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Dedicated to the Memory of Gaetano Fichera

Abstract. — While the choice of a norm in the space where an evolution problem is posed is in-

e¤ective as far as the smoothness properties of the solution with respect to the space variables are

concerned, the asymptotic behavior of this solution when t ! þl is greatly e¤ected by a change
of the norm in the space. We illustrate this consideration by studying existence, uniqueness and

asymptotic behavior for the solution of a simple but very significant evolution problem.
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1. Introduction

In 1995 Gaetano Fichera gave a talk concerning the asymptotic behaviour of
solutions of evolution problems in the VIII International Conference on waves
and stability in continuous media (Palermo, October 9–14, 1995). Only the trans-
parencies were published on the Proceedings of the Conference ([2]).

Later Gaetano Fichera started to prepare a paper containing all the proofs
and details. Unfortunately his sudden death prevented him to finish it. Only the
first part of the paper was in a definitive form and it is published in [3].

The present paper is the continuation of [3] and hinges on the non organized
and incomplete part of the notes left by Fichera. We have completed them in
order to prove all the results he presented in Palermo talk.

Let us consider an evolution problem

dU

dt
¼ Aðt;UÞ

Uð0Þ ¼ U0;

8<
:ð1:1Þ

where Aðt;UÞ is an operator defined on U, which for each t a Rþ maps U into
itself. Here U is a function class of functions defined for each tb 0 and with
values in a topological vector space S.

Remarking that there exist infinitely many topologies compatible with the
linear structure of an infinite dimensional function space, Fichera posed a basic
question (see [3]):



Let us suppose that system (1.1) is connected with some physical phenomenon;
then the subtle problem arises: is the topology to be introduced in the vector space
S uniquely determined by the physical problems under investigation?

The answer to this question is in general negative, how it can be shown by simple
examples. Since the mathematical model of the physical phenomenon given by the
Evolution Problem (1.1) depends on the topology introduced in S, we have to face a
very serious methodological di‰culty due to the fact that the asymptotics of a tra-
jectory of (1.1) depends on the relevant topology introduced by the mathematicians
in S. This, from the point of view of Physics, is quite inadmissible.

After proving an existence and uniqueness theorem (Section 2), in Section 3
we study an example showing how the asymptotic behavior of the solution
when t ! þl is greatly e¤ected by a change of the norm in the space, despite
the fact that the regularity of solutions with respect to the space variables does
not change.

2. Existence and uniqueness theorem for an evolution problem

Suppose that the weight function w a C0ðRÞ, wðxÞb 1 and satisfies the following
conditions:

iÞw Eg > 0, there exists agðTÞ such that

Z þl

�l

e�ðx�xÞ2=4ðt�tÞ

½wðxÞ�g dxa
ffiffiffiffiffiffiffiffiffiffi
t� t

p agðTÞ
½wðxÞ�g ; 0a t < taT ;ð2:1Þ

iiÞw Eg > 0, there exists bgðTÞ such that

Z þl

�l

jx� xj
2

ffiffiffiffiffiffiffiffiffiffi
t� t

p e�ðx�xÞ2=4ðt�tÞ

½wðxÞ�g dxa
ffiffiffiffiffiffiffiffiffiffi
t� t

p bgðTÞ
½wðxÞ�g ; 0a t < taT ;ð2:2Þ

iiiÞw there exists a0 b 0 such that

Z þl

�l

dx

½wðxÞ�a < þl; Ea > a0:ð2:3Þ

For example wðxÞ ¼ 1þ x2 and wðxÞ ¼ ejxj satisfy conditions iÞw, iiÞw, iiiÞw (see
Subsections 2.1 and 2.2 below).

Let T be a positive real number. We denote by ST the strip

ST ¼ fðx; tÞ : x a R; 0 < taTg:

By Sl we denote the half-plane t > 0 of the ðx; tÞ-plane. Let g > 0. In the follow-
ing we denote by Fg and FgðTÞ the spaces Fl

g and Fl
g ðTÞ, respectively (see [3,

Section 2]), that is the Banach spaces of real valued measurable functions such
that
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UðxÞ a Fg , kUkg ¼ ess sup
x AR

jUðxÞ½wðxÞ�gj < þl;

uðx; tÞ a FgðTÞ ,
uð�; tÞ a Fg; Et a ð0;TÞ;
kukg ¼ ess sup

ST

juðx; tÞ½wðxÞ�gj < þl:

8<
:

We consider also

– Lp
g the space of real valued functions UðxÞ, measurable in R, such that

kUkg;p ¼
�Z

R

jUðxÞj p½wðxÞ�g dx
�1=p

< þl;

– Lp
g ðTÞ the space of real valued functions uðx; tÞ such that uð�; tÞ a Lp

g for all
0 < t < T and

kukg;p ¼ ess sup
ð0;TÞ

�Z
R

juðx; tÞj p½wðxÞ�g dx
�1=p

< þl:

Given g > 0, we denote by UgðTÞ the class Ul
g ðTÞ defined in [3, Section 2] of

all functions defined in Sl such that u; ux; uxx; ut a FgðTÞBClðSlÞ.
Let cðx; tÞ be a real valued function such that

iÞc cðx; tÞ a ClðSlÞ;
iiÞc ET > 0, Eh ¼ 0; 1; 2 bchðTÞ > 0 : jcxhðx; tÞja chðTÞ Eðx; tÞ a ST :

The evolution problem we are going to consider is the following
Given cðx; tÞ satisfying iÞc, iiÞc find uðx; tÞ belonging to UgðTÞ for any T > 0,

such that

utðx; tÞ ¼ uxxðx; tÞ þ cðx; tÞuðx; tÞ ðx; tÞ a Sl

uðx; 0Þ ¼ jðxÞ x a R;

