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The problem of simultaneous physical retrieval of surface emissivity, skin temperature, and temperature,
water–vapor, and ozone atmospheric profiles from high-spectral-resolution observations in the infrared is
formulated according to an inverse problemwithmultiple regularization parameters. A methodology has
been set up, which seeks an effective solution to the inverse problem in a generalized L-curve criterion
framework. The a priori information for the surface emissivity is obtained on the basis of laboratory data
alone, and that for the atmospheric parameters by climatology or weather forecasts. To ensure that we
deal with a problem of fewer unknowns than observations, the dimensionality of the emissivity is reduced
through expansion in Fourier series. The main objective of this study is to demonstrate the simultaneous
retrieval of emissivity, skin temperature, and atmospheric parameters with a two-dimensional L-curve
criterion. The procedure has been demonstrated with spectra observed from the infrared atmospheric
sounder interferometer, flying onboard the European Meteorological Operational satellite. To check
the quality and reliability of the methodology, we have used spectra recorded over regions characterized
by known or stable emissivity. These include sea surface, for which effective emissivity models are known,
and arid lands (Sahara and Namib Deserts) that are known to exhibit the characteristic spectral
signature of quartz-rich sand. © 2013 Optical Society of America
OCIS codes: (010.0010) Atmospheric and oceanic optics; (010.0280) Remote sensing and sensors;

(010.1280) Atmospheric composition; (280.4991) Passive remote sensing.
http://dx.doi.org/10.1364/AO.52.002428

1. Introduction

Ingeneral, theproblemof retrieving surface emissivity
from infrared spectral observations is mainly that of
separating surface temperature from emissivity in
the surface radiation emission. This problem is com-
monly referred to as Ts − ε (temperature–emissivity)
separation (e.g., [1–6]). Within the framework of high-
spectral-resolution infrared observations from air-
planes and satellites, the problem has been addressed

by Knuteson and co-workers [7,8], who arrived at a
closed form in which emissivity is separated from sur-
face temperature and atmospheric emission. Thus,
emissivity could be retrieved, assuming that the state
of the atmosphere along with the surface temperature
were known. Under suitable assumptions for the
dependence of the emissivity with wavenumber, this
scheme can also be used to develop a least-squares pro-
cedure inwhichTs and ε are simultaneously retrieved.

Similar approaches have been considered in many
studies aimed at estimating surface emissivity from
aircraft, ship, and in situ observations of spectral ra-
diance, normally acquired with Fourier transform
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spectrometers [9–13]. These methods assume that
the atmospheric state vector is known from indepen-
dent sources, whereas the methodology we describe
and demonstrate retrieves surface and atmospheric
parameters simultaneously from spectral informa-
tion contained in the Earth emission spectrum.

Several algorithms have been developed to derive
emissivity in the infrared from satellite measure-
ments [14–23]. The retrieval is normally accom-
plished with multistage algorithms that separate
temperature and emissivity using, in addition,
background emissivity information derived from
laboratory measurements.

One issue of emissivity retrieval is the fact that the
emissivity parameters potentially have a dimension-
ality as large as that of the observed radiance vector.
For a given spectral observation, this could lead to
an inverse problem with more unknowns than data
points. Thus, the problem of effectively retrieving
emissivity from infrared observations is fundamen-
tally one of emissivity-dimension reduction, to which
one possible solution was recently given in [24–26],
through decomposition of the emissivity function in
a suitable orthogonal basis. However, the orthogonal-
basis technique dates back to [27].

It should be stressed that the emissivity seen from
a satellite is dependent on the geometry of the scene
as imaged by the instrument optics. The scene can
contain different elements, such as soil, bedrock, and
vegetation. In addition, vegetation may be in differ-
ent phenological states (dry, senescent, green) and
the surface influenced from seasonal snow cover.
Thus, what we retrieve from the satellite observa-
tions is an equivalent emissivity, which only in the
case of homogenous and flat surfaces (e.g., sea or
desert sand) retains most of the characteristics of
the emissivity spectrum measured in the laboratory.

Our objective is to devise a method to retrieve the
emissivity spectrum along with atmospheric param-
eters, considering that in most cases our a priori in-
formation for emissivity could be a loose constraint.
Toward this objective, we should consider that any
nadir-looking instrument, such as IASI (the Infrared
Atmospheric Sounding Interferometer; see [28]),
yields observations that are strongly affected by
surface emissivity.

The most powerful and natural way we have to re-
presenta spectrumis its decomposition inFourierhar-
monics or coefficients. This is the approach we take in
this study. The emissivity spectrum is decomposed
in a Fourier cosine series, and the coefficients of the
expansion are retrieved instead of the spectral ordi-
nates themselves. This allows us to represent the
emissivity spectrum with the spectral resolution
needed for the kind of surface at hand. This method
was introduced in [29] and is here combined with a
novel methodology that allows us to optimize the
retrieval of emissivity independently of that for the
atmospheric parameters. In fact, we develop a full
two-dimensional (2D) L-curve criterion [30] for the de-
termination of suitable regularization parameters,

which is particularly suited for the case at hand, in
which thedesiredsolutionexhibits at least twodistinct
features simultaneously, one related to the surface
emission and the second to the atmospheric emission.

It is important to stress that while our methodol-
ogy uses an orthogonal basis, and in this respect
shares commonality with [24–26], it does exploit a
novel inverse approach, which, as stated above,
makes use of a full 2D L-curve criterion [30]. To our
knowledge, this aspect is original and this is the first
time it has been used to retrieve surface emissivity
and atmospheric parameters from high-spectral-
resolution infrared observations.

The present study is mostly intended to show
that the concept of simultaneous retrieval of emissiv-
ity, skin temperature, and atmospheric parameters
through optimal estimation combined with a 2D
L-curve criterion is feasible. The methodology is
demonstrated and exemplified with the use of IASI
data recorded over different types of surface. These
include sea surface, desert sand, and dune fields, for
which emissivity can be considered stable through-
out the year and well characterized by spectral fin-
gerprints, which can be exploited to check the
quality and reliability of the retrieval methodology.

The paper is organized as follows: Section 2 shows
the mathematical details of the forward/inverse
formulation of the retrieval problem. Application to
IASI data is shown in Section 3. Conclusions are re-
ported in Section 4.

2. Mathematical Background: Formulation of the
Forward/Inverse Problem

The methodology we present in this section is quite
general and can be applied to any spectrometer of the
same class as the atmospheric infrared sounder
(AIRS) or IASI. However, to streamline the deriva-
tion of the methodology we will consider the case of
the IASI instrument.

IASI was developed in France by the Centre
National d’Etudes Spatiales (CNES) and is flying
onboard the MetOp-A (Meteorological Operational
Satellite) platform, the first of three satellites of the
European Organization for the Exploitation of
Meteorological Satellites (EUMETSAT) European
Polar System. IASI has primarily been put in orbit
to work for a meteorological mission, and hence its
main objective is to provide suitable information on
temperature and water–vapor profiles. The instru-
ment has spectral coverage extending from 645 to
2760 cm−1, which with a sampling interval Δσ �
0.25 cm−1 gives 8461 data points or channels for each
single spectrum. Data samples are taken at intervals
of 25 km along and across track, each sample having a
minimum diameter of about 12 km. With a swath
width on Earth’s surface of about 2000 km, global cov-
erage is achieved in 12 h, during which the instru-
ment records about 650,000 spectra. Further details
on IASI and itsmission objectives can be found in [28].

