’ > n. If we try to write it as a linear
combination, modulo I, of m-semistandard m’-marked products of commutators with m’ < n, then the well known fact
(see Lemma 1.4.2 of [11]) that

[xd(11)9 xo'(l2)] e [xo'(lu,])a xa(lu)] - (_])U[xll ’ xlz] e [xlu,] ) Xlu] el (])
plays an important role (here (—1)? is the sign of the permutation o € S,).
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Let us see an example.
Example 7. Consider the 5-semistandard 2-marked product

¢ = [x2, X31[X1, X41[X7, X101[X6, X91[X5, Xg].

Then ¢ can be written, modulo I, = {([x1, X2, X3][X4, X5, X6])7, as a linear combination of the 5-semistandard 1-marked
products
[x1, X2][X3, X4][X7, X10][X6, X9][X5, Xs], [x1, x2][X3, X4][X6, X7][X9, X10][Xs5, Xs]

and  [xy, x3][X1, X41[x5, Xs1[x7, Xs1[x9, X101,
and of the 5-semistandard 0-marked product
[x1, x21[x3, X4][x5, X61[X7, X31[Xa, X101,

where the mark commutators are underlined.

In fact, since [X, X31[X1, Xa] — [X1, X21[X3, Xa] = [X2, X3][x1, Xa] — (=123 [xq, x;][x3, x4] and [x7, X10][Xs, Xo] +
[X6, X71[X0, X10] = [X7, X10][X6, Xg] — (—1)©7109[x5, X7][x9, X10] belong to I = ([x1, X2, x3])7, then by Lemma 3 we get
([x2, X31[x1, x4] — [x1, X21[X3, X4]) ([X7, X101[X6, Xo] + [X6, X71[X9, X10]) [X5, Xs] € I» (2)

and then modulo I, we have

€ = —[x2, x3][x1, X4][X, X71[X9, X101[X5, X3] + [X1, X21[X3, X41[X7, X10][X6, X91[Xs5, X35]
+ [x1, X2][%3, X4][X6, X7][X9, X10][X5, X5].

Since the polynomial ¢ = [, X3][X1, X41[Xs, X71[X9, X10][X5, Xg] is a 5-semistandard 2-marked product, then by using that

([x2, x31[x1, X4] — [X1, X21[x3, X4]) ([xs, X71[X9, X10][X5, X3] — [X5, X61[X7, Xs1[X9, X10]) € I,

we obtain

C =[x, X3][X1, X4][Xs5, X61[X7, Xg1[Xa, X10] + [X1, X21[X3, X4][X6, X71[Xg, X10][X5, X5]
— [x1, X21[x3, x41[Xs, X61[x7, Xg1[X9, X10].

Note that by using Eq. (2) we could write the 5-semistandard 2-marked product ¢ = Cu,h,8,)4,(hy 8,45 (Where
A1 =1{2,3},hi = 1,81 = {4}, A2 = {7,10}, h, = 6, B, = {9} and A3 = {5, 8}) as a linear combination of the 5-
semistandard 2-marked product € = €, G, 5,14, (i, 5,45 (Where 1 = (2,3}, hy = 1, By = {4}, A, = {6,7,9,10}, h, =5,
B, = {8} and A3 = ¢) and two 5-semistandard 1-marked products. Nevertheless if we compare the two 5-semistandard
2-marked products ¢ and ¢ then we have 4; = 41, h; = hy, B; = B; and A, U {hy} U B, = s, (that is, if we look at the
product of commutators from left to right then the second mark commutator of € is in a later position than the second mark
commutator of ¢). On the other hand, by using a similar idea, we could write € as a linear combination of two 5-semistandard
1-marked products and one 5-semistandard 0-marked product.

In general, given an m-semistandard m’-marked product ¢ of commutators with all of them of length 2 and m" > n,
by proceeding as above we can move, “in some sense”, at least one mark commutator of each product to the right. If we
go on with this procedure, we can write ¢ as a linear combination, modulo I,;, of m-semistandard m’-marked products of
commutators with m’ < n. We will formulate this result in next lemma.