�
ð2:4Þ
ð2:5Þ

when j a ClðRÞ and

jðhÞðxÞ a Fg; h ¼ 0; . . . ; 4:ð2:6Þ

Theorem 2.1. Set

vðx; tÞ ¼ uðx; tÞ � jðxÞ;ð2:7Þ

Kgðx; tÞ ¼ �1

2
ffiffiffi
p

p
Z t

0

dt

ðt� tÞ1=2
Z þl

�l
gðx; tÞe�ðx�xÞ2=4ðt�tÞ dx:

For any T > 0, problem (2.4)–(2.5) is equivalent to the following integral equa-
tion

vþKðcvÞ ¼ Kf ; v a FgðTÞð2:8Þ
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where

f ðx; tÞ ¼ �j 00ðxÞ � cðx; tÞjðxÞ a FgðTÞBClðSlÞ:ð2:9Þ

Proof. It is evident that under the hypothesis (2.6) uðx; tÞ a UgðTÞ if and only if
vðx; tÞ a UgðTÞ.

A function u is solution of (2.4)–(2.5) if and only if v in (2.7) is solution of the
problem: Find vðx; tÞ belonging to UgðTÞ for any T > 0, such that

vxxðx; tÞ � vtðx; tÞ þ cðx; tÞvðx; tÞ ¼ f ðx; tÞ; ðx; tÞ a Sl

vðx; 0Þ ¼ 0:

�
ð2:10Þ
ð2:11Þ

If v a UgðTÞ, for any T > 0, is solution of (2.10)–(2.11) then, for [3, Theorem
2.1], the function v is solution of the integral equation (2.8).

This result can be inverted in the following sense: if f a FgðTÞBClðSlÞ
and v is a solution of (2.8) which belongs to FgðTÞ, then from (2.8) we deduce
that

ZZ
ST

cðx; tÞjðx; tÞ½Kð f � cvÞðx; tÞ � vðx; tÞ� dx dt ¼ 0;ð2:12Þ

Ej a C
�
lðST � qSTÞ:

If (see [3, (2.3)])

K�cðx; tÞ ¼ �
Z T

t

dt

Z þl

�l
cðx; tÞGðx; t; x; tÞ dx

then (2.12) is equivalent to

ZZ
ST

ð f ðx; tÞ � cðx; tÞvðx; tÞÞðjðx; tÞ þK�ðcjÞðx; tÞÞ dx dt

¼
ZZ

ST

ð f ðx; tÞ � cðx; tÞvðx; tÞÞK�ðjxx þ jt þ cjÞðx; tÞ dx dt

¼
ZZ

ST

Kð f � cvÞðx; tÞðjxxðx; tÞ þ jtðx; tÞ þ cðx; tÞjðx; tÞÞ dx dt

¼
ZZ

ST

vðx; tÞðjxxðx; tÞ þ jtðx; tÞ þ cðx; tÞjðx; tÞÞ dx dt

¼
ZZ

ST

jðx; tÞðvxxðx; tÞ � vtðx; tÞ þ cðx; tÞvðx; tÞÞ dx dt ¼ 0

and in conseguence v is a solution of (2.10), (2.11) in the weak sense. From the
classical regularization theory we deduce that v a FgðTÞBClðSlÞ. Moreover
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q2vx

qx2
� qvx

qt
þ cðx; tÞvxðx; tÞ ¼ �cxðx; tÞvðx; tÞ þ fxðx; tÞ; vxðx; 0Þ ¼ 0

q2vxx

qx2
� qvxx

qt
þ cðx; tÞvxxðx; tÞ ¼ �2cxðx; tÞvxðx; tÞ � cxxðx; tÞvðx; tÞ þ fxxðx; tÞ

vxxðx; 0Þ ¼ 0.

This implies vx a FgðTÞBClðSlÞ and, in consequence, vxx a FgðTÞBClðSlÞ
i.e. v a UgðTÞ. r

We have shown the perfect equivalence between problem (2.4)–(2.5) in UgðTÞ
and the integral equation (2.8) in FgðTÞ, for any T > 0.

Lemma 2.1. If f ðx; tÞ a FgðTÞ then ðKf Þðx; tÞ a FgðTÞ.

Proof. If f a FgðTÞ then

jKf ðx; tÞja 1

2
ffiffiffi
p

p
Z t

0

dt

ðt� tÞ1=2
Z þl

�l
j f ðx; tÞj½wðxÞ�g e

�ðx�xÞ2=4ðt�tÞ

½wðxÞ�g dx

a
k f kg
2

ffiffiffi
p

p
Z t

0

dt

ðt� tÞ1=2
Z þl

�l

e�ðx�xÞ2=4ðt�tÞ

½wðxÞ�g dx:

From (2.1) we get

jKf ðx; tÞja
k f kg
2

ffiffiffi
p

p tagðTÞ
½wðxÞ�gð2:13Þ

which implies

kKf kg a
TagðTÞ
2

ffiffiffi
p

p k f kg: r

Lemma 2.2. If vðx; tÞ a FgðTÞ then ðKcvÞðx; tÞ a FgðTÞ and ðKcvÞxðx; tÞ a
FgðTÞ.