The simultaneous retrieval of the emissivity
spectrum, skin temperature, and temperature,
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water–vapor, and ozone atmospheric profiles is formu-
lated within the context of optimal estimation [31].
The state vector, v, is composed of an atmospheric
component, v1, and an emissivity component, v2:

v � �v1; v2�t; (1)

where t means transpose. The size of the state vector
will be denoted with N.

This state vector has to be derived from a set of in-
dependent observations of the spectral radiance,
R�σ�. If the spectral radiance is observed at different
wavenumbers σi, i � 1;…;M, then the radiance
vector, R, is defined according to

R � �R�σ1�;…; R�σM��t: (2)

Under the assumption of multivariate normality, our
retrieval problem can be seen as one of optimal-
estimation analysis in which a suitable estimation
of the state vector is obtained by minimizing the cost
function (e.g., [31–33])

min
v

�
1
2
�R−F�v��tS−1ϵ �R−F�v�� �1

2
�v−va�tS−1a �v−va�

�
:

�3�

In Eq. (3),

F: is the forward model function
v: is the atmospheric state vector, of size N
va: is the atmospheric background state

vector, of size N
Sϵ: is the observational covariance matrix,

of size M ×M
Sa: is the background covariance matrix, of

size N ×N

Note that our notation for background and obser-
vational vectors and covariances follows [31].
Furthermore, we use the symbol ϵ to index the obser-
vational covariance matrix, Sϵ. This should not be
confused with the symbol ε, which is used for
emissivity.

For practical purposes, Eq. (3) has to be linearized
in the forward model, so that its minimum can be
sought through a Gauss–Newton iterative sequence.
Linearization is obtained through Taylor-series ex-
pansion of F�v� around a first-guess state vector v0:

R � R0 �
∂F�v�
∂v

����
v�v0

�v − v0� � higher order terms;

(4)

where R0 � F�v0�. The introduction of the Jacobian,

K � ∂F�v�
∂v

����
v�v0

; (5)

allows us to replace Eq. (3) with the quadratic form

min
x

1
2
��y −Kx�t�S−1ϵ �y −Kx� � �x − xa�tS−1a �x − xa�; (6)

where

y � R − R0;

x � v − v0;

xa � va − v0: (7)

A. Forward Model

The forward model we use in this paper [34] solves
the radiative transfer equation in the form

R�σ� � Rs�σ� � Ra�σ� �Rr�σ�; (8)

where R is the upwelling radiance, decomposed in its
surface term at the top of the atmosphere, Rs, atmos-
pheric component, Ra, and surface reflected part, Rr,
respectively. All quantities depend on the wavenum-
ber σ, and the dependence over the directional angle
is implicit.

In Eq. (8), the top-of-the-atmosphere surface
term is

Rs�σ� � ε�σ�B�σ;Ts�τ0�σ� (9)

with

τ0: the total transmittance of the atmos-
phere

ε: the emissivity spectrum
Ts: the skin temperature
B: the blackbody Planck function

The atmospheric component is dealt with in the
usual way,

Ra�σ� �
Z �∞

0
B�σ; T� ∂τ

∂h
dh (10)

with h the vertical spatial coordinate and τ the trans-
mittance from altitude h to �∞. The term Rr�σ� is
appropriately dealt with according to the surface
type. For sea surface, we use a specular model
and [35]:

Rr�σ� � �1 − ε�τ20
Z �∞

0
B�σ; T� 1

τ2
∂τ
∂h

dh: (11)

For land, we use a Lambertian (diffuse) model
and [35]:

Rr�σ� � τ0�1 − ε�
Z

0

�∞
B�σ; T� ∂τ

f
�

∂h
dh (12)
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with

τ f��h� � 2
Z

1

0
τ��μ; h�μdμ; (13)

where τ� is the transmittance from altitude h to
h � 0 along the slant path in the direction μ �
cos θ (with θ the satellite zenith angle). The top-to-
bottom transmittance τ� should not be confused with
the bottom-to-top transmittance τ.

According to [36], it is postulated that

τf��μ; h� � τ��μ̄; h�; (14)

that is, the diffuse transmittance can be calculated as
the transmittance function at a suitable cosine angle;
the term 1∕μ̄ is referred to as the diffusivity factor.
For practical calculations, the value 1∕μ̄ � 1.66
(which corresponds to an effective zenith angle of
52.96 deg) yields accurate results. Actually, the accu-
racy depends on the optical depth. For optical depth
below 1, exact and approximate [through Eq. (14)]
calculations nearly coincide [37]. Using Eq. (14), for
a Lambertian surface the reflected term, Rr�σ�, is
computed according to

Rr�σ� � τ0�1 − ε�
Z

0

�∞
B�σ; T� ∂τ��μ̄; h�

∂h
dh: (15)

Our forward model, σ-IASI, computes R�σ� at the
monochromatic level. The monochromatic spectrum
is convolved with the spectral response function of
the given instrument (e.g., IASI) to obtain the appro-
priate spectral radiance.

In the present work, we assume that the reflected-
sunlight term is negligible. This is generally a good
approximation below 2230 cm−1; however, under
particular Sun–satellite geometry and with specular
reflection, this term could yield an additional
contribution to the brightness temperature spectrum
of up to 0.4 K in the infrared atmospheric window
[38]. Thus, on sea surface the use of observations
at field-of-view angles close to the specular incidence
of Sun angle should be avoided. For land, under the
assumption of a Lambertian surface, the reflected
sunlight term is also negligible within the infrared
atmospheric window [38].

B. Including the Emissivity Spectrum within the State
Vector

To retrieve the emissivity spectrum, we have to prop-
erly define and compute a linearized form of the
forward model. We have

y � Kx; (16)

where

K � �K1;K2�; (17)

x �
�
x1
x2

�
�
�
v1 − v01
v2 − v02

�
; (18)

and subscripts 1 and 2 refer to the atmospheric
and emissivity components, respectively. K1 is com-
puted as usual by considering the derivative of the
radiance, R�σ�, with respect to the atmospheric
parameters.

