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Abstract

Let {pm(wq)}m be the sequence of the polynomials orthonormal w.r.t. the
Sonin-Markov weight w, (x) = e’ |z|*. The authors study extended Lagrange
interpolation processes essentially based on the zeros of p,, (wa)pm+1(we ), de-
termining the conditions under which the Lebesgue constants, in some weighted
uniform spaces, are optimal.
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1. Introduction

Let wo(z) = e~ |2|*, a > —1, be a Sonin-Markov weight, and {pp, (we)}m
be the corresponding sequence of the orthonormal polynomials.

The Lagrange polynomial interpolating a given function f at the zeros of
Qom+1 = Pma1(Wa)pm (Ws), denoted by Lopmi1(Wa,Wa, f), is known as the
“Extended Lagrange polynomial”. In the present paper we study extended
processes essentially based on the zeros of Q2,41 and on two special points
+v/2m. Indeed, these zeros are sufficiently far apart and, as we will show, the
“good” distance is a needful ingredient in order to obtain “optimal” Lebesgue
constants (i.e. behaving like logm [12, 13]) in suitable weighted uniform spaces
(see Proposition 2.2). We point out that without the extra points £v/2m the
Lebesgue constants corresponding to Lo, +1(Wa, Wa, f) behave algebraically (see
Proposition 2.3).

A useful aspect of the “extended interpolation” is the approximation of func-
tions by 2m-degree interpolating polynomials by using the zeros of m and m+1
degree polynomials. This allows to construct “high” degree interpolation pro-
cesses, overcoming the well known difficulties in computing the zeros of high
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degree orthogonal polynomials. Another application is the construction of 2m-
degree interpolating polynomials by reusing the nodes of a previously computed
interpolating polynomial.

Here we introduce extended processes in order to approximate functions with
an exponential growth at infinity, proving that if we neglect some of the greatest
zeros, we obtain a cheap process, with “optimal” Lebesgue constants and “free”
of possible overflow phenomena.

At first we will treat the approximation of continuous functions by truncated
polynomials interpolating f at the zeros of Q2,41 and on s “additional knots”
close to 0. Successively we will consider the case of functions having a singularity
in the point 0, and in this case we will drop r zeros of Q2,41 in a neighborhood
of 0. In both cases we state the conditions under which the weighted sequence
of interpolating polynomials behave like the best polynomial approximation,
except for the logm factor.

The plan of the paper is the following: the next section contains some nota-
tions and basic results about the zeros involved in the extended interpolation. In
Section 3 are introduced the extended processes and their convergence is stud-
ied. Section 4 contains some numerical examples and in Section 5 the proofs of
the main results are given.

2. Notations and preliminary results

In the sequel C will denote a generic positive constant. Moreover C #
C(a,b,..) will be used to specify that the constant C is independent of a,b, .. ..
The notation A ~ B, where A and B are positive quantities depending on some
parameters, will be used if and only if (4/B)*! < C. Finally [a] will denote the
integer part of a € RT.

Denote by IP,, the space of all algebraic polynomials of degree at most m.

Consider the weight w, and let {p,, (wq)}m be the corresponding sequence
of orthonormal polynomials with positive leading coefficients, i.e.

Pm(Wa, ) = Ym (wa)z™ + terms of lower degree, v (wq) > 0.

Let {xmk}£21 be the positive zeros of p,,(wy) and x,, _j the negative ones. If
m is odd, then zp = 0 is a zero of p,,(ws). It is known (see for instance [6])
that the zeros lie in the range (—v/2m, v/2m), and more precisely

C
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where C # C(m).

Since the zeros of py4+1(we ) interlace with those of p,(wy ), the polynomial

Q2m+1 has 2m + 1 simple zeros z;, 1 =0,+1...,+ [27”2'*'1}, where
. m—+1 . m
22i—1 = Tm+1,is 1= 1,2,..., l:T:| N 224 = Tmiy 1= 1,2,..., [5} 5




2 1
Z_i=—z, 1=1,2,... [ m } 2o := 0.
2
Now define
2j = Zj(m,0) = min{z;g sz > 0V2m, k=12, } (1)

where 0 < # < 1 denotes a fixed real number.
The next proposition is one of the basic tools for constructing extended
Lagrange polynomials.