Lemma 8. Let ¢ be a polynomial in I'; such that ¢ is an m-semistandard m’-marked product of commutators with length 2. Then
ﬁ_can be written, modulo I, as a linear combination of some multilinear polynomials ¢ € Iy, where C is an m-semistandard
m’-marked product of commutators with length 2 such that0 < m’ <n — 1.

Proof. The result is clearly true for 0 < m’ < n — 1. Suppose that m’ > n and write ¢ = Coty (h By)Ag (hy By) -y (s B 1) Ay

+17
withA; > 2 and hj < by, ap; forallj € {1,..., m'} (see Remark 6). By applying induction we may assume that the result
holds for all polynomials w € I such that w = €, 7, ;)4 (hy By)--As (s Bs) hs 4, 1S AN M-semistandard s-marked product of
commutators with length 2 such that either 0 < s < m’ — 1 ors = m’ and there exists | € {1, ..., m’} such that 4; = A;,

hi = hi, B = B;foralli € {1,...,1—1}and AU {h} U By C Ay thatis, w = C 2,0 hy (1 81y Ai (B, (s 6,004
and A; U {h)} U B, C A, forsomel e {1,...,m'}.

m’+1

Now, for any D-tuple » = (dy, ..., dp) such that D is even, we denote by u4 the product [xq,, X4,]- - - [X4,_,, Xap |. Further,
foreachj € {1,..., m'}, denote by ¢; = {cy, .. ., CA).HJ} the ordered set formed by the elements of 4; U {h;} U 8;, that is,
C1j < Cj <+ < Cspjandcj € A; U {h} U Bjforalli = 1,...,A; + 2.1f oj is the permutation of the elements of C;
given by

aj if1<ig Aj
O’]'(C,"j) = hj ifi = Aj +1
by ifi=A+2,
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then O'J(GJ) = {(Ij(C]ﬁj), ceey O’_,‘(CAJ.+2J)} = A; U {h_,} U B; and

= u(f](('?l) e ugm’(@m/)u‘/"m’+l .
Since m’ > n, by Eq. (1) and Lemma 3, we get

(u0’1(@1) - (_1)0-] u@]) o (uam/(@m/) - (_l)o-m/ u@m/) ueAm/+1 € Iﬂ

and thus ¢ is, modulo I, a linear combination of polynomials & € I'; suchthat w = ugp, ---u Dy Uy, 1o where each D; is
either equal to G; or 0;(G;), and there exists at least one index [ such that £; = €. Now, let 8 denote the quantity of mark
commutators of r and write w = CAT (hT BT )AT (hT BY ) AT (hT BT )AT, - Itis clear that0 < 6 < m'.If0 <6 <m — 1then
the result follows directly from the induction hypothesis. Then assume that & = m’ and let £ be the smallest index [ such
that &, = C. Then O; = o0;(Cy) foralli = 1,...,£ — 1,and D, = C,, which implies A = A;, h? = h; and 87 = B;
foralli € {1, N 1} and Ay U {h[} U B, C A?, thatis, o = C«"‘?l(hlﬁl)'”v‘*l—l(hl—lﬁe—l)ﬁf(hgyﬁf)"%z/(hz/ﬁ,f/)ﬁ and
A U {he} U By € A7 . Therefore also in this case the result follows by the induction hypothesis. O

w
m'+1

Remark 9. By proceeding similarly as in Lemma 8, we can prove that if ¢ = wivwj is a polynomial in I'; such that v € I,
and, fori = 1, 2, w; is an m;-semistandard m;-marked product of commutators with length 2; then ¢ can be written, modulo
I,,, as a linear combination of some multilinear polynomials wivw, € I}, where, fori = 1,2, w; is an m;-semistandard
m;-marked product of commutators with length 2 such that0 < m}j +m), <n—oa — 1.