In the same way, K2 is computed by differentiating
R�σ� with respect to emissivity. In doing so, we first
transform emissivity using the logit function,

z�i� � logit�ε�i�� � log
�

ε�i�
1 − ε�i�

�
; i � 1;…;M;

(19)

which has inverse

ε�i� � exp�z�i��
1� exp�z�i�� ; i � 1;…;M; (20)

where, to simplify the notation, we have written ε�i�
instead of ε�σi� and where, again, M is the number of
radiance data points or channels. The logit transform
allows us to work with a quantity, z, that is defined in
the range �−∞;�∞� and, hence, transform the emis-
sivity, which is defined over the range [0,1], to a new
parameter for which the hypothesis of Gaussian
shape is more realistic. Furthermore, the retrieval
for the emissivity is forced to be in the interval
[0,1]. Using the chain rule for the derivative of a
composite function, we can write the Jacobian
derivative with respect to z in terms of the Jacobian
with respect to emissivity,

∂R�i�
∂z�i� � ∂R�i�

∂ε�i�

�
∂z�i�
∂ε�i�

�
−1

� ∂R�i�
∂ε�i� ε�i��1 − ε�i��: (21)

This allows us to easily linearize the forward model
with respect to z,

∂R�i�
∂z�i� �z�i� − z0�i��; (22)

with z0 a suitable first-guess point.
Second, we develop the z spectrum in a truncated

Fourier cosine series, with truncation point
Mcut ≤ M:

z�i� �
XMcut

j�1

w�j�c�j� cos π�2i − 1��j − 1�
2M

i � 1;…;M;

(23)

with

w�j� �
� �����������

1∕M
p

for j � 1�����������
2∕M

p
for j � 2;…;Mcut

(24)

where the coefficients c�j� for any j � 1;…;M, can be
computed according to
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c�j� � w�j�
XM
i�1

z�i� cos π�2i − 1��j − 1�
2M

i � 1;…;M; (25)

with

w�j� �
� �����������

1∕M
p

for j � 1�����������
2∕M

p
for j � 2;…;M

(26)

Third, inserting the truncated cosine transform
within the linear term [Eq. (22)], we obtain

∂R�i�
∂z�i�

 XMcut

j�1

w�j��c�j� − c0�j�� cos
π�2i − 1��j − 1�

2M

!
;

�27�

which, defining

K2;ij �
∂R�i�
∂z�i�

�
w�j� cos π�2i − 1��j − 1�

2M

�
; (28)

can be put in the vector–matrix form

K2�c − c0�; (29)

which shows that the emissivity state vector [indi-
cated with v2 in Eq. (18)] is made up of the Fourier
coefficients, v2 ≡ c � �c1;…; cMcut

�.
Note thatK2 is a matrix of sizeM ×Mcut and v2 is a

vector of size Mcut; therefore, if we use Mcut ≪ M, we
can achieve a large dimensionality reduction and
represent the whole emissivity spectrum over, e.g.,
the IASI spectral coverage of 645–2760 cm−1 with
a few Fourier coefficients.

It is important to stress that although the spectral
decomposition of the emissivity is obtained over the
whole IASI wavenumber range, we do not need to use
all the IASI channels in a practical inversion of IASI
radiances. We can consider a given set of channels,
even not consecutive (although the penalty is a less
accurate reconstruction of the emissivity spectrum).
All we have to do is to select the same channels we
use in the inversion process from the Jacobian, K2.
That is, we have to use only the K2 rows that
correspond to the channels selected for the retrieval.
Nevertheless, the final estimate for the emissivity
spectrum will be defined over the full 645–2760 cm−1

range. The data will contribute information at the
channels we have used in the inversion; at other
channels, this information will be that of the
background vector (see next subsection), through
interpolation by the Fourier cosine series.

It is also important to note that the appropriate
Mcut depends on the kind of surface. As an example,
for sea surface we expect a smooth behavior along the
IASI spectral coverage, which is well represented,
e.g., by the model of [39]. Figure 1 shows the

representation of the sea-surface Masuda model
for emissivity with Mcut � 20, 40, and 60. It can be
seen that with Mcut ≥ 40 we can represent all the
important features of the sea emissivity spectrum.
Conversely, in case we want to represent the features
exhibited by a quartz-rich sand (see Fig. 2), we need
400 Fourier coefficients in order to fully recover the
8–10 μm (1000–1250 cm−1) reststrahlen doublet of
quartz.

The examples provided in Figs. 1 and 2 show how
we can improve the spectral resolution of the Fourier
expansion by just increasing the number of harmon-
ics in the series. In this respect, one could consider
that the emissivity spectrum is a spectrum for which
we can use the mathematical machinery of Fourier
spectroscopy [40], which, in turn, allows us to
spectrally define emissivity. In fact, the Fourier
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Fig. 1. Masuda model for the sea emissivity spectrum and its
representation with 20, 40, and 60 Fourier coefficients.
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Fig. 2. Desert-sand emissivity spectrum (laboratory measure-
ment from MODIS group of Institute for Computational Earth
System Science, UCSB, http://www.icess.ucsb.edu/modis/EMIS/
html/em.html) and its representation with 60, 200, and 400
Fourier coefficients.
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coefficients of the expansion can be interpreted the
same way as we do with a genuine light spectrum,
that is, they are interferogram samples. If we retain
Mcut values only of the expansion, the spectral reso-
lution of emissivity spectrum, rendered through the
truncated expansion, will be simply scaled by the
factor M∕Mcut. In other words, let us assume that
the spectral resolution of the emissivity spectrum
represented with all the M harmonics is δσε; the
spectral resolution corresponding to Mcut is

M
Mcut

δσε: (30)

To be more precise, in this case it would be more ap-
propriate to speak of spectral sampling rather than
spectral resolution; however, this does not change the
basic formula shown above.

Based on Eq. (30), we can now understand that in
Fig. 1, Mcut � 60 corresponds to the relatively low
spectral sampling of ≈35 cm−1. This sampling should
be enough to represent smooth structure expected for
sea-surface emissivity. In contrast, for desert sand
we need to improve the sampling, because we have
to resolve structures such as the peak at 1160 cm−1

of the reststrahlen doublet of quartz. In fact, we use
Mcut � 400, which corresponds to a sampling of
about 5 cm−1.

It is also important to stress that our way to re-
present the emissivity spectrum is consistent with
the Shannon–Whittaker sampling theorem [41];
therefore, under the assumption that the emissivity
spectrum ε�σ� is bandlimited and sampled at a
high enough rate, δσε, our Fourier-transform formal-
ism provides an interpolation formula, which is
guaranteed to reconstruct it exactly. This property

is not guaranteed in case one uses, e.g., principal-
component analysis, or other ad hoc, subjective, ways
to sample the emissivity spectrum. It is important
to stress that by the “IASI spectrum,” we mean
the measurement is band limited and, a fortiori, the
emissivity spectrum, which we retrieve from the
IASI spectrum.

C. Constraining the Inverse Solution

In the same waywe do with atmospheric parameters,
the emissivity spectrum is constrained with a suit-
able background built upon a suitable ensemble of
emissivity spectra. These can be derived from labo-
ratory measurements [1] and, eventually, in a case
of composite scenes, synthesized together with an
appropriate bidirectional reflectance distribution
function model [42]. For our analysis, appropriate
emissivity ensembles are obtained by the ASTER
(Advanced Spaceborne Thermal Emission Reflection
Radiometer) Spectral Library, version 2.0 [43], and
the MODIS (Moderate Resolution Imaging Spec-
trometer) UCSB (University of California, Santa
Barbara) Emissivity Library (http://www.icess.ucsb
.edu/modis/EMIS/html/em.html).

Depending on the scene, the appropriate ensemble
is then used to obtain the background, v�2�a , and its
covariance matrix, S�2�a . We assume that the covari-
ance matrix is diagonal, and therefore we compute
the sample variance of the emissivity spectrum at
each wavenumber. The background v�2�a is the vector
of the Fourier coefficients, whereas S�2�a is the
variance of the Fourier coefficients.