Proof. Lemma 2.1 and the hypotheses on cðx; tÞ imply that ðKcvÞðx; tÞ belongs
to FgðTÞ. We have

ðKcvÞxðx; tÞ ¼
1

2
ffiffiffi
p

p
Z t

0

dt

ðt� tÞ1=2
Z þl

�l
cðx; tÞvðx; tÞ x� x

2ðt� tÞ e
�ðx�xÞ2=4ðt�tÞ dx:

From (2.2) it follows

jðKcvÞxðx; tÞja
c0ðTÞffiffiffi

p
p t1=2bgðTÞ

½wðxÞ�g kvkgð2:14Þ
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and

kðKcvÞxkg a
c0ðTÞffiffiffi

p
p T 1=2bgðTÞkvkg: r

Lemma 2.3. If v a FgðTÞ then, Epb 1, Em < g� a0, KðcvÞ a Lp
m ðTÞ and

ðKðcvÞÞx a Lp
m ðTÞ.

Proof. From (2.13) and (2.14)

�Z
R

jðKcvÞðx; tÞj p½wðxÞ�m dx
�1=p

a
c0ðTÞTagðTÞ

2
ffiffiffi
p

p kvkg
�Z

R

½wðxÞ�m�gp
dx

�1=p
;

�Z
R

jðKcvÞxðx; tÞj
p½wðxÞ�m dx

�1=p
a

c0ðTÞT 1=2bgðTÞffiffiffi
p

p kvkg
�Z

R

½wðxÞ�m�gp
dx

�1=p
:

The integrals in the right hand sides are finite for m < pg� a0, for all pb 1. This
implies our assertion. r

Theorem 2.2. Assume T > 0. For any c a FgðTÞ, the equation

vþKðcvÞ ¼ cð2:15Þ

has one and only one solution in FgðTÞ. We have

v ¼
Xþl

s¼0

ð�1ÞsðKcÞsc:

The above series and the series obtained by di¤erentiating with respect to x con-
verge in the norm of FgðTÞ.

Proof. For a fixed % > 0, we define the space F
ð%Þ
g ðTÞ formed by all functions

vðx; tÞ a FgðTÞ, equipped with the norm

jkvkjg ¼ ess sup
ST

je�%t½wðxÞ�gðjvðx; tÞj þ jvxðx; tÞjÞ:

We have

e�%Tðkvkg þ kvxkgÞa jkvkjg a kvkg þ kvxkg:

For any t a ½0;T �, keeping in mind (2.1) and (2.2), we find

jKcvðx; tÞja c0ðTÞ
2

ffiffiffi
p

p jkvkjg
Z t

0

e%t

ðt� tÞ1=2
dt

Z
R

e�ðx�xÞ2=4ðt�tÞ

½wðxÞ�g dx

a
c0ðTÞ
2

ffiffiffi
p

p jkvkjg
agðTÞ
½wðxÞ�g

�e%t
%

� 1

%

�
;
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jðKcvÞxðx; tÞja
c0ðTÞ
2

ffiffiffi
p

p jkvkjg
Z t

0

e%t

ðt� tÞ dt
Z
R

jx� xj
2

ffiffiffiffiffiffiffiffiffiffi
t� t

p e�ðx�xÞ2=4ðt�tÞ

½wðxÞ�g dx

a
c0ðTÞ
2

ffiffiffi
p

p jkvkjg
bgðTÞ
½wðxÞ�g

Z t

0

e%tffiffiffiffiffiffiffiffiffiffi
t� t

p dt

¼ c0ðTÞ
2

ffiffiffi
p

p jkvkjg
bgðTÞ
½wðxÞ�g

e%t
ffiffiffi
p

p
ffiffiffi
%

p erfð
ffiffiffiffi
%t

p
Þ:

Hence

ess sup
ST

½e�%t½wðxÞ�gjKcvðx; tÞj�a c0ðTÞ
2

ffiffiffi
p

p agðTÞ
%

jkvkjg;

ess sup
ST

½e�%t½wðxÞ�gjðKcvÞxðx; tÞj�a
c0ðTÞ
2

bgðTÞffiffiffi
%

p jkvkjg:

We deduce that

jkKcvkjg a dT jkvkjg; dT ¼ c0ðTÞ
2

�agðTÞ
%

ffiffiffi
p

p þ bgðTÞffiffiffi
%

p
�
:

If we assume % >
�c0ðTÞðagðTÞþ

ffiffi
p

p
bgðTÞÞ

2
ffiffi
p

p þ 1
�2

then dT a ð0; 1Þ and Tv ¼ Kcvþ c is a
contraction map on the space F

ð%Þ
g ðTÞ. Hence equation (2.8) has a unique solu-

tion in the space F
ð%Þ
g ðTÞ given by

vðx; tÞ ¼
Xþl

s¼0

ð�1ÞsððKcÞscÞðx; tÞ:ð2:16Þ

The series (2.16) converges in the norm of F
ð%Þ
g ðTÞ. This completes the proof.

r

Theorem 2.3. Let g be a fixed positive real number. Assume that j satisfies con-
ditions (2.6) and c satisfies iÞc, iiÞc. There exists one and only one solution of the
problem (2.4), (2.5) such that

i) uðx; tÞ a ClðSlÞ;
ii) ET > 0: uðx; tÞ a FgðTÞ; uxðx; tÞ a FgðTÞ;
iii) Epb 1 and Em < g� a0: uðx; tÞ a Lp

m ðTÞ, uxðx; tÞ a Lp
m ðTÞ.

We have

uðx; tÞ ¼ HtjðxÞ ¼ jðxÞ þ ðKf Þðx; tÞ þ
Xþl

s¼1

ð�1ÞsðKcÞsKf ðx; tÞð2:17Þ

where f ðx; tÞ is defined in (2.9).
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The above series and the series obtained by di¤erentiating with respect to x con-
verge in the norms of FgðTÞ, L p

m ðTÞ and, in particular, they are totally convergent in
ST .

The series obtained by di¤erentiating either twice with respect to x or once with
respect to t are totally convergent in every compact subset of ST.