Note that the crucial point here is that, by using notation similar to the above lemma, if we write, fori = 1, 2,

Wi = C 0,0 g0y O p0 g0 0 =U @0 U ®0U, D
A7 (h)" 877) ""m;(hmgﬁm;)""mgﬂ o1 (€1) U’"f(emf ‘A’m;+1
and if m{ + m), > n — «, then we need to use that
fw1 Ufw2 €Iy,
where
fuy = W0 00) = (DT o) - W0 ooy — (1) "ugo)uo o i=1,2.
11 1 my " mj m/ mi+1

1

Proposition 10. Given t > 2, the space I is spanned, modulo I,, by products ¢ = ¢; - - - ¢y, € I which are m-semistandard
m’-marked products of commutators such thatm > 1and0 < m’ <n — 1.

Proof. Let ¢ = c;---cy € I} be a product of commutators. Then it is well known (see [7]) that we can assume that ¢ is
an m-semistandard product. Denote by p; the number of commutators ¢; in ¢ with length at least 3. By Lemma 3 we may
assume pz < n — 1. Thus we can write

~ / / /
C = wiCiwyC, - - - waCpEwa+],

where each ¢ is a semistandard commutator with length at least 3 and each wj is either equal to 1 or is a product of
m;-semistandard commutators with length 2. It follows from Remark 6 that for each i € {1, ..., p; + 1} there exists m;
such that w; is an mj-marked product. Thus m" = pz + m) + --- + mI’DE +1 and we need to prove that we may assume
m/l—l—---—i—m;,EJrl <n—1-pe

Ifw; = 1foralli = 1,...,pz + 1, then w; is a 0-marked product for alli = 1,...,pz + 1, which implies that
my+-+my =0<n—1-p

If there exists j such that w; # 1and w; = 1 for all i # j, then by applying Lemma 8 we obtain that w; can be written,
modulo I,_p,, as a linear combination of some multilinear polynomials wj, where w; is an mj-semistandard m;-marked

product of commutators with length 2 such that 0 < Hj/ <n—ps—1.Sincel, =I",and eachc, e Iforu =1, ..., pz, we
concluded that ¢ = ¢} - -~ ¢/_;wj¢; - - - ¢, can be written, modulo I, as a linear combination of ¢/ - - - ¢;_;wj¢; - - - ¢, , where

wj is an mj-semistandard m;-marked product of commutators with length 2 such that 0 < m; <n— 1 — pe.

If there exist ji, jo such that w;,, # 1, w;, # 1and w; = 1foralli # ji, jo, then the result fé)llows by proceeding similarly
as above and using Remark 9.

The other cases are similar. O

Proposition 11. Givent > 2, the space I is spanned, modulo I, ,+, by products ¢ = ¢; - - - ¢y € It which are m-semistandard
m’-marked products of commutators suchthat 1 <m<n+r' —1land0<m' <n—1.

Proof. Let¢ = c; - - - ¢y € I} be a product of commutators. Since I, C I, 7, by using Proposition 10 we can assume that ¢ is
an m-semistandard m’-marked product of commutators such that m > 1and 0 < m’ < n — 1. Since [x1, X2] - - - [Xam—1, Xam]
lies in I, ,» when m > n + r/, the same conclusion holds for ¢. Therefore we must have m < n 4+ " — 1 and the proof is
complete. O
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The following theorem is the main result of this section.

Theorem 12. Givenn > 2 andr’ > 0 let I, and I, . be the T-ideals of F(X) introduced in Definition 2 and let t > 2. Then the
following hold:

(a) [d(UT;(Go)) = I
Moreover, a linear basis of I (UT,(Gw,)) consists of the products ¢ =cy---Cy € I of commutators such that each ¢ is an
m-semistandard m’-marked product withm > 1and0 <m’ <n— 1.

(b) 1d(UTn(Gar)) = 1d(UT(Gorr 1)) = In .
Furthermore, for r = 21’ or r = 2r’ + 1 a linear basis of I';(UT,(G,)) consists of the products ¢ = c1 -Cm € It of
commutators such that each ¢ is an m-semistandard m’-marked product with1 <m<n—+r' —1land0<m' <n—1.