The background vector v�2�a and its sample stan-
dard deviation is exemplified in Fig. 3 for three cases:
sea surface, desert sands, and savanna. In this figure
we show the Fourier coefficients corresponding to the
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Fig. 3. Background emissivity for three surface types: sea, savanna, and desert. (a) Emissivity spectrum. (b) Logit transform of emissivity.
(c) Fourier coefficients of the discrete cosine transform of z�σ�. (d) Standard deviation of the Fourier coefficients.
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full IASI spectral coverage 645–2760 cm−1 for a total
of M � 8461 coefficients. In practice, when we con-
sider the retrieval problem we truncate the expan-
sion at a given Mcut. For the cases shown in this
paper, sea surface and desert sand, we have 60 for
sea emissivity and 400 for the case of desert land.
The background vector and covariance shown in
Fig. 3 were obtained from 38 desert laboratory sam-
ples in the case of desert sand. For sea surface, we
have eight seawater laboratory samples together
with eight more samples from Masuda’s model [39]
with wind speed in the range 2.5–20 m∕s (steps of
2.5 m∕s). These eight samples are further expanded
by considering related computations as a function of
the 15 IASI fields of view. For desert and sea surface,
we have not used or applied any kind of scene syn-
thesis, since we assume that we are dealing with
homogeneous scenes. For the savanna, we consider
a scene synthesis through the method developed in
[42], in which we consider three basic components:
desert sand, grass, and trees/brushes. Sand and
grass are combined through a volumetric model to
have the basic ground, which is further combined
in a geometric model with tree-foliage emissivity
to obtain the final composite emissivity. We have
eight components for desert sand, two for grass
(dry and green), and one for leaf (this is just an aver-
age of the leaf emissivity in our database). However,
the synthesis has been done by changing abundance
of the three components and model parameters, in
such a way as to have 100 emissivity samples that
are used to yield the background shown in Fig. 3.
It is possible that the background shown in Fig. 3
is not optimal for the given surface. They are here
mostly intended to exemplify our methodology. Dif-
ferent strategies could be considered for building
the background, which may depend on the user. In
this respect, the software we have developed accepts
any user-defined background.

The background covariance matrix for the atmos-
pheric parameters will be denoted by S�1�a . We do not
consider correlation between atmospheric parame-
ters and emissivity spectrum; therefore, the whole
covariance matrix is obtained as

Sa �
�
γ−11 S�1�a 0

0 γ−12 S�2�a

�
: (31)

Because of the block-diagonal form, we have

S−1a �
�
γ1�S�1�a �−1 0

0 γ2�S�2�a �−1
�
: (32)

The parameters γ1 and γ2 are two extra regulariza-
tion parameters, which can be suitably tuned to bal-
ance the constraints. This balancing is particularly
appropriate for the emissivity spectrum, since S�2�a
could be noncommittal for the given data, reflecting
the poor a priori information we have for land
surface. The use of two parameters allows us to

introduce an extra smoothing for the emissivity
spectrum, which is independent of the atmospheric
parameters and vice versa.

Another useful form of Eq. (32) makes use of the
diagonal matrix Γ, whose diagonal elements are
equal to γ1 for the rows corresponding to the atmos-
pheric parameters and γ2 for the rows corresponding
to the emissivity spectrum. If we define

~S−1a �
�
�S�1�a �−1 0

0 �S�2�a �−1
�
; (33)

then

S−1a � Γ ~S−1a ; (34)

The two parameters can be fixed in many ways. We
could just use γ1 � 1 if we knew that S−1a is a good
constraint, and try to optimize γ2. In case we have
good a priori information for the emissivity spectrum
(e.g., for sea surface we know that Masuda’s model is
a very good a priori), we could set γ2 equal to a very
large values and try to optimize with respect to γ1. In
any case, the introduction of two parameters in the
scheme gains us flexibility and allows us to deal with
the two characteristics of the retrieval problem,
atmosphere and surface, separately.

The two parameters, γ1 and γ2, can be also deter-
mined through objective procedures such as the
L-curve method [30]. The calculations provided in
Appendix A show how to implement an analytical
2D L-curve criterion for the objective computation
of γ1 and γ2.

D. The a posteriori Covariance Matrix

Because we have two regularization parameters, the
a posteriori covariance matrix, Ŝc of the estimated
state vector is not that normally derived within
the optimal-estimation methodology [31]. The appro-
priate expression of the a posteriori covariance
matrix can be obtained by generalizing the one-
dimensional L-curve case shown in [44]. The result
for our 2D case reads

Ŝc � S−1ν �Γ2 ~S−1a �KtS−1ϵ K�S−1ν (35)

with

Sν � �Γ ~S−1a �KtS−1ϵ K�; (36)

which for Γ � I reduces to the usual form of the a
posteriori matrix for Rodgers’s regularization [31],

Ŝc � �S−1a �KtS−1ϵ K�−1; (37)

The a posteriori covariance matrix Ŝc applies to
the atmospheric parameters and the Fourier coeffi-
cients of the logit-transformed emissivity spectrum.
To have the covariance in the physical emissivity
space, the above covariance matrix has to be properly
transformed. The transformation can be obtained in
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two steps. First, consider that the cosine transform
of Eq. (23) can be written in a vector–matrix formal-
ism as

z � AFc; (38)

where the Fourier-coefficients vector c has size Mcut,
z has size M, and the Fourier kernel AF has size
M ×Mcut and has elements defined by

AF;ij � w�j� cos π�2i − 1��j − 1�
2M

;

i � 1;…;M; j � 1;…;Mcut; (39)

Thus, the transform from the whole state vector
(atmopshere� emissivity) with c-elements to that
with z-elements reads

�
v1
z

�
�
�
I1 0
0 AF

��
v1
c

�
; (40)

where I1 is the identity matrix.
If we define

AT �
�
I1 0
0 AF

�
; (41)

then the covariance matrix corresponding to the
z-elements is given by

Ŝz � AT ŜcAt
T (42)

It should be noted that this matrix has size
�M �N1� × �M �N1�.

Second, from the logit transform we learn that a
variation in the emissivity at channel i, that is,
Δε�i�, corresponds to a variation Δz�i� according to

Δε�i� � �1 − ε�i��ε�i�Δz�i�: (43)

Let us define the diagonal matrix, Δ according to

Δii �
�
1; i�1;…;N1;
�1− ε�i−N1��ε�i−N1�; i�N1�1;…;M�N1;

�44�

then the final a posteriori covariance matrix, Ŝ, for
the atmospheric and emissivity elements is given by

Ŝ � ΔŜzΔt: (45)

3. Results

We first briefly summarize the other ingredients of
the inverse scheme, which apply to the atmospheric
parameters. For these parameters, including skin
temperature, a first guess to initialize the retrieval
scheme is obtained with an empirical orthogonal
functions (EOF) regression. We note that the EOF re-
gression is not used for emissivity. In this case, the
emissivity first guess is shown in Fig. 3 for the

two surface coverages analyzed in this paper, namely,
sea and desert sand.

Methodology and validation of the scheme for the
atmospheric parameters have been described in
many papers [44–51], to which the reader is referred
for further details. For brevity, we limit ourselves to
the performance of the scheme. For sea surface, the
temperature retrieval is accurate within �1 K in
the troposphere. An accuracy of 10%–15% for humid-
ity is observed in the middle-to-lower troposphere.
For land surface, recent results from the COPS (Con-
vective and Orographically induced Precipitation
Study) campaign in Germany [52,53] show that
our retrieval for temperature compares within 1–2 K
with radiosonde and lidar observations, whereas the
agreement for humidity is within 10%–20% in the
lower troposphere.

