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Abstract—A suitable cap-rate is generally determined
through an analogical process in order to estimate the value of
any real estate through the capitalization of the incomes. The
analogy relates to the risk and duration of similar investments.
There are numerous methods to rationalize the valuation of the
cap-rate. Appraisals have a certain degree of uncertainty in all
these methods. This paper proposes a methodology which
removes any uncertainty when evaluating the cap-rate. This is
achieved through the combination of the formal logic of the
Ellwood’s model and the Real Options Analysis.

Keywords— Ellwood, real options, cap rate, risk analysis.

L INTRODUCTION

When the estimation of the market value of property is
based on the capitalization of income, the choice of
capitalization rate can be made through different procedures.
The analogical procedure, which is the most widely adopted,
is usually a comparison between an assumed return rate on
investments similar to those of the property to be evaluated.
The analogy specifically concerns two aspects: the risk and
duration of the investment. The assumed rate must be
correctly defined, either up or down, in order to take into
account the differences between investment risk and the
different role played by the return rate in relation to the
function of the capitalization rate.

In current literature, there is an ample discussion on the
procedures that are intended to streamline the estimation by
analogy of the capitalization rate [1, 7, 12, 15, 18]. In all
cases, however, there still remains a rate of uncertainty that
significantly affects the final estimation of the property. This
is due to the inverse relationship that ties the rate to the result
of the estimation, so that — as it is well-known — a slight
change, increasing or decreasing, of the capitalization rate

25

corresponds  to inverse variations in the

estimations.

significant

II.

The aim of this work is to reduce the uncertainty inherent in
estimating the capitalization rate by converting it into risk.
This paper is a generalization of the appraisal model of the
capitalization rate already developed for the Italian market
[18].

The reduction of the uncertainty is achieved by combining
the logic at the bases of the Ellwood model and Real Options
Analysis (ROA), with the main references being discussed in
the following paragraphs. For a more detailed discussion, see
the studies cited in the bibliography. In detail, the property
investment pattern of the Ellwood model, obtained from the
sequence of the financial income and expenses related to the
established availability period of the property, combined with
the risk analysis of the ROA, makes it possible to anticipate
the evolution of the investment value up to the year in which it
is convenient to recover the initial capital.

AIM AND OBJECTIVES

The choices derived from the analysis carried out and the
verification of the reliability of the model that is proposed are
made via the implementation of the model to the estimation of
the market value of the properties that make up a sample of
the study as well as the subsequent measurement error. The
result is a capitalization rate that has value on a broad areca
identified — for example — with the centre or the periphery of a
city. Accordingly, this rate should be corrected when having to
take into account both the effects of specific factors of the area
as well as the intrinsic characteristics of the property subject
of the estimation.
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III.  SIGNS OF THE ELLWOOD MODEL AND REAL OPTIONS

ANALYSIS

In the Ellwood model, the capitalization rate is sought from
the equation that adds up the assets and the liabilities of a
typical property investment [10]. In this model, the revenues
and expenditures, due to being attributable at different times,
become financially homogeneous through the reduction of the
amounts of individual items to year zero by using the internal
return rate of the property investment.

From the financial analysis, the capitalization rate is then
derived as the relationship between the ordinary producible
income from the property and the estimated value of the

property.

Real Options Analysis (ROA) is a technique for estimating
investments that can be successfully used to manage the
uncertainty related to possible changes of scenario [5, 8].

Compared to the static approach, which considers the
updating of cash flow of the future investment for the most
likely scenario, ROA, where the uncertainty can be
transformed into risk, makes it possible to carry out a risk
analysis of the various project solutions, called options [19].

There are multiple analytical formulations of the ROA. In
this work, the binomial paradigm is used [4], which develops
the changes of the initial values of the investment through
multiplicative probability, defined by the coefficients #>1 and
d<1, which represent, respectively, the evolution of the initial
state towards either a favourable or unfavourable scenario.