Proof. Consider the T-ideal I,, given in Definition 2. It follows from Lemma 1 that I,, C Id(UT,(G)) and, by Proposition 10,
the space I is spanned, modulo I, by products C =c1---Cy € I of commutators such that each ¢ is an m-semistandard
m’-marked product with m > 1and 0 < m’ < n — 1. Therefore, it is sufficient to show that these polynomials are linearly
independent modulo Id(UT, (Goo)).

By using the notation ¢ = ¢ .4 given in Remark 6 (from now on in this proof, it is extremely important to have in mind
the decomposition given in that remark), let

f=) aciis
Ah,B
be a linear combination of these polynomials and assume that f € Id(UT,(G)). We must prove that every coefficient is
Zero.
If t = 2 then [xq, Xo] = ¢{1,2),9,¢ is the only polynomial ¢ = c;; 5 € I. Then f(xq, X2) = azCp1,2,00 = aelX1, X2] and
thus 0 = f(eq1, €12) = agerr whlch implies oz = 0.

Assume then that t > 3. Given a product ¢ = CA Bg = CAr(hBy) Ay (hy By A WE remember that A; = |#;| and
B = |Bj|,fori = 1,...,m + 1andj = 1,..., m’. For convenience, if m" < n — 1, we will set A; = 0 and B; = 0 for
i=m+2,...,n andj =m+4+1,...,n— 1. In this notation, we can associate with ¢ the (2n — 1)-tuple

OE = (Ala B]a s ’Anf'la anlaAn)-

Given two products w = C v juw guw, @ = Cjw jw_go € It, We Write w =, @ if 0,, = 0,. Moreover, we write w <, @ if
there exist £ > 1 such that either

e the (2¢ — 2)-tuples (A}, BY, ..., A}, By ;) and (AT, By, ..., A7 ;, By ;) coincide and A}y’ < A7
e or the (2¢ — 1)-tuples (AY, BY, ..., A}) and (AT, BT, ..., A7) coincide and B} > By .

Obviously the notation w <o W Mmeans w <, @ Or w =, w. Note that w <, @ for all products = if and only if
0, =(0,t— O)
Consider a product W = Ciujwgw = ChvsY) (which there exists because t > 3). We evaluate this product by
substituting

’_‘h’f’ =-e;; and )_q,g)] =eq

forall 1 < q < BY, and obtain that ¢ ;o j» g (X1, ..., %) # 0if and only if A7 = (,h” = h? and 8” = BY. Thus

0 = f(Xq,...,%) = o C g (X1, .o Xe) = (=D ', €1, which implies o, = 0. Thus oz = 0 for all products
¢ = C@Jﬁ’gg].
Consider now an m-semistandard m’-marked product @ = = Ciow jw go € It such that 0,, # (0,t — 1,0,...,0). By

applying induction we may assume that oz = 0 for all products ¢ = Ciig € Itsuch that¢ <, @.
Consider the evaluation

Xa? = Ua\pota_ 4i €y Xnp = €L and  Xpr, = ey (3)
forall 1 < Aj 1 <j<m+1,1<q<B”and1 < I < m'. We will show that ¢(X;, ...,X;) = 0 for all products
C=Ci55€ Ft such that either @ <, Corc¢ =, @ and ¢ # w.

Consider first the case ¢ =, @ and suppose that ¢(x1, ..., X;) # 0. We will prove that ¢ = @ . Note that (3) together

with O = O, and ¢(Xy, ..., X;) # 0imply 4A; U {h1} U 81 = A7 U {h7} U B (because all the A7 + BY + 1 variables of
the form vyeq1, e12 or e;; must appear in the first A; 4+ B; + 1 positions of ¢) and thus #; U {hy} U 8, = AT U {hT} U B
and so forth. Hence #4; U {hij} U B; = A" U {h”} U B7 foralli=1,...,m’,and Ay = A - Moreover, it is clear that
the BY elements e11 must appear in the same commutator in which eq, appears, and this commutator must be the last one
of the flrst 1 + 1 commutators of ¢. Thus {h1} U 8; = {h{} U B and A; = 47, still, since all the commutators of ¢ and
w are semlstandard we get that hy = h¥ and 8; = B . By proceeding inductively we conclude that A; = 4", h; = h{”
and 8; = 87 foralli=1,...,m and therefore C=w
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Consider now the case w <, C.Then there exists £ > 1 such that one of the following holds:

o the (2¢ — 2)-tuples (AT, BY, ..., A7 ,,By ;) and (A1, By, ..., A¢_1, Be_1) coincide and A7 < A,
e or the (2¢ — 1)-tuples (AT, BT, ..., A7) and (Aq, By, ..., A¢) coincide and B > By.