The present approach, including emissivity
retrieval, can be applied to clear and cloud-cleared
radiances for both daytime and nighttime. Because
solar radiation can contribute to the observed infra-
red radiance in the shortwave spectral region, only
channels below 2230 cm−1 are used for daytime
processing. However, for nighttime the complete
IASI coverage can be used. For the present analysis,
daytime IASI spectra have been considered, and the
spectral interval used for retrieval covers the two
ranges 645–1250 and 1450–2230 cm−1.

A. Application to IASI Soundings over Sea Surface

Sea surface is a good benchmark to check the perfor-
mance of the retrieval of the emissivity spectrum,
because it provides a homogeneous scene for which,
as already stated, Masuda’s model [39], parameter-
ized for viewing angle and surface roughness, has
been used successfully and extensively in satellite
retrieval algorithms.

IASI spectra for sea surface have been derived
from the Joint Airborne IASI Validation Experiment
(JAIVEx) [54], which was carried over the Gulf of
Mexico during April and May 2007. We have a series
of six spectra for the day 29 April 2007, which were
recorded at nadir, and 19 spectra for 30 April 2007
and 4 May 2007, which were recorded with a field-
of-view angle of 22.5 deg. The IASI spectra are
clear-sky sea-surface measurements, and they are
complemented with dropsonde observations for
temperature, water vapor, and ozone and forecasts
from the European Centre for Medium-Range
Weather Forecasts (ECMWF). Sea-surface skin
temperature was also derived from ARIES (Airborne
Research Interferometer Evaluation System; see,
e.g., [12]) radiances. During the JAIVEx experiment,
AIRES was flown on board the United Kingdom
Meteorological Office FAAM (Facility for Airborne
Atmospheric Measurements) BAe (British Aero-
space) 146 research aircraft.

Figure 4 summarizes the results for the retrieval of
skin temperature. The scatterplot in Fig. 4(a) shows
that the retrieval for skin temperature, Ts, does not
change in case we imposeMasuda’s model (for a wind

10 April 2013 / Vol. 52, No. 11 / APPLIED OPTICS 2435



speed of 5 m∕s) and retrieve only Ts or we simulta-
neously retrieve emissivity and Ts. The standard
deviation and bias of the difference between the
two retrievals shown in Fig. 4(a) is of the order of
0.01 K. A comparison of the retrieved skin tempera-
ture derived from ARIES (the Airborne Research
Interferometer Evaluation System; see, e.g., [12])
retrievals, averaged over the intensive-measurement
JAIVEx target area, is shown in Fig. 4(b) for the 3
days for which we have the IASI soundings. The
mean difference between IASI and ARIES retrievals
is −0.51 K for 29 April 2007, −0.58 K for 30 April
2007 and −0.64 K for 4 May 2007. The imperfect
overlap between ARIES and IASI spatial patterns
has to be kept in mind when considering these
differences.

Figure 5 provides a comparison of the retrieved
emissivity spectrum (nadir observations) with the
corresponding Masuda model for a wind speed of
5 m∕s. The retrieval has been averaged over the
six nadir IASI soundings, and the error bars shown
in this figure were computed according to the square
root of the diagonal of Eq. (45). In addition, they were
properly scaled to take into account the average op-
eration (division by the square root of the number of
samples). The figure also shows the IASI spectral
ranges, which were not used in the inversion.

Of course, differences between model and retrieval
are most significant in those spectral ranges, which
were used for the retrieval, because in the other
ranges the retrieval is an extrapolation obtainedwith
a truncated cosine series (see, e.g., Subsection 2.B).

A slight discrepancy exists in the 1000–1200 cm−1

window region. This is confirmed by analyzing the
IASI observations at 22.5 deg (Fig. 6), although as
shown in Fig. 4, the magnitude of the discrepancy
is too small to be of relevance for the retrieval for
the skin temperature.

The IASI soundings at 22.5 deg show a slight but
systematic discrepancy in the CO2 band at 14 μm,
where the model indicates a slightly lower emissivity
than the retrieval. This behavior is reflected in the
retrieval for temperature, which seems to improve
when we simultaneously retrieve it with the emissiv-
ity spectrum. The effect is much more evident for the
retrievals corresponding to the three IASI soundings
on 4 May 2007. These are shown in Fig. 7 for the case
in which we retrieve temperature with the Masuda
model and the case for which both are retrieved si-
multaneously. However, the statistics are too poor
to derive firm conclusions, and the example is here
shown just to illustrate potential retrieval improve-
ments with the present methodology in which the
emissivity spectrum is simultaneously retrieved
with the atmospheric parameters.

296 296.5 297 297.5 298 298.5 299
296

297

298

299

T
s
  (K) [Masuda emissivity]

T
s (

K
) 

[r
et

. e
m

is
si

vi
ty

]

(a)

0 5 10 15 20 25
296

297

298

299

Number of IASI sounding

T
s (

K
)

(b)

ARIES
FG
Ret.

29 Apr. 2007

30 Apr. 2007

04 May 2007

Fig. 4. Retrieved skin temperature for sea surface. (a) Scatterplot
between Ts obtained by imposing Masuda’s model over the
retrieval and that obtained by simultaneously retrieving emissiv-
ity and Ts. (b) Comparison with the ARIES retrieval for the 3 days
considered in the exercise. In the key, “FG” stands for first guess
and “Ret.” for retrieval.

800 1000 1200 1400 1600 1800 2000 2200 2400 2600
0.94

0.95

0.96

0.97

0.98

0.99

1

Wavenumber (cm−1)

E
m

is
si

vi
ty

(a)

Masuda Model
Retrieval
Range not used

800 1000 1200 1400 1600 1800 2000 2200 2400 2600
−0.01

−0.005

0

0.005

0.01

Wavenumber (cm−1)

R
et

.−
M

od
el

(b)

Ret.−Model
range not used

± 1 σ

Fig. 5. Comparison of the retrieved emissivity spectrum and
Masuda’s model for a series of six IASI soundings at nadir. The
retrieval has been averaged over the six soundings. The circles
individuate the spectral ranges, which were not used in the
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Fig. 6. Same as Fig. 5, but for the series of 19 IASI soundings at a
viewing angle of 22.5 deg.
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B. Application to IASI Soundings over Desert Sand

In this section, the methodology will be exemplified
with IASI soundings over desert regions. We have
considered IASI overpasses over the Namib and the
Sahara Deserts.

For the Namib Desert we have a series of eight
IASI spectra recorded at viewing angles between
41 and 46 deg [Fig. 8(b)]. The sands and dune fields
of the Namib Desert have little vegetative cover, so
their main spectral features are due to the rich

content of quartz. The grain size of quartz is, for
almost 70%, in the range below 250 μm [21,55,56].
This abundance of fine-grain-size particles yields
an emissivity spectrum with a characteristic finger-
print within the reststrahlen band at 8.6 μm
(1162.8 cm−1). Thus, the Namib Desert overpasses
can be used as a benchmark to check the retrieval
quality of the emissivity spectrum, in the sense that
the emissivity-spectrum retrieval must show this
characteristic fingerprint.