The size of the coefficients u and d is the result of the
investment risk analysis, statistically calculated by a
dispersion index that, in the case of a normal distribution of
the variable under analysis, coincides with its standard
deviation (o).

Having estimated the risk, the definition of the possible
evolution states occurs with the mathematical expressions in

(1):

u= eg"/z
1
d= e_U"/E W
where:

e = Napier number;

o = standard deviation, also called — in ROA — volatility;

dt = considered time interval between the successive scenario
evolutions.

With the use of the coefficients u# and d, the initial
investment has a typical tree-like structure (scenario tree),
derived from the analysis grid [6].

A decision tree is built after the risk analysis [11, 16]. This
is the stage where feasible options are identified and the
corresponding values quantified. The valorisation of the
inherent options of a project makes it possible to identify the
“managerial flexibility and adaptability” that the decision
maker can use [14, 17]. The decision tree makes it possible to
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measure the impact, on the financial analysis, of the possible
development options of the investment. The impact
measurement requires the preliminary definition of a
maximization function, which conforms to the particular type
of option identified. With this function, in the year when the
option is exercised and for every possible scenario in that year,
the comparison of the present value of the investment “with”
and “without” the option is carried out.

The operation described is performed for all the »n scenarios
of the year of feasibility of the option, making it possible to
establish a vector of the majors, of dimension nxI, which is
then discounted to the current scenarios following the scenario
tree from right to left. The calculation is performed by
weighting the elements of the vector with the coefficients of
risk-neutral probabilities (p and I-p), relating to the current
situation, the outcome of the weights using a discount rate (7;).

The result is the present extended value of the investment, a
value that includes the effect of the option or options that may
be exercised.

IV.

One hypothesis is that the property is purchased with the
entire sum. This eliminates three variables from the
termination equation of the financial analysis of the Ellwood
model: the partially financed capital, the interest rate for the
recovery of the loan, as well as the duration of the
depreciation period. The eligibility of the simplification is due
to the low influence that the three variables have on the final
result, especially when not determining the performance of a
property investment, but rather a capitalization rate.

THE BASIC ASSUMPITIONS

Another hypothesis assumes that the availability period of
the property, due to it deriving from the construction and
solution of a maximisation function of the profits generated by
the investment, is an endogenous variable of the model. In
fact, the maximization of profits is a primary objective of any
economic entity that decides to invest capital, and therefore
also of an ordinary investor. The maximisation function used
in the model implements the risk analysis of the investment.

Another possibility includes the invariability of income
[13]. In fact, as confirmed through the application of the
model to several case studies, the duration of the investment is
roughly equal to the normal length of a lease. A study on how
the effects of macroeconomic factors have been generated on
the economic cycles of the housing market of four California
cities [9] showed that leases complicate the transmission
mechanism of any shocks to the external application (such as
an unexpected growth in employment) on the values of the
lease. The contracts determine the rental market, a significant
delayed impact compared to the effect felt on real estate
transactions. These contracts do not include the variability of
the agreed income, thus, it is to be expected that, at the end of
the availability period of the property, the actual rent (i.e.
based on the invariability of prices) remains constant.

The implemented risk analysis objectifies the estimation of
the capitalization rate, eliminating the remaining uncertainties
in the definition of the capital property appreciation rate as
well as the discount rate in the financial analysis. The
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assumption is that the riskiness of the property investment can
be explained by the volatility of the time series of the annual
rates of appreciation or depreciation of property values. The
time series of the rates can be constructed from the annual
average property values for the cities and in homogeneous
areas, provided by databases for sufficiently long periods,
which are therefore statistically significant. The use of
verification tests has highlighted that the distribution of the
time series of the annual rates observed in many Italian cities
agrees with good approximation to the assumption of normal
development, required for the development following the
analyses.

The wolatility of the series of the appreciation or
depreciation rates of property values, or the investment risk,
may therefore be represented in an effective measurement of
its standard deviation (o), calculated as a percentage of the
average in the series.

TABLE 1.

V.

In its formal and logical articulation, the new model is
defined by five equations, presented in Table 1.