Proposition 2.1. With z; defined in (1), we have

Az = zZpg1 — 21 ~ k| < 4, (2)

1
N
uniformly w.r.t. m € N.

Note that (2) is comparable with the distance between two consecutive zeros of

Pm(wa) belonging to (—0v/2m, 60v/2m). Indeed it is (see [6, 3, 1])

1
AZm k = T k1 — Tmk ~ ﬁ, Tk Tm k41 € (—0V2m,0vV2m).  (3)

Now we show how this distance seems to be a relevant ingredient in order to
obtain good interpolation processes. To this end, if w := wq is the classical
Hermite weight, define the space of functions

Cw) = {f € C'(R): Hlilil fx)w(z) = 0} ,
equipped with the norm || f||c(w) = | fw|lcc = sup,eg |f(2)|w(x).
Denoting by X = {fm,i, i=— [%] yees 120000 [%], i #£0, mGN}, a
generic indefinite triangular matrix, let £,,(X,g) be the Lagrange polynomial
interpolating g € C'(w) at the elements of the m-th row of X, i.e.

Lo (X, g 6mi) = 9(Emi), 1 <i < [%} ,

The m—th Lebesgue constant is defined as

[£m (X)] = [£m (X, g)wllos, m=1,2,...
gw||c=1

If the distance between the interpolation knots is too small the Lebesgue con-
stants diverge algebrically. Indeed the following proposition holds.

Proposition 2.2. If for m sufficiently large (say m > myg), there exists k :=
k(m) s. t.

I n+1
Agm,k S <ﬁ> ) n > Oa (4)




then

1L (X)]| = C(v/m)",
where C # C(m).

Nevertheless a system of knots with the only property of a certain distance
between two consecutive zeros , i.e. a distance like in (2), does not guarantee
Lebesgue constants behaving like logm. Indeed, denoting by Lopm+1(Wa, wa, f)
the Lagrange polynomial interpolating a given f at the zeros of Q2 +1, i.€.

£2m+1(wa7wavf§zi) = f(zl)’ 0= M = [%} 1

and working, for instance, as in the proof of [5, Theorem 3.3], the following
proposition holds true.

Proposition 2.3. For any choice of a, there exists a positive T s.t.

[ Lom+1(Wa, wa)|l =  sup  [[Lomt1(Wa, Was flwlleo > CmT,
[Ifwllee=1

with C # C(m).

Now we show how some suitable systems of knots, using the zeros of {Qam+1}m,
can be proposed in order to obtain optimal Lebesgue constants. This goal will
be achieved in the next section by means of extended processes based on the
zeros of Q2,41 and on some additional knots.

3. Extended interpolating polynomials

As announced in the Introduction we will propose two different interpolation
processes one for the case when the function f is continuous and the other if f
has a singularity at the point zero.

In the first case we will use the idea from Szabados [10], what we call “method
of additional points”, adding 4+v/2m to the set of the interpolation knots and
some extra points close to 0 (see [6]). Moreover we will consider a suitable
truncation of the interpolation process (refer to [4]).

In the second case we will remove some nodes close to zero as proposed in
[6] and consider the truncation again.

3.1. The case of continuous functions
Now let Lomt3(we,we, f) denote the Lagrange polynomial interpolating a
given function f € C(w) at the zeros of Qa1 1(x)(2m —22), i.e we are consider-
ing the extended Lagrange interpolation with the two additional nodes ++v/2m.
If x; is the characteristic function of the segment (z_j, z;), where z; is defined
in (1), let us introduce the Lagrange polynomial

L;m+3(waawa7 fvx) = L2m+3(wa7waa .fXj;x) = Z €2m+3,k($)f(zk), (5)
0<|k|<y




with
Qamy1(2)(2m — 2?)
Qb1 (21)(2m — 22)(z — 21)

Therefore L3, | 3(Wa, Wa, f) is a polynomial of degree 2m + 2 such that

£2m+3,k(x) = 0 < |k‘| < j

L;m+3(waawa7f;:t v 2m) = O = L;m+3(waawa7f;zk) = O? fOI‘ ‘k'| > ]

We remark that the Lagrange operator Lo 4+3(Wa, Wa ) projects C(w) on Py, 42,
while L3, | 3(wa,ws) does not. However, setting

P5m+2 = {q € ]P2m+2 : Q(ZZ) = Q(i \% 2m) = Oa |Z| > .]} C ]P2m+2:

we have that L3, s(wa,ws) is a projector of C'(w) on Ps,, ;». Moreover U,P;%

is dense in C(w). Indeed, with E,,(f)w = infp p [[(f — P)w||o, the error of
the best polynomial approximation of f in C(w), and

Bomio(flw = _inf [(f = Q)w| .