In the first case, following the ideas discussed above we get ¢(Xi,...,%;) = O if we do not have equality between
the (2¢ — 1)-tuples of sets (AT, BY, ..., Ay, B, 1, A7) and (A1, Bi, ..., Ai—1, Be—1, {A1e, .. ., aA?f’g}).ThUS we can
assume

A = AT, hi = h{", B = B”

7 foralli=1,...,£—1, and {CILZ,...,GAZHT’[}:A(?.

Ar+-+Ag_1+AT

5 + ¢)-th commutator of ¢ has only length

If B > 1 then we have more than one element ey, while the (

2, thus ¢(Xq, ..., %) = 0. If BY = 1 then it follows from the definition of mark commutators that we cannot have
{(h7 YU B = {aszH,g, aA;Mz,z} and thus we also have ¢(Xq, ..., %) = 0.

By proceeding similarly in the second case we also conclude that ¢(X{,...,%X) = 0.Thus 0 = f(Xy,...,%) =
Uy C g jov g (X1, - ., X¢) and therefore a, = 0.

The proof of part (b) is similar to part (a). Clearly, in this case we will use Proposition 11 instead of Proposition 10.
However, it is important to note that, given an m-semistandard m’-marked product @ = ¢ ;» j» g» € It, inorder to prove
that o, = 0, we can use the substitution (3) only when m — m’ < r’. In other cases we properly evaluate each one of the
remaining m — m’ — r’ commutators [’_‘a,‘?”_‘aﬁ”] with substitutions of the form ’_‘a?} = epp41 and ’_‘“fﬁ = ey ¢ for some
appropriate € {1,...,n—1}. O

1

It is worth noting that when d = 0 we work with the algebra UT,(F) and therefore Theorem 12 is a generalization of
Theorem 5.2.1 of [10] for fields F with characteristic zero. On the other hand, if d = oo then we work with UT, (E), and thus
we have proved, in a different way from [2], that

1d(UT,(E)) = ([x1, X2, X3] - - - [X3n—2, X3n—1, X3a]) 7.
If we identify G4 with UT;(G,) then it is clear that we have the following.
Remark 13. Givent > 2,d = r, oo wherer = 2r’ orr = 2r’ + 1 with 1’ > 0, then:

(@) Id(UT1(Gwo)) = It = ([x1, X2, X3])7.
Moreover, I;(UT1(Gs)) = 0ift is odd, and a linear basis of I'; (UT;(G)) is given by the product [x1, xa] - - - [x¢_1, X¢] if
t is even.

(b) Id(UT1(Gy)) = I1p = {[x1, X2, X3], [X1, X2] - - - [X2r' 41, X204 1) ) T
Furthermore, if t is even and 2 < t < 2r’ then a linear basis of I'; (UT;(G,)) is given by the product [x1, Xo] - - - [X¢—1, X¢]-
Otherwise I (UT,(G;)) = 0.

4. The Z,-graded identities of UT;, ; (E;)

In this section we characterize the Z,-graded identities of UTy;(Ez) forany k > 1,1 > 0 and & = €, €*, co. Note that the
case | = 0 is an easy corollary of Theorem 12 and Remark 13.