DESCRIPTION OF THE MODEL

On the basis of the aforementioned assumptions, the
Ellwood financial statement for a property investment can be
written using (2) in which appear, the first term, the revenues
from the investment during the availability period of the
property (m), obtained from the sum of the deferred and
constant annual incomes (R) and increased by the property
value at the end of the availability period (projection period),
consisting of the purchase price (P) re-evaluated with the
coefficient r,. All the items of the first term are discounted at a
rate (r;). The second term is given by the initial investment
cost (K), consisting of the purchase price of the property, the
brokerage fees and associated costs of ownership transfer.

EQUATIONS THAT DESCRIBE THE MODEL
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In the binomial system adopted for the analysis of the real
options, once the standard deviation (c) and the parameters u
and d have been estimated, the stochastic evolution of the
present value of the investment (VA) is defined. As reported
in Table I, this evolution coincides with the first member of
(2) and can be written using (3).

It should be noted that the purchase price (P) of the property
— also present in (3) — is a constant whose exclusion from the
calculation does not produce errors in the probabilistic
evolution of the investment which can be set out in the
scenario tree, but it simplifies some mathematical
manipulations. Therefore, in Eq. 4, the value of the current
year estimate (VA’) is set equal to the sum of real financial
cash flow (gross income generated from the rental of the
property) and virtual flows (annual revaluation or depreciation
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of the capital). The latter being flows which are so called
because they are not collected every year, but gradually
accumulate in the residual value that is received in year m of
mobilization of the investment.

For the construction of the scenario tree based on the
binomial approach, we assume that all the parameters of (4)
are known, with the exception of the availability period of the
property (m). On this condition, it is possible to show that,
given the option for which the sale will be exercised in the
year in which the option itself will be more cost effective,
there is a unique relationship between the volatility value of
the investment (o) and the availability period of the property
(m), to offset the uncertainty related to the identification of the
projection period. The demonstration has calculated the
present value of the cash flows in the first year, then the
second, then third and so on, assuming that the option of
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selling the property, is carried out in a worst situation, i.e.
along the branch of the worst evolution of the property
investment. The calculation shows that, for a given volatility
value, the d' VA’ value of the investment — obtained from the
most pessimistic scenario, by gradually increasing m — has a
trend that uniquely defines a maximum value.

Fig. 1 shows the change in the d' V4’ value for the different
volatility values, assigning the parameters of (4) with
reference to a case study. Using a simple algorithm that
expresses the maximization function of the profits achieved
from that investment, there is the maximum of the function, or
the maximum d' VA’ and the corresponding year m of the
disposal of the property.
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Fig. 1. Development of the &' V4’ value varying volatility ()

Built with the same data as Fig. 1, Fig. 2 shows that the
relationship between o and m is consistent with the
expectations so that, for an increase of o, and hence the
riskiness of the investment, there is a reduction of the
availability period of the property. Chu and Sing [2] have
highlighted that in the property market, investors are contrary
to exercising the deferment in light of possible future
developments, when there are concrete and actual conditions
that threaten the expected revenues in the short-term.
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Fig. 2. Relationship between the availability period (m) and volatility (o)

Analysing the evolutionary path described by the branch of
the scenario tree immediately above the most pessimistic one
(ud™' VA’), it can be noted that the year in which the exercising
of the option to allow for the sale with maximum profits is not
different. Similarly, when analysing the branches of the tree,
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the paths that describe progressive evolutions of more
favourable scenarios (u’d*VA’, w’d VA’ u'd™*VA’,..), there is
always the same year m that is more convenient to dispose of
the investment. Year m is therefore the time when, regardless
of the more or less favourable scenario, the property should be
sold. To confirm the consistency of the binomial paradigm, the
same result is reached in the continuing development of the
mathematical decision tree by placing the sale to year m as a
particular option. This option is characterized by the
maximization of a function that compares the value of the
flow VA’ to year m, found for all possible scenarios (m+1),
with the same amount of initial capital (P). Capital that
becomes available again at the end of the projection period
(m), year uniquely identified by the volatility of the
investment. In fact, it is to the year m that consolidates the
present value of “total” of the investment property, given that
the sum includes the financial cash flows and the amount
corresponding to the recovery of the purchase price, namely
the capital invested. Considering the values of year m with
the probability p and /-p, modified according to the sale of the
property, or the exercising of the particular option, and
discounting the values weighted to the present by the rate 7;,
the present value of the investment to the year zero (VA’
extended) becomes equal to the present value of the
investment property as it appears in the sale of the property in
year m in the absence of options.