Proof. Problem (2.4), (2.5) is equivalent to the integral equation (2.15) with
c ¼ Kf a Fg (Lemma 2.1). Existence and uniqueness follows from Theorem 2.2.
For Theorem 2.2 and (2.7) we deduce (2.17) and the convergence of the series on
the right hand side, together with the series obtained by di¤erentiating with re-
spect to x, in the norm of FgðTÞ. We deduce i) and ii).

From (2.13), (2.14) and iiÞc we have

jKðccÞðx; tÞja c0ðTÞagðTÞ
2

ffiffiffi
p

p
tkckg
½wðxÞ�g ; jðKccÞxðx; tÞja

c0ðTÞbgðTÞffiffiffi
p

p
t1=2kckg
½wðxÞ�g :

We prove by induction that, for sb 1

jðKcÞscðx; tÞja ðdðTÞtÞs

s!

1

½wðxÞ�g kckg; dðTÞ ¼ c0ðTÞagðTÞ
2

ffiffiffi
p

pð2:18Þ

Indeed, for (2.18) and (2.1)

jðKcÞsþ1cðx; tÞj ¼ 1

2
ffiffiffi
p

p
Z t

0

dtffiffiffiffiffiffiffiffiffiffi
t� t

p
Z
R

cðx; tÞ½ðKcÞsc�ðx; tÞe�ðx�xÞ2=4ðt�tÞ dx

����
����

a jkckg
c0ðTÞ
2

ffiffiffi
p

p dðTÞs
Z t

0

ts

s!

dtffiffiffiffiffiffiffiffiffiffi
t� t

p
Z
R

e�ðx�xÞ2=4ðt�tÞ

½wðxÞ�g dx

a kckg dðTÞsþ1 1

½wðxÞ�g
Z t

0

ts

s!
dt ¼ kckg

½dðTÞt�sþ1

ðsþ 1Þ!
1

½wðxÞ�g :

Hence

kðKcÞsckm;p a
ðdðTÞTÞs

s!

�Z
R

½wðxÞ�m�gp
dx

�1=p
kckg

and, Epb 1 and Em < g� a0, there exists a constant Ap;m; g such that

Xþl

s¼0

kðKcÞsckm;p aAp;m; gkckg

i.e. the convergence in Lp
m ðTÞ.

Moreover, keeping in mind (2.18) and (2.2), for any sb 1,

458 a. cialdea and f. lanzara



jððKcÞsþ1cðx; tÞÞxjð2:19Þ

¼ 1

2
ffiffiffi
p

p
Z t

0

dtffiffiffiffiffiffiffiffiffiffi
t� t

p
Z
R

cðx; tÞ½ðKcÞsc�ðx; tÞ x� x

2ðt� tÞ e
�ðx�xÞ2=4ðt�tÞ dx

����
����

a kckg
c0ðTÞ
2

ffiffiffi
p

p ðc0ðTÞagðTÞÞs

2sps=2

Z t

0

ts

s!

dtffiffiffiffiffiffiffiffiffiffi
t� t

p

�
Z
R

jx� xj
2ðt� tÞ

e�ðx�xÞ2=4ðt�tÞ

½wðxÞ�g dx

a kckg
ðc0ðTÞagðTÞÞsc0ðTÞbgðTÞ

2sþ1pðsþ1Þ=2
1

s!

Z t

0

tsffiffiffiffiffiffiffiffiffiffi
t� t

p dt
1

½wðxÞ�g

¼ kckg
ðc0ðTÞÞsþ1ðagðTÞÞsbgðTÞ

2sþ1ps=2

tsþ1=2

s!

Gð1þ sÞ
Gð3=2þ sÞ

1

½wðxÞ�g

a kckg
2ffiffiffi
p

p ðc0ðTÞÞsþ1ðagðTÞÞsbgðTÞ
2sþ1ps=2

tsþ1=2

s!

1

½wðxÞ�g :

The last inequality follows from

Gð1þ sÞ
Gð3=2þ sÞ ¼

2ffiffiffi
p

p ð2sÞ!!
ð2sþ 1Þ!! a

2ffiffiffi
p

p :

Then

kððKcÞscÞxkm;p a kckg
ðc0ðTÞÞsþ1ðagðTÞÞsbgðTÞ

2spðsþ1Þ=2
T sþ1=2

s!

�Z
R

½wðxÞ�m�gp
dx

�1=p

and, Epb 1 and Em < g� a0,

Xþl

s¼0

kððKcÞscÞxkm;p aBp;m; gkckg:

This shows that also ux belongs to Lp
m ðTÞ and then iii) holds. Moreover the series

in (2.17) and the series obtained by di¤erentiating with respect to x converge in
the norm of Lp

m ðTÞ.
For iÞc, iiÞc, (2.14) and [3, Theorems 2.3 and 2.4]:

jKðccÞðx; tÞÞxxja kðccÞxkLlðST Þ
2ffiffiffi
p

p
� 4ffiffiffi

e
p � 1

� ffiffi
t

p

a c1ðTÞTagðTÞ
2

ffiffiffi
p

p þ c0ðTÞT
1=2bgðTÞffiffiffi

p
p

� 	
k f kg

2ffiffiffi
p

p
� 4ffiffiffi

e
p � 1

� ffiffiffiffi
T

p
:
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For any sb 1,

jððKcÞsþ1cðx; tÞÞxxj ¼ jðKðcððKcÞscÞÞðx; tÞÞxxj

a kððcðKcÞscÞÞxkLlðST Þ
2ffiffiffi
p

p
� 4ffiffiffi

e
p � 1

� ffiffi
t

p
:

Keeping in mind iiÞc, (2.18) and (2.19)

jððcðKcÞscÞÞxðx; tÞj
a jcxððKcÞscÞj þ jcððKcÞscÞxj

a

�
c1ðTÞ ½dðTÞt�s

s!
þ c0ðTÞ ðc0ðTÞÞsðagðTÞÞs�1

bgðTÞ
2s�1ps=2

ts�1=2

s!