A typical emissivity spectrum of fine-grained
quartz sand is shown in Fig. 2. Within the reststrah-
len band at 8.6 μm (1162.8 cm−1), the emissivity is
characterized by two local minima (at 8.27 μm,
1209.2 cm−1, and 9.32 μm, 1073 cm−1) of which the
deepest occurs at 9.32 μm (1073 cm−1. This structure
tends to reverse with coarse-grained particulate
(range of grain size 250–1500 μm), where the deepest
minimum occurs at 8.27 μm (1209.2 cm−1) [1]. Thus,
by looking at the slope of these two minima we can
get insight into the grain size of the quartz sand.

For the Sahara Desert, we analyze a full IASI scan
line consisting of 120 spectra [Fig. 8(a)]. The spectra
were recorded on 22 July 2007, during a morning or-
bit at 08:25 UTC. The scene variability for the
Sahara Desert is much more pronounced than that
for the Namib Desert. The IASI overpass covers sand
seas and regions with a large variety of bulk miner-
alogy. However, the most abundant mineral is
quartz, which means that the emissivity retrieval
has to show the characteristic fingerprint of the
reststrahlen band at 8.6 μm (1162.8 cm−1).

The analysis for the Sahara Desert is intended to
show the capability of our methodology to derive
atmospheric parameters (temperature, water–vapor,
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Fig. 7. Mean-temperature retrieval over the three IASI sound-
ings at viewing angle of 22.5 deg on 4 May 2007. (a) Comparison
of the dropsonde (extended with ECMWF forecast above 400 hPa)
profile with that simultaneously retrieved with the emissivity
spectrum (“S. Retrieval”) and that assuming the Masuda model
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Fig. 8. (a) Sahara target area showing the IASI footprints (circles). (b) Namib target area showing the IASI footprints (circles). (c) Sahara
target area (Ouargla Province, Algeria) showing the SEVIRI pixels (square boxes) and the colocated IASI footprints.
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and ozone profiles), in addition to the emissivity
spectrum. This is particularly interesting for a desert
site for which we know that Numerical Weather
Prediction models fail to be accurate in the lower
troposphere and tend to largely underestimate the
skin temperature, because of poor emissivity param-
eterizations. The retrieval will be compared with
time–space colocated profiles from the ECMWF
(analysis) model.

For the case of the Sahara Desert, further IASI
observations, colocated with Meteosat Second Gener-
ation SEVIRI (Spinning Enhanced Visible and
Infrared Imager) instrument, will be analyzed to spe-
cifically compare emissivity and skin-temperature
products. The target area for this intercomparison
exercise is shown in Fig. 8(c). The target area is geo-
graphically located in Ouargla Province, Algeria. We
have 14,266 SEVIRI pixels covering the target area
(the SEVIRI pixel is a box of 3 km × 3 km). A number
of 123 IASI soundings have been time- and space-
colocated with the SEVIRI pixels, as shown in
Fig. 8(c). SEVIRI observations (Meteosat-9 high-rate
SEVIRI level 1.5 image data) have been acquired on
4 July 2010, 10:07:00 UTC, whereas the IASI obser-
vations refer to the same day, 10:00:21 UTC.

1. Namib Desert
The results for the emissivity spectrum are shown in
Fig. 9. It can be seen that we retrieve the expected
reststrahlen-band positive slope, which character-
izes quartz-rich sand with fine-grained particles.
Similar results have been previously reported in
[21]. We stress here that the background emissivity
we have used for the present exercise is that shown
in Fig. 3, which has just the opposite (negative) slope
in comparison with the retrieval shown in Fig. 9. The
result exemplifies that our methodology is capable of
retrieving genuine features in the data and not in the
background.

This is the main result we wanted to achieve in the
case of the Namib Desert. It should be noted that the
large variability of the emissivity spectra shown in
Fig. 9 is a consequence of the scene variability in
the IASI footprints (Fig. 8). In addition, Fig. 10 exem-
plifies the retrieval precision for the whole emissivity
spectrum. The precision is computed as the square
root of the diagonal elements of the covariance
matrix provided by Eq. (45).

2. Sahara Desert
The IASI spectra analyzed for the Sahara Desert
belong to a full scan line (120 soundings) for an east-
to-west swath length of ≈2400 km [Fig. 8(a)]. The
emissivity retrieval shows a larger variability than
the case corresponding to the Namib Desert,
although the signature of the reststrahlen band is
quite visible in each single retrieval.

This is exemplified in Fig. 11 for three different
IASI soundings. The sounding (latitude 28.27 deg,
longitude 23.86 deg), which shows the typical finger-
print of the fine grain size of quartz sand is located
in the so-called great sea of sand. According to [57],
this region is characterized by sand dunes with fine-
grained particles.

As for the retrieval over sea surface, we can obtain
a representation of the retrieved emissivity spectrum
over the full IASI range, 645–2760 cm−1, although
the IASI spectral ranges used for the inversion
covers the wavenumbers 645–1250 and 1450–
2230 cm−1. As stated in Section 3, the IASI segment
2230–2760 cm−1 is not used; hence, the emissivity in
this range has no information from the data points.
Furthermore, there are spectral ranges in the IASI
spectra that are completely blind to the surface. This
is the case, e.g., for the spectral range 1450–
1900 cm−1. It is important to stress that for ranges
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either not used or blind to the surface, emissivity in-
formation comes form the background vector (that is,
the set of laboratory measurements). Therefore, the
pronounced dip at 1753 cm−1 of one of the emissivity
spectra shown in Fig. 11 is a result of the variability
of the background vector. In sum, for spectral ranges
for which we do not have information from IASI we
fill with the background-emissivity vector.

Figure 12 shows a map of the ECMWF and re-
trieved skin temperature. It can be seen that the
two maps follow the same east-to-west decreasing
pattern, which is, of course, in agreement with the
east-to-west apparent Sun motion. However, it is
clear that the ECMWF analysis is biased downward
with respect to the retrieval. This bias is not an
artifact of the retrieval, as can be seen from Fig. 13,
which compares one individual IASI spectrum to
that calculated with the ECMWF analysis profile.

For the calculation we used the desert emissivity
shown in Fig. 3(a). This emissivity could not be prop-
erly adequate; however, it should be stressed that at
833 cm−1 the emissivity is almost equal to unity even
for desert sand. Nevertheless, at 833 cm−1 the differ-
ence in brightness temperature between IASI and
ECMWF-based calculation is larger than 7 K.

Figures 14–16 compare the retrieval with the
ECMWF analysis for temperature, water vapor,
and ozone, respectively. For temperature, a large dis-
crepancy is seen near the surface. This discrepancy
tends to be confined within ��1–2� K in the tropo-
sphere. However, a relatively high discrepancy is also
seen at the tropopause level. Retrieval and ECMWF
agree with each other as far the tropopause height is
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concerned. However, the retrieval shows a tropo-
pause that is colder by about 5 K than the ECMWF
analysis. Keeping in mind the comparison shown in
Fig. 13, from which we see that ECMWF shows a sys-
tematically warmer CO2 band in the 700–780 cm−1

range, we think that this is not an artifact of the
retrieval. For water vapor, we see a systematic dis-
crepancy in the lower part of the troposphere,
although differences are confined to within 1 g∕kg.
A discrepancy of �1 ppmv (parts per million by
volume) is also seen for ozone.