Due to the results described and having fixed the cost-
effectiveness as the sole criterion for defining the year of
disposal of the investment, the sale cannot be treated as a real
option. In fact, an option may be defined as the ability of the
decision maker to exercise a choice under certain evolutionary
conditions, choice upon which the analysis of real options is
able to assign a value. In the analysis carried out, however, the
sale in year m does not have a more convenient alternative
scenario or branch of the tree. Therefore, it is a requirement,
for the normal investor, to sell in that year. This creates the
return to (3) after determining, as described, the year m.

In (2), it is possible to make the expenses of the main part
explicit, in order to obtain, from the rent, the net income and
the initial investment costs (K).

The gross capitalization rate (r. ) is defined as the
relationship between the rent (Ca) and the purchase price of
the property (P). The balance sheet of (2) can be rewritten
with (5), with the taxes and expenses being listed in Table II.
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TABLE IL TAXES AND EXPENSES IN EQUATIONS OF TABLE I
Cracancy percentage of losses due to vacancy and write-offs (% of R)
Cincome percentage of taxes on income (% of R)

percentage of the annual fee for annual reintegration for the
Sreint renewal of the property capital at the end of its useful life (% of
construction cost)
percentage corresponding to the costs of extraordinary
Smai maintenance, administration and insurance (% of construction
cost)
Cproperty percentage corresponding to property tax (& of P)
s percentage corresponding to the costs of marketing the property,
broker | prokerage fees (% of P)
Stransfer percentage corresponding to the property transfer tax (% of P)
Snotary percentage corresponding to the notary fees (% of P)

The coefficient for calculating the reintegration rate (sye;n,) is
obtained, as known, with the formula of the final accumulation
of the annual constants, delayed and limited. Once the data on
the remaining life of the property (v,) has been obtained, the
coefficient is determined according to the discount rate (7;)
using the following equation:

s ™
(1+}’l‘)vr -1

Sreint™

In (5), the expenses relating to the shares of the reintegration
and extraordinary maintenance, administration and insurance
are calculated as a percentage of the cost of constructing the
property, estimated as equal to 2/3 of its market value. The
determination of these items does not create any problems due
to it normally being revealed by the data collection and
measurement or calculation of the magnitudes involved.

Finally, (5) is rewritten in the form of the (6) where the
capitalization rate is explained as the unknown of the model.

Particular attention is required in estimating the rates r, and
ri. The first, which is the annual rate of appreciation or
depreciation, in this work is determined by a procedure that
uses the time series of property values derived from easily
accessible sources. The rate is then defined as equal to the
weighted mobile average of the series calculated over a period
corresponding to the duration of the property economic cycle,
an average of five years. The macro-economic factors which
depend on the real estate cycles are designed by Eldestein and
Tsang [9]. The definition of the rate r, is objective,
differentiated by city and homogeneous area, and reflects the
evolutionary trend of the phenomenon. The weighted mobile
average, through the use of a linear growth factor, makes it
possible to assign greater weight to the information which is
more recent and next to the estimation.

The discount rate (r;) coincides, from a financial
perspective, with the internal return rate of the investment.
However, in the Ellwood model as well as this new model, it is
not obtained as a result of financial analysis, but is introduced
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by the operator as a well-known fact among the input
variables. The unknowns in the equation are consequently
reduced to only one, the capitalization rate (7). The estimation
of r; is actually carried out by the criterion of opportunity cost,
assuming as a discount rate, the return rate on an alternative
investment to that of the analysis, similar in terms of risk and
duration.