�
kckg:

We deduce the convergence of the series

Xþl

s¼1

jððKcÞsþ1cÞxxðx; tÞj:

The convergence of the series obtained by di¤erentiating with respect to t follows
from the relation

ððKcÞsþ1cðx; tÞÞt ¼ ððKcÞsþ1cðx; tÞÞxx � cðx; tÞðKcÞscðx; tÞ; ðx; tÞ a ST : r

2.1. The weight wðxÞ ¼ ð1þ x2Þ

The function wðxÞ ¼ ð1þ x2Þ obviously satisfies condition (2.3) with a0 ¼ 1=2.
We show that it satisfies the hypotheses (2.1) and (2.2).

Lemma 2.4. For any gb 0 there exists agðTÞ such that

Z
R

e�ðx�xÞ2=4ðt�tÞ

ð1þ x2Þg
dxa

ffiffiffiffiffiffiffiffiffiffi
t� t

p agðTÞ
ð1þ x2Þg ; 0a t < taT :

Proof. Setting s ¼ ðx� xÞ=ð2
ffiffiffiffiffiffiffiffiffiffi
t� t

p
Þ,

Z
R

e�ðx�xÞ2=4ðt�tÞ

ð1þ x2Þg
dx ¼ 2

ffiffiffiffiffiffiffiffiffiffi
t� t

p �Z þl

jxj=4
ffiffiffi
T

p
e�s2

ds

ð1þ ðx� 2s
ffiffiffiffiffiffiffiffiffiffi
t� t

p
Þ2Þg

ð2:20Þ

þ
Z jxj=4

ffiffiffi
T

p

�jxj=4
ffiffiffi
T

p
e�s2

ds

ð1þ ðxþ 2s
ffiffiffiffiffiffiffiffiffiffi
t� t

p
Þ2Þg

þ
Z þl

jxj=4
ffiffiffi
T

p
e�s2

ds

ð1þ ðxþ 2s
ffiffiffiffiffiffiffiffiffiffi
t� t

p
Þ2Þg

�
:
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We have (see [1, 7.1.13])

Z þl

jxj=4
ffiffiffi
T

p
e�s2

ds

ð1þ ðx� 2s
ffiffiffiffiffiffiffiffiffiffi
t� t

p
Þ2Þg

a

Z þl

jxj=4
ffiffiffi
T

p e�s2

ds ¼
ffiffiffi
p

p

2
erfc

jxj
4

ffiffiffiffi
T

p

a

ffiffiffi
p

p

2

e�x2=16T

jxj
4
ffiffiffi
T

p þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

16T þ 4
p

q a cT
e�x2=16Tffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ 1

p :

Since the function cðyÞ ¼ e�y=16Tð1þ yÞg�1=2 is bounded in ½0;lÞ then
Z þl

jxj=4
ffiffiffi
T

p
e�s2

ds

ð1þ ðx� 2s
ffiffiffiffiffiffiffiffiffiffi
t� t

p
Þ2Þg

a
CT

ð1þ x2Þg :

For jsja jxj
4
ffiffiffi
T

p we get

jxþ 2s
ffiffiffiffiffiffiffiffiffiffi
t� t

p
jb jxj � 2jsj

ffiffiffiffiffiffiffiffiffiffi
t� t

p
b jxj=2:ð2:21Þ

We deduce that

Z jxj=4
ffiffiffi
T

p

�jxj=4
ffiffiffi
T

p
e�s2

ds

ð1þ ðxþ 2s
ffiffiffiffiffiffiffiffiffiffi
t� t

p
Þ2Þg

a
4g

ð4þ x2Þg
Z
R

e�s2

dsa
4g

ffiffiffi
p

p

ð1þ x2Þg :

Concerning the last integral in (2.20)

Z þl

jxj=4
ffiffiffi
T

p
e�s2

ds

ð1þ ðxþ 2s
ffiffiffiffiffiffiffiffiffiffi
t� t

p
Þ2Þg

a
1

ð1þ x2Þg
Z þl

jxj=4
ffiffiffi
T

p e�s2

dsa

ffiffiffi
p

p

2ð1þ x2Þg :

This completes the proof. r

Lemma 2.5. For any gb 0 there exists bgðTÞ such that

Z
R

jx� xj
2

ffiffiffiffiffiffiffiffiffiffi
t� t

p e�ðx�xÞ2=4ðt�tÞ

ð1þ x2Þg
dxa

ffiffiffiffiffiffiffiffiffiffi
t� t

p bgðTÞ
ð1þ x2Þg ; 0a t < taT :

Proof. Setting s ¼ ðx� xÞ=ð2
ffiffiffiffiffiffiffiffiffiffi
t� t

p
Þ,

Z
R

jx� xj
2

ffiffiffiffiffiffiffiffiffiffi
t� t

p e�ðx�xÞ2=4ðt�tÞ

ð1þ x2Þg
dxð2:22Þ

¼ 2
ffiffiffiffiffiffiffiffiffiffi
t� t

p �Z þl

jxj=4
ffiffiffi
T

p
se�s2

ds

ð1þ ðx� 2s
ffiffiffiffiffiffiffiffiffiffi
t� t

p
Þ2Þg

þ
Z jxj=4

ffiffiffi
T

p

�jxj=4
ffiffiffi
T

p
jsje�s2

ds

ð1þ ðxþ 2s
ffiffiffiffiffiffiffiffiffiffi
t� t

p
Þ2Þg

þ
Z þl

jxj=4
ffiffiffi
T

p
se�s2

ds

ð1þ ðxþ 2s
ffiffiffiffiffiffiffiffiffiffi
t� t

p
Þ2Þg

�
:
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We have

Z þl

jxj=4
ffiffiffi
T

p
se�s2

ds

ð1þ ðx� 2s
ffiffiffiffiffiffiffiffiffiffi
t� t

p
Þ2Þg

a

Z þl

jxj=4
ffiffiffi
T

p se�s2

ds ¼ e�x2=16T

2
:

Since the function cðyÞ ¼ e�y=16Tð1þ yÞg is bounded in ½0;lÞ then
Z þl

jxj=4
ffiffiffi
T

p
se�s2

ds

ð1þ ðx� 2s
ffiffiffiffiffiffiffiffiffiffi
t� t

p
Þ2Þg

a
CT

ð1þ x2Þg :

Due to (2.21) we deduce that

Z jxj=4
ffiffiffi
T

p

�jxj=4
ffiffiffi
T

p
jsje�s2

ds

ð1þ ðxþ 2s
ffiffiffiffiffiffiffiffiffiffi
t� t

p
Þ2Þg

a
4g

ð4þ x2Þg
Z
R

jsje�s2

dsa
4g

ð1þ x2Þg :

For the last integral in (2.22)

Z þl

jxj=4
ffiffiffi
T

p
se�s2

ds

ð1þ ðxþ 2s
ffiffiffiffiffiffiffiffiffiffi
t� t

p
Þ2Þg

a
1

ð1þ x2Þg
Z þl

jxj=4
ffiffiffi
T

p se�s2

dsa
1

2ð1þ x2Þg :

The last three inequalities and (2.22) lead to our assertion. r

2.2. The function wðxÞ ¼ ejxj

In this subsection we show that the function ejxj satisfies (2.1) and (2.2). (2.3) is
obviously satisfied with a0 ¼ 0.

Lemma 2.6. For any gb 0,

Z þl

�l
e�ðx�xÞ2=4ðt�tÞe�gjxj dxa

3

2

ffiffiffi
p

p ffiffiffiffiffiffiffiffiffiffi
t� t

p
eTg2e�gjxj; 0a t < taT :

Proof. Set a ¼ 2
ffiffiffiffiffiffiffiffiffiffi
t� t

p
. We have

Z þl

�l
e�ðx�xÞ2=a2e�gjxj dx ¼ a

Z þl

�l
e�s2

e�gjxþasj ds

¼ aegx
Z �x=a

�l
e�s2þags dsþ ae�gx

Z þl

�x=a

e�s2�ags ds:

If x < 0 then

egx
Z �x=a

�l
e�s2þags ds ¼ e�gjxjea

2g2=4

Z jxj=a

�l
e�ðs�ag=2Þ2 ds;

e�gx

Z þl

�x=a

e�s2�ags ds ¼ egjxjea
2g2=4

Z þl

jxj=a
e�ðsþag=2Þ2 ds:
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If x > 0 then

e�gx

Z þl

�x=a

e�s2�ags ds ¼ e�gjxjea
2g2=4

Z jxj=a

�l
e�ðs�ag=2Þ2 ds;

egx
Z �x=a

�l
e�s2þags ds ¼ egjxjea

2g2=4

Z þl

jxj=a
e�ðsþag=2Þ2 ds:

Hence

Z þl

�l
e�ðx�xÞ2=a2e�gjxj dx

¼ aea
2g2=4

�
e�gjxj

Z jxj=a

�l
e�ðs�ag=2Þ2 dsþ egjxj

Z þl

jxj=a
e�ðsþag=2Þ2 ds

�
:

The inequalities

Z jxj=a

�l
e�ðs�ag=2Þ2 dsa

Z þl

�l
e�ðs�ag=2Þ2 dsa

ffiffiffi
p

p
;

Z þl

jxj=a
e�ðsþag=2Þ2 ds ¼

Z þl

jxj=aþag=2

e�t2 dt ¼
ffiffiffi
p

p

2
erfc

�jxj
a

þ ag

2

�

a

ffiffiffi
p

p

2
e�ðjxj=aþag=2Þ2

a

ffiffiffi
p

p

2
e�2gjxj

complete the proof. r

Lemma 2.7. For any gb 0 there exists bgðTÞ such that

Z
R

jx� xj
2

ffiffiffiffiffiffiffiffiffiffi
t� t

p e�ðx�xÞ2=4ðt�tÞe�gjxj dxa
ffiffiffiffiffiffiffiffiffiffi
t� t

p
bgðTÞe�gjxj; 0a t < taT :ð2:23Þ

Proof. Set a ¼ 2
ffiffiffiffiffiffiffiffiffiffi
t� t

p
. We have

Z
R

jx� xj
2

ffiffiffiffiffiffiffiffiffiffi
t� t

p e�ðx�xÞ2=4ðt�tÞe�gjxj dx

¼ a

Z þl

�l
jsje�s2

e�gjxþasj ds

¼ aegx
Z �x=a

�l
jsje�s2þags dsþ ae�gx

Z þl

�x=a

jsje�s2�ags ds:
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If x < 0 then

egx
Z �x=a

�l
jsje�s2þags ds ¼ e�gjxjea

2g2=4

Z jxj=a

�l
jsje�ðs�ag=2Þ2 ds;

e�gx

Z þl

�x=a

jsje�s2�ags ds ¼ egjxjea
2g2=4

Z þl

jxj=a
se�ðsþag=2Þ2 ds:

In the case x > 0

egx
Z �x=a

�l
jsje�s2þags ds ¼ egjxjea

2g2=4

Z þl

jxj=a
se�ðsþag=2Þ2 ds;

e�gx

Z þl

�x=a

jsje�s2�ags ds ¼ e�gjxjea
2g2=4

Z jxj=a

�l
jsje�ðs�ag=2Þ2 ds:

We deduce that

Z
R

jx� xj
a

e�ðx�xÞ2=a2e�gjxj dx

¼ aea
2g2=4

�
e�gjxj

Z jxj=a

�l
jsje�ðs�ag=2Þ2 dsþ egjxj

Z þl

jxj=a
se�ðsþag=2Þ2 ds

�
:

From the inequalities

Z þl

jxj=a
se�ðsþag=2Þ2 ds ¼

Z þl

jxj=aþag=2

�
t� ag

2

�
e�t2 dt

a

Z þl

jxj=aþag=2

te�t2 dt ¼ 1

2
e�ðab=2þjxj=aÞ2

a
1

2
e�2gjxj;

Z jxj=a

�l
jsje�ðs�ag=2Þ2 ds ¼

Z jxj=aþag=2

�l
tþ ag

2

��� ���e�t2 dta

Z þl

�l
tþ ag

2

��� ���e�t2 dt

¼
Z �ag=2

�l

�
�t� ag

2

�
e�t2 dtþ

Z þl

�ag=2

�
tþ ag

2

�
e�t2 dt

¼ e�a2g2=4 þ ag

2

ffiffiffi
p

p
erf

�ag
2

�

we deduce that

Z
R

jx� xj
a

e�ðx�xÞ2=a2e�gjxj dxa aea
2g2=4e�gjxj

�1
2
þ e�a2g2=4 þ ag

2

ffiffiffi
p

p
erf

�ag
2

��
:

Then (2.23) is proved with bgðTÞ ¼ 2þ eTg2ð1þ 2g
ffiffiffiffiffiffiffi
Tp

p
Þ. r
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3. Examples

While, as far as the smoothness properties of the solution with respect to the
space variables are concerned, the choice of a norm is ine¤ective1, the asymptotic
behavior of this solution when t ! þl is greatly e¤ected by a change of the
norm in the space. It is true that the norm which is introduced in the space S is
suggested by physical considerations, however, there is not only one norm (e.g.
one topology) which suits the physical problem and, on the other hand, physical
experiments are not able to determine what the norm should be. We illustrate this
consideration by a simple but very significant example.

For fixed pb 1, t > 0, ab 0, bb 0 and aþ b > 0, consider the space H p
m ðtÞ

of real valued function uð�; tÞ a C1ðRÞ, uð�; tÞ; uxð�; tÞ a Lp
m ðRÞ equipped with the

norm kuð�; tÞkp;m ¼ aMðtÞ þ bNðtÞ where

MðtÞ ¼
�Z þl

�l
juðx; tÞj pð1þ x2Þm dx

�1=p
;

NðtÞ ¼
�Z þl

�l
juxðx; tÞj pð1þ x2Þm dx

�1=p
:

The function uðx; tÞ ¼ ðtþ 1Þhð1þ x2Þ�ge�ðx2=ðx2þ1ÞÞðtþ1Þk solves the problem
(2.4), (2.5) with jðxÞ ¼ ð1þ x2Þ�ge�x2=ðx2þ1Þ and

cðx; tÞ ¼ ðhðtþ 1Þ�1 � kðtþ 1Þk�1Þ þ ðkðtþ 1Þk�1 � 2g� 4g2Þð1þ x2Þ�1

þ 2½2gð1þ gÞ � 3ðtþ 1Þk � 4gðtþ 1Þk�ð1þ x2Þ�2

þ 4½2ð1þ gÞðtþ 1Þk � ðtþ 1Þ2k�ð1þ x2Þ�3 þ 4ðtþ 1Þ2kð1þ x2Þ�4:

The function j a ClðRÞ and satisfies conditions (2.6); for any fixed h; k a Z and
t a ½0;T �, the function c satisfies iÞc and iiÞc.

In the following we assume pb 1, g > 1=2 and m < g� 1=2. We obtain

MðtÞ ¼ ðtþ 1Þh
�
2

Z þl

0

e�ðpx2=ðx2þ1ÞÞðtþ1Þk

ð1þ x2Þ pg�m dx
�1=p

ð3:1Þ

¼ ðtþ 1Þh
�Z 1

0

e�pðtþ1Þkss�1=2ð1� sÞ pg�m�3=2
ds
�1=p

¼ ðtþ 1Þh�k=2p
�Z ðtþ1Þk

0

�
1� s

ðtþ 1Þk
�gp�m�3=2

e�sps�1=2 ds
�1=p

:

1These smoothness properties in general depend on the smoothness of the data, no matter how a

norm in the vector space has been introduced.
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Define

ftðsÞ ¼
�
1� s

ðtþ1Þk

�gp�m�3=2

e�sps�1=2 0a sa ðtþ 1Þk

0 ðtþ 1Þk < s < þl

8<
:

We have, for any k > 0 and gb mþ 3=2

lim
t!þl

ftðsÞ ¼ e�sps�1=2; j ftðsÞja e�sps�1=2 ðs > 0Þ:

Then

lim
t!l

Z ðtþ1Þk

0

ftðsÞ ds ¼
Z þl

0

e�sps�1=2 ds ¼
ffiffiffi
p

p
ffiffiffi
p

p :

We deduce that

lim
t!þl

MðtÞ ¼

þl h >
k

2p�p
p

�1=2p
h ¼ k

2p

0 h <
k

2p

8>>>>>>><
>>>>>>>:

From (3.1), for m < g� 1=2, if k ¼ 0

lim
t!þl

MðtÞ ¼

þl h > 0�Z 1

0

e�pss1=2ð1� sÞ pg�m�3=2
ds
�1=p

h ¼ 0;