QEPS 1o

the following result was proved in [4], in a more general context.

Lemma 3.1. For any function f € C(w),

Eopia(f)w < C{EM(Fw + e ™| fwlloo} (6)

where M = [(m+ 1) (%)1 and 0 < A # A(m, f), C # C(m, f).

This means that E2m+2( f)w can be estimated by the best approximation error
En(f)w, where M is smaller than 2m + 2.

About the convergence of the proposed process the following result holds
true.

Theorem 3.1. For any function f € C(w),
[ L3 13(Wa, Wa flwlloo < Cl[fw]loo logm (7)
with C # C(m, f), if and only if
—-1<a<0. (8)
Moreover
I = Lims(war wa N]twlloo < C{En(Fulogm + e 4" fwllo},  (9)

where M was defined in Lemma 3.1, 0 < A # A(m, f), C£C(m, f).




Now we consider the case a > 0, that means when (8) is not satisfied.

In this case we follow the procedure of including additional nodes (see [11],
and the bibliography therein, and [6]). Let t;,4 = 1,...,s, t; # 0, be some
simple knots added in the range [z_1,21] and let By(z) = [[;_,(z — t;). For
instance take t; = z_1 + leli, i=1,2,...,s, (providing that t; # 0, for all 7).

Denote by Lom+3, s(Wa, Wa, f) the Lagrange polynomial interpolating f at
the zeros of Qom+1(7)Bs(x)(2m — 2?), and define

L§m+3,s(wa: Weyy f) = L2m+3,8(wa7 Wy fXj)-

An explicit expression for this polynomial is

Qam+1(x)(2m — a?)By(z) f(t:)
< Qamy1(t:)(2m — 3) B{(t:) (x — t:)

Qoms ()2 — 2)By(x) (o)
Z:QmHmwM—%w@wm—w (10)

L;m+3,s(wa7 Wes f; $> =

+
0<|k|<j

The following result holds true.

Theorem 3.2. If there exists an integer s such that
0<s—a—1<1, (11)
then, for any function f € C(w), we have
(L3135 (Wa, wa, flwllee < Cll fw]loc logm, (12)
where C # C(m, f). Moreover

11 = L3 pt3.6 (W, way llwlloo < C{Eg(f)wlogm + e~ 4| fwlloc},  (13)
where M = {(m—b—l—i— 5) (11;0)2] ~m,C#C(m,f), 0 <A#A(m,[).
We conclude recalling that in the Sobolev space
Wi(w) = {f € Cw) : |/ Pwllw <0}, k21,

the following estimate holds true [2]
C
o

Therefore by (9) and (13) it follows that the errors of the proposed interpolation

It
processes behave like O 98T ) for any f € Wi(w).
A /m




3.2. The case of functions with a singularity in zero

Now con51der the case of function having an algebraic singularity in 0. Set
u(z) = e~ |z|7, v > 0, and consider the space of weighted continuous functions

Cw) = {1 € O~ 0]+ i fl)ule) =0 = I Fu(o)

equipped with the norm || fullec = sup,cg |f(z)u(z)]. In other words C(u)
contains functions which can grow exponentially at +oo and algebraically at
zero. The limit condition in the definition is necessary in order for the best
polynomial approximation to exist in C(u).

We will denote En(f),, = infpep,, |(f — P)ulloo-

Now let r be an integer and A, be the monic polynomial of degree r whose
zeros are the r consecutive roots of Q2,1 nearest to 0, i.e.

(o — 25) [I72, (2% = 22), 7 even,
Ar(z) =

r—1

w1 2, (@2 — 22), r odd.