In property investments, it is common practice to choose
government bonds, as alternative use of the capital. However,
the analogy between the property market and public bonds is,
in fact, an approximation that involves accurate corrections to
the return rate of government bonds in order to obtain the
discount rate for the property investment. In conditions of
economic stability, it could be argued that the ordinary
economic subject who invests money in property, in relation
to the similar investment in government bonds which are
normally considered risk-free, has a greater appetite for risk as
well as managerial capacity to manage the property. It is
therefore clear that continuing with this logic would have led
to an estimation model that was no different from the others,
applied to the indirect estimation of the capitalization rate.

An alternative type of investment, which is similar in terms
of risk and duration of the property investment, is that of
closed real estate funds. The market, thus, is a share one where
there is a variety of financial products associated with a
variability of returns, leading to the exclusion of adopting
property funds as an alternative investment.

This leads to the idea of using a discount rate related to
parameters that are already defined and known by the model,
which proposes, through the following conditions:

the choice of the alternative investment cannot be
separated from the expected return for the property being
valued, for which the rate of appreciation or depreciation
(r,) is already defined;

an alternative investment should be treated in relation to
the risk that characterizes the expected return and that
during the implementation of the model, it is analyzed and
expressed through the calculation of the volatility (o) of
the investment. An increase in the cost of money and the
market presence of other forms of investment with more
attractive yields could adversely affect the demand for
properties. The capitalization rates could increase greatly if
investors require a higher return from the property market
in order to compensate for the rising interest rates [3].

For the two conditions mentioned, the calculation of the
discount rate r; can be carried out through the choice of a
linear combination of the two parameters ¢ and r,, which can
represent an extreme limit of the actual investment return and
risk. Considering that the standard deviation (o), with respect
to a normal type distribution, makes it possible to know the
range — centred on the average — around which a number of
observations falls, and given that the range of + 3 ¢ covered
99.73% of the observed measures, it follows that the discount
rate sought can be obtained with the relation:

ri=r,(1+3"0). (®)
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The indirect estimation of the market value of a property,
based on the capitalization of income, has two fundamental
assumptions: 1) the equivalence of the market value with the
result of the relationship between the ordinary income
retractable from the asset and the capitalization rate, 2) the
presence of the conditions that allow for the prediction of both
the income as well as the rate. It is also essential that the data
and information is available in order to determine the rates and
incomes.

CONCLUSIONS

In the event that there is the possibility to use the rents of
properties similar to the one estimated, and thus determine the
income to be capitalized, the model outlined in this paper
makes the choice of the rate an objective one. When the direct
estimation of the rate is not feasible, but it is possible to build
a time series of the variations in rates of property values, the
model provides a capitalization rate of general validity on the
reference area, in order to adjust it when there is the need to
take into account the effects of specific factors as well as the
intrinsic characteristics of the property estimated.

The obijectification of the choice of the rate is due to the
transformation, into risk, of the residual uncertainty in some
exogenous variables to the balance sheet of the property
investment. The operation is carried out through the scenario
analysis of Real Options, with the risk being related to the
forecast of the future revaluation or devaluation of the
property capital. The risk analysis has also allowed for the
unique determination of the duration of the investment,
corresponding to the availability period of the property. It is
up to the estimator whether to use the parameters to estimate
the start-up expenses (notary fees and property transfer tax)
and management of the property investment.

In the risk analysis, the use of a discrete binomial approach
to describe the evolution of the investment over time,
simplifies the process and relieves the formalizations that
mark a continuous evolutionary model. The latter, as it is
known, return the infinite states that the variable can take in
each scenario and inside the variation cone, eliminating the
gaps present in a discrete model. However, in this work, since
the choice of divestiture is generated exclusively by the
observation of each of the worst states in each scenario, it was
considered not to unnecessarily complicate the model with a
continuous approach.

Consistency - with real market values — of the results
obtained from the experiments, proves the reliability of the
model in practical estimation applications.
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