As a final check of the quality of our retrieval,
Fig. 17 shows the behavior of the spectral residual
over the range 650–1250 cm−1 we have used for
the inversion. The range 1450–2230 cm−1 is shown
in Fig. 18. It can be seen that the spectral residual
is greatly reduced in comparison with the first guess.
Figure 17 allows one to appreciate the goodness of
the fit achieved in the atmospheric window region,
notably in the spectral range from 1100 to
1200 cm−1, which is the core of the reststrrahlen
band of quartz. The quality of the fit at the emission
peak of this band, that is, at ≈1160 cm−1, is
impressive.

The goodness of the fit in the ozone band at
1045 cm−1 (9.6 μm) is also noteworthy. This good
fit has been recently confirmed with ground-based
Fourier transform spectrometer observations [58]
and gives increased credit to the large improvement
achieved by state-of-art O3 spectroscopy in fitting the
ozone absorption band at 9.6 μm [59].

3. SEVIRI versus IASI T s − ε retrieval
In this subsection, we present and describe a
SEVIRI-to-IASI comparison of emissivity and skin-
temperature products. SEVIRI channel emissivity
was retrieved at the three SEVIRI atmospheric win-
dow channels, 12, 10.8, and 8.7 μm (833.33, 925.92,
and 1114.94 cm−1, respectively) simultaneously with
Ts, using a Kalman-filter approach [60]. To have a
proper comparison with IASI emissivity retrieval,
this has been transformed to SEVIRI-like channel
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emissivity through convolution of the IASI retrieved
emissivity spectrum with the SEVIRI channel spec-
tral response [60].

Figure 19 compares SEVIRI with IASI for the
channels at 12 and 10.8 μm. At these channels,
desert-sand emissivity has a poor variability, which
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is nicely reflected from the emissivity retrieval. The
average difference of emissivity between SEVIRI and
IASI (using only the SEVIRI pixels colocated with
IASI) is 0.000 at 12 μm and 0.001 at 10.8 μm.

Much more interesting is the comparison at 8.7 μm
(shown in Fig. 20), because this channel is located in
the middle of the quartz reststrahlen band. Now the
emissivity map shows muchmore variability, and the
structures captured by SEVIRI are also nicely seen
(although at a coarser spatial resolution) within
the IASI map. The average emissivity difference be-
tween SEVIRI and IASI is, for this case, −0.004.

Overall, we have that IASI compares very nicely to
SEVIRI and that the average values of SEVIRI and
IASI emissivity, over the spatial field at hand, differ
at the third decimal place alone. A good comparison
is also seen for skin temperature (see Fig. 20). Struc-
tures seen in the SEVIRI map are also shown in that
of IASI and the difference (over the colocated pixels)
is ∼0.9 K.

4. Conclusions

We have described and demonstrated the quality and
feasibility of a novel approach to derive a high-
spectral-resolution emissivity spectrum from IASI
observations simultaneously with skin temperature
and atmospheric parameters.

The methodology rests on the development in
Fourier series of the emissivity spectrum and the
formulation of the inverse problem with multiple
regularization parameters. We introduce two regu-
larization parameters, one for the atmospheric state
vector and one specifically for the emissivity spec-
trum. Thus, we can deal with the two characteristics
of the retrieval problem, atmosphere and surface,
separately.

The determination of the two regularization
parameters is obtained by the L-hypersurface
method [61], which is a direct generalization of the
one-parameter L-curve method [30] to the case of
two parameters. To the best of our knowledge, the
analytical implementation of the scheme described
in the paper is completely novel. The methodology
has been exemplified with a series of IASI soundings
corresponding to passes over regions whose underly-
ing surface has a stable emissivity (desert sand, dune
fields, sea surface).

The results show that the methodology is capable
of capturing the fine details of the emissivity spec-
trum and providing a very good fit to the IASI radi-
ance. In fact, the spectral residual is almost zeroed in
the atmospheric window.

Although the method makes use of two regulariza-
tion parameters, which need to be optimized, the
procedure is very fast because of its analytical formu-
lation. The methodology can be used to validate low-
spectral-resolution surface emissivity extrapolation
to the IASI spectral coverage (e.g., [17,62]) and for
dedicated science applications, such as the remote
sensing from space of composition of mineral and

rocks with spectral features in the atmospheric
window.

In the present version, we have mostly focused on
the presentation and description of the methodology
on the basis of few but well-characterized IASI
soundings. For applications on a global scale, the sys-
tem has to be optimized, and a strategy to derive a
suitable first guess and background for the emissiv-
ity has to be developed. In this respect, we think that
the work developed in [17,26,62] could largely sim-
plify the task above and provide a useful framework
in which the emissivity first guess and background,
in the form needed for IASI, could be developed in
such a way to be constrained with laboratory and
satellite (MODIS and/or IASI) observations.

Appendix A: Analytical Determination of γ1 and γ2
through the L-surface Criterion

It is well known [32] that by introducing the
operator G,

G � S−1∕2ϵ K ~S1∕2a (A1)

we can write the formal, normalized, solution ~u of
Eq. (6) according to

�γ1Iγ1 � γ2Iγ2 �GtG�û � Gt ~y; (A2)

where

û � ~S−1∕2a �v − va�; (A3)

~y � S−1∕2ϵ �y�K�v0 − va��: (A4)

Note that u is not the same as x defined in Eq. (6). In
fact, u is the difference of the state vector with re-
spect to the background, whereas in x the difference
against the first guess is considered. In Eq. (A2), Iγ1 is
a matrix of size N ×N whose elements are zero ex-
cept for those on the diagonal from row 1 toN1, which
are equal to 1; N1 is the number of atmospheric
parameters in the state vector. Analogously, Iγ2 is
made by zeros, apart from the diagonal elements
(equal to 1) over the rows N1 to N1 �N2 � N, with
N2 the number of Fourier coefficients representing
the emissivity spectrum.

The determination of the two regulariza-
tion parameters, γ1 and γ2, is obtained by the
L-hypersurface method [61], which is a direct gener-
alization of the one-parameter L-curve method [30]
to the case of two parameters. Toward this objective,
we will develop the 2D L-surface, which, in analogy
with the one-dimensional L-curve, is the plot of the
residual norm against the size of the two constraints
imposed on the solution for all valid regularization
parameters. Similar to the L-curve method in which
the regularization parameter is selected, which cor-
responds to the point of the L-curve with maximum
curvature, the optimal couple �γ1; γ2� is defined to be
that corresponding to the point where the L-surface
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shows the maximum Gaussian curvature. It is here
stressed that the L-surface reduces to the L-curve in
the single-parameter case, because the L-surface
curvature reduces to the L-curve curvature. The
property of the L-hypersurface method has been
investigated by Belge et al. [61], who showed that
the L-surface pair �γ1; γ2� yields a regularized inverse
solution, which is numerically equivalent to the op-
timal solution, in mean-square error. This means
that the difference between the two is within the
error bars.