Consider the Lagrange polynomial Loy, 43 —r (W, We, f) interpolating a given

M(Zm —2?) and let

A, (z)

L;m+37_r(waa We,y f) — L2m+3,7r(wa7wa» fXj)'

function f € C(u) at the zeros of

Denoting by I'y, ; the set of zeros of %X"*@gm) belonging to the segment

(2—j,2;), an explicit expression of L3, 5 (W4, wa, f) is

Z Q2m+1( )(2m Q)AT(ZIC) f(zk)

L;m+3,—r(wav Wa, [5 IL‘) — Q2m+1 Zk)(2m _ Zk) r(l‘)(l‘ — Zk)

2k €0 5
(15)
Theorem 3.3. If, for v > 0, a > —1, there exists an integer r such that
0<y-—a-r<l, (16)
then, for any function f € C(u), we have
I L3m 43, —r (Wars Wa, fulloo < C|l fulloo logm, (17)

where C # C(m, f). Moreover,

I1f = L33, —r(Was wa, Hlulloo < C{EG(fulogm +e ™| fulloc}, (18)

where M = [(m—»—l—%) <1i;€>2] ~m,C#C(m,f),0<A# Alm, f).




Finally we recall that in [7, 8] it was proved that if we consider the Sobolev-type
space

Wi(w) = {f € Cw): I/ Pullw < 0}, k21,

then (14) holds true with u instead of w. Therefore we can conclude that if f €
Wi.(u), by (18) the error of the Lagrange interpolation process L3,, 13 _,.(Wa, Wa)

goes like O (3&?) .

m

4. Numerical Examples

Now we propose some examples in order to show the performance of the
interpolation processes introduced in this paper. We remark once again that all
the proposed extended interpolation processes have optimal Lebesgue constants,
as showed by estimates (7), (12), (17).

In order to outline the more feasibility of the proposed extended processes
we compared our results with those produced by the analogous modifications
of the Lagrange polynomial based on the zeros of pam,11(p, z)(2m — %), where

p(z) = e 2" |z|2,
To be more precise, we denote by {c;}; the zeros of pay,11(p) and define
h=h(m,0) = min {ai > 0V 2m} (19)
0<i<2m+1

where 0 < 0 < 1 is fixed.

The Lagrange polynomial Lo, 13(p, f) interpolates f at the zeros of the
polynomial p,,, 1 1(p, ) and the additional knots ++/2m. Setting Ls,, . s(p, f) =
Lom+3(p, fxn), where x, is the characteristic function of the segment (—oyp,, op),
and with Theorem 3.1 in [6], combined with a more general result in [4], we have
that for any f € C(w)

Moreover, denoting by L3, 5 (p,f) = Lam+ss (p, fxn), the Lagrange
polynomial interpolating f at the zeros of pay,y1(p, 2)(2m — 2?) and on s; ad-
ditional knots “close” to zero, by Theorem 3.2 in [6] it follows

0<s1 =A< 1= [|L3y435, (0 flwllee < Cllfwllo logm, (21)

where C # C(m, f).
Finauy7 denOting by L§7n+3,—r1 (paf) = L2m+3,77‘1 (pv th)7 the Lagrange

polynomial interpolating f at the zeros of %
.

zeros of pamy1(p) “close” to 0, by Theorem 3.3 in [6] it can be easily deduced
that for any function f € C(u),

(2m — 22), i.e. dropping r;

0<y=rm=A<T=[Lypispy (p; flwlloo < Cl[fw]oc logm, (22)




where C # C(m, f).

We remark that each of these interpolation processes needs the computation
of the zeros of the polynomial pa,,+1(p) of degree 2m + 1. On the contrary our
processes, for the same choice of 2m + 1, need the computation of the zeros
of pm(ws) and ppmi1(we). As we will see, the extended approach makes the
difference, from the computational point of view, when the convergence is slow
and it is necessary to construct interpolating polynomials of high degree.

We denote by D, a set of equally spaced points belonging to the range
(—on,on), and by F,, a set of equally spaced points belonging to the range
(=24, %;), with z; being defined in (1).

Every table contains:

e the degree of the interpolating polynomials

e the number of knots depending on j = j(m, 6) defined in (1)
e the maximum error attained in the set F,,

e the number of knots depending on h = h(m, 0) defined in (19)
e the maximum error attained in the set D,,.

All the computations were performed in double machine precision (eps =
2.2204 x 10716),

We finally remark that, in each of the examples, the intervals (—op, 0p) and
(—%j,2;), which are depending on the choice of 8, were computed empirically
finding the interval I = [—n,n] s.t. |f(y)|w(y) > Ceps, Vye€ I.