Corollary 14. Givenk > 1and & € {€, €*, 0o}, where € = 2¢’ or e = 2¢’ + 1 with €’ > 0, let Id¥" (UTy o(E¢)) be the T,-ideal of
graded polynomial identities for the superalgebra UTy o(E¢). Then

(a) 1d¥ (UTy0(Exo)) and Id8" (UTy o (Ec+)) are both generated by the following polynomials:
® Z
o [y1,¥2,¥3] - [V3k—2, ¥3k—1, Y3kl
(b) Id® (UTk o(E.)) is generated by the following polynomials
® Z7
o [y1,¥2,¥3] - - [V3k—2, ¥3k—1, Y3kl
o [yi,¥2l - Vatkre)—15 Yatksen |-

Proof. It is enough to note that Id®" (UTj o (E¢)) coincides with the set
(Z]vf(yla ML) Yu);f(xls L) Xu) iS d generator Ofld(UTk(Gd)))T27

where

d:{e ifé =€ @

oo otherwise. O
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Note that z; is also a graded identity for the superalgebra UTy ;(Eo+) for any k, | > 1, since Eg« has the trivial grading.
Moreover by taking n = max{k, I} it is clear that

Id® (UT 1(Eo+)) N Tro = {f 1, .-, ¥e) € Tros f(Xq, ..., X)) € 1d(UT,(Goo)) N I3}

Therefore we have the following result.

Proposition 15. Given k, [ > 1, set n = max{k, l}. Then

I1d®" (UTy 1(Eo+)) = (z1, V1, Y2, Y31 - - V3n—2, Y3n—1, Yan D)1y -

Thus we need to study the cases k, [ > 1and & # 0*.IfA, A’ € UTk(Eéo)). B,B € kal(EéU) and C,C’ € UT,(E‘;O)), then
A B\ (A B\ _(AA AB +BC
0 C 0 C¢)J—\o cc’ ’

Thus it is clear that

2125 € 1d® (UTy (E¢)). (5)

Moreover, by taking n = max{k, I} and d as in (4), we have

Id® (UT 1 (Ee)) N o = {f s - -0 ¥e) € Tros (X1, ..., X)) € Id(UT,(Gg)) N I3}, (6)
fork > I:
{zif G1, ... ye) € Tras f(xq, ..., X)) € Id(UT)(Gg)) N I} C 1d8 (UTy 1 (E)) N I q, (7)

and fork < [:
o, y0z € Lo fxa, - xe) € 1d(UT(Ga)) N It} © 15 (UTi 1 (E)) N 1. (8)
Furthermore, by proceeding similarly as in the proof of Lemma 1 we find:
Lemma 16. Given k, | > 1 and either ¢ = 2¢’ or € = 2¢’ + 1, then the polynomial
i, 21 - 2terw—15 Yattw 12V 204w +15 Y2teru+ 1] - - - V2tkpire 1)1, Yatkrire'—1)]
is a graded identity of UTy ;(Ec) forany0 <u < €’ — 1.
Finally we have our main result:
Theorem 17. Givenk, | > 1and & € {¢, €*, oo}, where ¢ = 2¢’ or ¢ = 2¢’ + 1, then:

(a) The generators of the T,-ideal Id®" (UT |(Es)) and Id®" (UT, ;(Ec+)), with € > 1, depend on k, | and are given by the following
table:

k>1 k=1 k<l

212y 212y 212y
W1, ¥2,¥3] - Wak—2, Yak—1- Y3l V1, Y2, ¥3] -+ - [Vak—2, Yak—1, Y3l 1, Y2, ¥3l - - - ai—2, Y3i—1, yail
z[y1,¥2, 3l - - - [Y31—-2, Y31, Y3l 1, ¥2,y3] - - [V3k—2, ¥3k—1, Y3klz

(b) The generators of the T,-ideal Id®" (UT ;(E.)) with € > 0 depend on k, I, €’ and are given by the table below together with the
polynomials

W1, y21- - 2itw—1s Yattw 12V 2064w +15 Yotturn ]+ - V2tktite —1)=15 Yok’ 1) 15

foro<u<e —1.

k>1 k=1 k<1

2122 Z2122 2122
W1, y2,¥31 - 3k—2, Y3e—1 Y3kl V1, Y2, 3] - a2, Y3k—1. Y3kl 1, Y2, ¥31 - - V3125 ¥31-1, Y3l
z[y1,¥2,y3l - - - [Y31-2, Y31, ¥ail V1,2, ¥3] - - [V3k—2, Y3k—1, Yaklz