The determination of the point of maximum curva-
ture is the key computational issue with the use of
the L-surface. Numerical methods are not suited,
because the Gaussian curvature may have many
secondary local maxima. For this reason, we have re-
sorted to an analytical computation of the Gaussian
curvature, which enables us to find the principal
maximum.

Taking into account the normalized version of our
inverse problem, Eq. (A2), we have the L-surface is
defined, in its parametric form, by

L�γ1; γ2��
def

8<
:
ζ � Φ�γ1; γ2� � �Gû − ~y�t�Gû − ~y�
ξ � Ψ�γ1; γ2� � ûtIγ1 û
υ � Ω�γ1; γ2� � ûtIγ2 û

: (A5)

The Gaussian curvature is given by [63]

κ�γ1; γ2� �
jdet Pj
w4 (A6)

with

w2 � 1�
�
∂ζ
∂ξ

�
2
�
�
∂ζ
∂υ

�
2

(A7)

and where jdet Pj is the absolute value of the deter-
minant of the matrix P, whose elements are

Pij �
∂2ζ

∂χi∂χj
�A8�

with i, j � 1, 2 and where χ1 � ξ and χ2 � υ. The
derivatives above can be obtained by a transforma-
tion of the partial derivatives of Φ, Ψ, and Ω with
respect to the two regularization parameters, γ1
and γ2. Introducing the notation

(
Ξi � ∂Ξ

∂γi
; i � 1; 2;

Ξij � ∂2Ξ
∂γi∂γj

; i; j � 1; 2;
�A9�

to indicate the derivative of a generic function Ξwith
respect to γ1 and γ2, we have

(
∂ζ
∂ξ � g � Φ1

Ψ1
� Φ2

Ψ2
∂ζ
∂υ � g� � Φ1

Ω1
� Φ2

Ω2

: �A10�

And for the second derivatives,(
∂2ζ
∂ξ2 �

g1
Ψ1

� g2
Ψ2

; ∂2ζ
∂ξ∂υ �

g�1
Ψ1

� g�2
Ψ2

∂2ζ
∂υ2 �

g�1
Ω1

� g�2
Ω2

; ∂2ζ
∂υ∂ξ � g1

Ω1
� g2

Ω2

�A11�

with

8>>>>><
>>>>>:

g1 � Φ11
Ψ1

−
Φ1Ψ11

Ψ2
1

� Φ12
Ψ2

−
Φ2Ψ12

Ψ2
2

g2 � Φ22
Ψ2

−
Φ2Ψ22

Ψ2
2

� Φ21
Ψ1

−
Φ1Ψ21

Ψ2
1

g�1 � Φ11
Ω1

−
Φ1Ω11

Ω2
1

� Φ12
Ω2

−
Φ2Ω12

Ω2
2

g�2 � Φ22
Ω2

−
Φ2Ω22

Ω2
2

� Φ21
Ω1

−
Φ1Ω21

Ω2
1

: �A12�

The notation Ξi and Ξij for the first and second deriv-
atives allows us to deal with these quantities as
though they were elements of a vector and a matrix,
respectively. This greatly simplifies the software im-
plementation of an algorithm to compute the
Gaussian curvature for each given pair �γ1; γ2�.

At this point, we need a scheme to compute the
derivatives of Φ, Ψ, and Ω. These can be obtained
by a direct differentiation of the parametric surface
of Eq. (A6). Continuing to use the simplified notation
also for the derivatives of the vector solution, û, we
have for the derivatives of Φ

8>>>>>><
>>>>>>:

Φ1 � �Gû1�t�Gû − ~y� � �Gû − ~y�t�Gû1�
Φ2 � �Gû2�t�Gû − ~y� � �Gû − ~y�t�Gû2�
Φ11 � �Gû11�t�Gû − ~y� � 2�Gû1�t�Gû1� � �Gû − ~y�t�Gû11�
Φ22 � �Gû22�t�Gû − ~y� � 2�Gû2�t�Gû2� � �Gû − ~y�t�Gû22�
Φ12 � �Gû12�t�Gû − ~y� � �Gû2�t�Gû1� � �Gû1�t�Gû2� � �Gû − ~y�t�Gû12�
Φ21 � �Gû21�t�Gû − ~y� � �Gû1�t�Gû2� � �Gû2�t�Gû1� � �Gû − ~y�t�Gû21�

: �A13�

For the derivatives of Ψ, we have

8>>>>>>><
>>>>>>>:

Ψ1 � ût1Iγ1 û� ûtIγ1 û1
Ψ2 � ût2Iγ1 û� ûtIγ1 û2
Ψ11 � ût11Iγ1 û� 2ût1Iγ1 û1 � ûtIγ1 û11
Ψ22 � ût22Iγ1 û� 2ût2Iγ1 û2 � ûtIγ1 û22
Ψ12 � ût12Iγ1 û� ût2Iγ1 û1 � ût1Iγ1 û2 � ûtIγ1 û12
Ψ21 � ût21Iγ1 û� ût1Iγ1 û2 � ût2Iγ1 û2 � ûtIγ1 û21

:

�A14�
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Because of the symmetry of two terms Ψ and Ω, the
derivatives of Ω are obtained by replacing Iγ1 with Iγ2
in Eq. (A14).

Finally, it is seen that all the computations above
depend on the partial derivatives of the û. These
can be easily obtained by differentiation of Eq. (A2).
We have

8>>>>>><
>>>>>>:

Aû1 � −Iγ1 û
Aû2 � −Iγ2 û
Aû11 � −2Iγ1 û1
Aû22 � −2Iγ2 û2
Aû12 � −Iγ1 û2 − Iγ2 û1
Aû21 � −Iγ2 û1 − Iγ1 û2

: �A15�

It can be seen that the computation of the Gaussian
curvature for each pair �γ1; γ2� requires the computa-
tion of seven linear systems of equations. However, it
also seen that the kernel A be the same, and there-
fore, its inversion is required just once for any given
pair �γ1; γ2�. In implementing a software code for the
computation of the Gaussian curvature, one has to
follow the operations from Eq. (A15) back to Eq. (A6),
passing from Eqs. (A14), (A13), (A12), (A11), and
(A10), in that order.

To find the maximum of L�γ1; γ2� we consider a 2D
grid over the rectangle �1; 100� × �1; 100�. The net is
evenly spaced in a (base 10) logarithmic scale, and
L is computed at the n × n grid points

�γ1i; γ2j� � �102i∕�n−1�; 102j∕�n−1��;
i � 1;…; n; j � 1;…; n: (A16)

We normally use n � 10.

IASI was developed and built under the respon-
sibility of the Centre National d’Etudes Spatiales
(CNES, France). It is flown onboard the MetOp sat-
ellites as part of the EUMETSAT Polar System. The
IASI L1 data are received through the EUMETCast
near-real-time data distribution service. We thank
Dr. Stuart Newman (Met Office) for providing the
JAIVEx data. The JAIVEx project has been partially
funded under EUMETSAT contract EUM/CO/06/
1596/PS. The FAAM BAe 146 is jointly funded by
the Met Office and the Natural Environment Re-
search Council. The US JAIVEx team was sponsored
by the National Polar-orbiting Operational Environ-
mental Satellite System (NPOESS) Integrated
Program Office (IPO) and NASA. Work partially
supported through EUMETSAT contract EUM/CO/
11/4600000996/PDW.
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