Example 1

22

e 2
h@) =1
We choose as interpolation weights p(z) = e~ 2% 2|75 and w, (z) = e || 705
respectively, so that the assumptions in (20) and (8) are both fulfilled. In this
case the function f; has an exponential growth at +0o and is a smooth function.

Therefore we expect a fast convergence of the interpolation processes. Never-

)

theless the convergence depends on the quick rise of the seminorm || fl(k)wHoo.
For instance || I w]|o ~ 106.
Epsing = |I[f1 — L§m+3(Pv J)Wlloos Emext = |I[f1 — Lém—&-:ﬁ(wavwav folwl
2m+2 | 2h+1 | Bmosing | 27 +1 | Em.cat
34 33 0.12e-4 35 0.81e-4
66 65 0.11e-6 65 0.28e-5

130 105 0.23e-9 105 0.62e-8
258 155 0.13e-13 155 0.18e-12
514 277 0.93e-14 223 0.40e-14

Example 2 .
fa(z) = eS|z —1]2




—2x2|x|0.5 0.5

In this case p(z) = e , wa(z) = e~ |2/%5 and the choices s = 2,
s1 = 1 assure that (11) and (21) are both satisfied. Since fo € Ws(w), the
numerical errors agree with the theoretical estimates. We remark that we obtain
results comparable with the corresponding interpolation processes, by using
the zeros of half degree orthogonal polynomials. In addition, by virtue of the
truncation of the function f, the number of function computations is drastically
reduced up to 75%, for m sufficiently large.

Em,sing = [I[f2 = Lm 3,6, (0, f2)0]] o,
B eat = ||[f2 = L§m+3,s(waawaa f2)lwl|o

2m+42+s | 2h+ 1451 | Epsing | 27 +14+5 | Eneat
36 35 0.64e-2 35 0.23e-3

68 56 0.38e-3 55 0.71e-3

132 108 0.36e-4 81 0.50e-5
260 160 0.67e-5 117 0.28e-5
516 232 0.98e-6 167 0.45e-6
1028 330 0.59e-7 235 0.61e-7
2052 — 361 0.16e-8

In this case the computation of L35, ; (p, f2) cannot be performed, while the
extended polynomial of degree 2052 can be successfully computed.
Example 3
cos(z)es
ER

fa(z) =

In this case p(z) = 27|22, wa(z) = e~ |22, u(z) = e~ |2|*2 and the
choices r = 2, r1 = 3 assure that (16) and (22) are both fulfilled. We observe
that f3 € Wy(u) and the numerical errors agree with the theoretical estimates,
since we can expect at most 6 exact digits by using 1024 interpolation knots.

Em.,sing = ||[f3 - L;m+3,—r1 (/07 f&)}uHooa

Ereat = ”[fB - L§m+3,—r(wmwm f3)]u||oo
2m 43 =1 | 2h =3 | Ensing | 20 =2 | Epment
33 31 0.14 32 0.11e-1
65 49 0.21e-1 52 0.22¢-2
129 77 0.11e-2 78 0.24e-3
257 111 0.27e-3 112 0.35e-4
513 161 0.82e-5 164 0.75e-5
1025 233 0.89e-6 236 0.76e-6
2021 — — 333 0.21e-7

Also in this case, in order to get more precise values, the computation of
L3023, —3(p, f2) cannot be performed, while the extended polynomial of degree
2021 can be successfully computed.

10



5. The Proofs

Now we collect some polynomial inequalities deduced in [6] (see also [3]).

Let z € [xmv_[%],x and let d = d(z), 1 < |d| < [%] be the index of

a zero of p,,(wq) closest to z. Then, for some positive constant C # C(m, z, d),
we have

m[3])

2
P2 (Wa, :c)wmm(m)\/Qm — 224 (2m)s ~ <M> (23)
Tm,d — Tm,d+1

where we m(z) = e (|x| + \/—%) , by which

[P (e, 2)|v/wa(@) {/2m — 22 + 2m)t <, < |zl <vom.  (24)

5

m

Moreover, for 0 < |k| < [%] and setting Az, x = T k+1 — Tm,k one has

~ Ay 1 (‘/2m — xfnk + (2m)3. (25)

1
P (Wars $m7k)| \Y% Wa,m (Tm, k)

Now, setting Wi(x) = |z|7e="*, 4 > 0, a > 0, we recall the Bernstein
inequality [7] (see also [4]), holding for any polynomial P € P,,,

[P W loo < CVm||PWS|lo, C #C(m,P) (26)
and the Remez-type inequality [7]

max [P(@)Wy (z)] < € max [P()W7 ()], (27)
with A, = {x : % <l|z| <v2m, C# C(m)}.