0 h < 0

8>><
>>:

if k < 0 we deduce that

lim
t!þl

MðtÞ ¼
þl h > 0

fp;m; g h ¼ 0

0 h < 0

8<
:

where

fp;m; g ¼
�Z 1

0

s1=2ð1� sÞ pg�m�3=2
ds
�1=p

¼
� ffiffiffi

p
p

2

G
�
pg� m� 1

2

�
Gðpg� mþ 1Þ

�1=p
:

Since

uxðx; tÞ ¼ � 2x

1þ x2

�
gþ ðtþ 1Þk

1þ x2

�
uðx; tÞ
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one finds

NðtÞ ¼ ðtþ 1Þh
�
2

Z þl

0

2 pjxj p

ð1þ x2Þ p
�
gþ ðtþ 1Þk

1þ x2

�p
juðx; tÞj p dx

�1=p

¼ 2ðtþ 1Þh
�Z 1

0

e�spðtþ1Þkðgþ ðtþ 1Þkð1� sÞÞ p

� ð1� sÞgp�m�3=2þp=2
sðp�1Þ=2 ds

�1=p

¼ ðtþ 1Þh�k=2pþk=2
�Z þl

0

gtðsÞ ds
�1=p

where

gtðsÞ

¼ 2
�
1� s

ðtþ1Þk

�gp�m�3=2þp=2�
1þ g

ðtþ1Þk
� s

ðtþ1Þk

�p
e�spsðp�1Þ=2 0a sa ðtþ 1Þk

0 s > ðtþ 1Þk:

8<
:

For k > 0 and ma g� 1

lim
t!þl

gtðsÞ ¼ 2e�spsðp�1Þ=2; jgtðsÞja 2ð1þ gÞ pe�spsðp�1Þ=2 ðs > 0Þ:

Then

lim
t!l

Z ðtþ1Þk

0

gtðsÞ ds ¼ 2

Z þl

0

e�spsðp�1Þ=2 ds ¼ 2G
�pþ 1

2

�
p�ðpþ1Þ=2:

We deduce that

lim
t!þl

NðtÞ ¼

þl h >
k

2p
� k

2

G
�pþ 1

2

�1=p
p�ðpþ1Þ=2p h ¼ k

2p
� k

2

0 h <
k

2p
� k

2

8>>>>>>><
>>>>>>>:

For k ¼ 0

lim
t!þl

NðtÞ ¼
þl h > 0

cp;m; g h ¼ 0

0 h < 0

8<
:

cp;m; g ¼ 2
�Z 1

0

e�spðgþ ð1� sÞÞ pð1� sÞgp�m�3=2þp=2
sðp�1Þ=2 ds

�1=p
:
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For k < 0

lim
t!þl

NðtÞ ¼

þl h >
k

2p
� k

2

dp;m; g h ¼ k

2p
� k

2

0 h <
k

2p
� k

2

8>>>>>>><
>>>>>>>:

where

dp;m; g ¼ 2g
�G�pþ1

2

�
G
�
gpþ p

2 � m� 1
2

�
Gðpðgþ 1Þ � mÞ

�1=p
:

Summarizing, we obtain that, for k > 0, g > 3=2 and ma g� 3=2

lim
t!þl

kuð�; tÞkp;m ¼

a �lþ b �l h >
k

2p

a �
�p
p

�1=2p
þ b �l h ¼ k

2p

a � 0þ b �l k

2p
� k

2
< h <

k

2p

a � 0þ G
�pþ 1

2

�1=p
p�ðpþ1Þ=2p h ¼ k

2p
� k

2

a � 0þ b � 0 h <
k

2p
� k

2

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

For g > 1=2 and m < g� 1=2, if k ¼ 0

lim
t!þl

kuð�; tÞkp;m ¼

a �lþ b �l h > 0

a �
�p
p

�1=2p
þ b � cp;m; g h ¼ 0;

a � 0þ b � 0 h < 0

8>><
>>:

if k < 0 then

lim
t!þl

kuð�; tÞkp;m ¼
a �lþ b �l h > 0

a � fp;m; g þ b � dp;m; g h ¼ 0

a � 0þ b � 0 h < 0

8<
:

In addition it is easy to show that

sup
x AR

juðx; tÞj ¼ ðtþ 1Þh; lim
t!þl

sup
x AR

juðx; tÞj ¼
0 h < 0

1 h ¼ 0

þl h > 0:

8<
:
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For example, consider p ¼ 2, g > 3=2 and m < g� 3=2. If k > 0,
h ¼ k=ð2pÞ ¼ k=4 > 0 we have

lim
t!þl

�Z þl

�l
juðx; tÞj2ð1þ x2Þm dx

�1=2
¼
�p
2

�1=4
:

If k > 0 and 0 < h < k=4,

lim
t!þl

�Z þl

�l
juðx; tÞj2ð1þ x2Þm dx

�1=2
¼ 0:

If k < 0, h ¼ �k=4 > 0

lim
t!þl

�Z þl

�l
juxðx; tÞj2ð1þ x2Þm dx

�1=2
¼ 2g

� ffiffiffi
p

p

2

G
�
2g� mþ 1

2

�
Gð2g� mþ 2Þ

�1=p
:

In all of the cases we have that

lim
t!þl

sup
x AR

juðx; tÞj ¼ þl:

In the last transparency [2] Gaetano Fichera wrote What of these norms has
a physical meaning? and he suggested that Asymptotic Theory of PDE should be
investigated considering the norm in the function space, where uðx; tÞ is valued, like
a datum; in other words by considering stability even with respect to the norm.
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