W1, Y2l - Vatter—15 Yatkren] W1, ¥21- - Dowter—15 Yaite] W1, ¥2]- - agrey—1, Yaa+en]
z[y1, Y21 - [Va@rer—15 Y2a+en] Wi, y21- - Vasey =15 Yakteh 12
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Proof. First of all, in order to distinguish between the elements of the basis £ = {eq, €3, ...} of L with respect their Z,-

degree, we set n; := ey and ¢§; := ey foralli = 1,2, ... in the superalgebra E.,. Similarly we write n; := e.; for all
i=1,2,...and ¢ := e, fori = 1,..., €, in the superalgebra E.+. Finally, in the superalgebra E. we put n; := e;, for
i=1,...,eand ¢ :=ecyiforalli=1,2,....

Consider first the case k > [and £ = oo. Denote by I the T,-ideal generated by z1z5, [y1, ¥2, 3] - - - [V3k—2, ¥3k—1, ¥3k] and
z[y1,¥2,¥3] - - - V312, ¥31—1, ¥31l- By (5), (6) and (7) we get I C 1d®" (UTy(Ex)) and, in order to characterize Id®" (UT ;(Exo)),
it is enough to consider the spaces I o and I} ; only. Moreover it follows from (6), Theorem 12 and Remark 13 that it is
enough to study the space I7 ;.

By Lemma 3 of [24] and Proposition 10, the space I ; is spanned, modulo I, by polynomials

u= ﬁ[zl’yha -"7yls]ﬂ) € Ft,]

such that v (respect. w) is an m-semistandard (respect. p-semistandard) m’-marked (respect. p’-marked) product of
commutators in the variables of Y with

o<sm <k—1 and 0/ <I1—1;

and further I; < --- < [, for s > 0. Therefore, it is sufficient to show that these polynomials are linearly independent
modulo Id® (UTy ;(Exo))-
By using the notation v = c;; 3 and W = ¢z ; 5, given in Remark 6, and by writing ¢,; = [z1, y1;, - - -, Y1 ], where

I={lL,...,L},wehavei =c
AnB1E.8.D

be a linear combination of these polynomials and assume that f € Id®" (UTy ;(E~,)). We must prove that every coefficient is
Zero.

In order to do this, it is enough to proceed by induction as in Theorem 12. In this case, given it = v[z1, y;,, ..., i, Jw and
u = v’[zl,y,/], <oy, Jw” we write it = v if
s
D =¢ V, s=s and W=, W’

and we write il <, o’ if i and u’ satisfy one of the following conditions:

o <oV
e UV=,v ands > ¢ _
o U=oV,s=5andw <, w'.

Moreover we work with evaluations of i where we substitute
Yai; = Nar+-+ai1+i€js  Yng = €qq+1 ADd Xp, = e€qgq
forall 1 <i<A,1<j<m +1,1<p<B,1<qg<m,
Zy = Gewqrk+r and Y = empma
forall 1 < g < sand, by puttingA =A; + - - + A1,

Yei; = NA+Cr++G_1+i €kt ks Yeq = Chktq.k+q+1 and Yy g = Ck+qk+q

/

forall1<i<G1<jspu +1,1<p<Dg1<qggp.
The cases k = land k > | with & = oo are similar.
Now, since we have an infinite number of distinct elements »; and at least one element ¢; in €* for € > 1, then it is clear
that we can repeat the proof above also in the case when & = €*.
The proof of part (b) is similar to part (a). Nevertheless, similarly to part (b) of Theorem 12, we have that some additional
conditions must be satisfied by the generators i of the quotient space I 1 (Id%" (UTy ;(E¢)). Namely, m and . must satisfy also
the conditions:

osm<k+¢€ —1, O<pu<l+e—1 and O<Km+u<k+i+e -2 O

It is worth noting that Corollary 14, Proposition 15 and Theorem 17 together constitute an important generalization of
Theorems 3.5 and 3.6 of [6]. Furthermore, Proposition 15 and Theorem 17 together generalize Theorems 8, 9 and 12 of [24].
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