Lemma 5.1. Let Qam+1 = Pmt1(Wa)pm(we) and zi,1 < |k| < [%] be the
zeros of Qam+1(x). We have

1

| Q%41 (k)| wa (21)

< CAzf2m— 2+ (2m)F, C#C(m).  (28)

Proof. Assuming that m + 1 is odd, by (24)

. §C</2m—x72n+1k—|—(2m)%,
|Dm (We, $m+1,k)|\/ wa(xm+1,k) ’

and by using (25), it follows

1

‘Q/Qyn.i,.l (xTYL+1,k)|wCY ('%.TYL—Fl,k)

< CACEmﬂ,k\/?m — @t (2m)s.

11




Since an analogous estimate holds considering (|Q%,, 11 (Zm.k)|Wa (@mk)) !, the
Lemma follows.OJ

Proof of Proposition 2.1. First assume that m is odd. In view of the
symmetry of the zeros w.r.t. 0, we prove the Lemma in the positive semiaxis.
Therefore let k > 1. Since Tym41,k+1 — Tmk < Tmt1,k+1 — Tmt1,k and taking
into account (3) it follows

Now we prove the converse inequality showing that for k& < j, C # C(m),

Tmilk+l — Tmk = ——, Tmk— Tmilk = —F—
m—+ -} m \/my m m—+ \/T_n

We prove the first inequality. The second one follows by using the same argu-
ments.
Since Q5,11 (Tm+1,k+1) > 0 and Q5,, 1 (Tm,x) < 0, we have

0 < Qa1 (Tma1.k41) = Qo1 (Tmk) = @ma1 k41 — T k) Qoy 1 (),
where & € (T k, Tm+1,k+1)- Therefore

1 < Q/Q/m+1 (‘gk)

. 29
TmA1ht1 — Tk Qopy1 (Tmt1,k41) (29)

If & > 0 (otherwise it is possible to use wq41 instead of w, for weighting the
polynomials), by (26)-(27) and (24) it follows

Pl 0, €00 ) < Vo
\/Qm &+ (2m)3

and

|pm woﬁfk \\/wa fk m =
\/2m &+ (2m)3

Therefore, again by (24), we get

(&) < 4 =
\/2m &+ (2m)3

Using Lemma 5.1 and taking into account that we (Tm41,k+41) ~ wa(&k), it

|Q/2/m+1(£k:)|w06

follows o o
2m+1\Sk
< CmAx,,
Qo1 (@Tmr1 k1) — +1,k+1
1
and hence by (29) and (3), being k < j, it is ————— < Cy/m.

xm+1,k+1 - xm,k

12




Therefore, since the case of m even can be treated with similar arguments,
the Lemma follows[].

Proof of Proposition 2.2. Let be m > mg and k s.t. (4) holds true. Let
gm be the piecewise linear function defined as

T—&m k-1
'gm.k'_rgm,‘k—l ’ §m7k71 S z S gm’k

gm(@) = | £ Gk <@ < Enpn

0, otherwise

We have that g (&m k) =1 and gm (§m,k—1) = 0 and hence

_ _ w(fm,k)
L= lgm () = gm{Emi-)l
= |Lom+1(X, 9m; Emk) — Lom+1(X, G Emk—1)] %
S G I R S )

In view of (4) it is wW(&m,k) ~ W(Cm k), and

1\
C<|—
()
By the Bernstein inequality (26) with v =0, a = 1, it follows

1y’ Im
c< <ﬁ) |£omsr (X, 22) wloo

and the Proposition follows. []
The following lemmas will be useful in the proofs of the main results.

St (%%;@)‘MQ)

Lemma 5.2. [6] Let {zk}[_%[,]n] be the set of zeros of Qami1. Denote by z4 a
2

zero closest to x. Assuming p,o € [0,1], for x € A, and for m sufficiently

large, we have

[

3

] Azy  (2m —2?)P |z|°
oz |7 ] @me— 2P [l

<Clogm, C#C(m,z).
-

5

Lemma 5.3. Let u(z) = |z7e™*", with v > 0. For x € (z_[m],z[ﬂ}) and with
2 2

zq,d # 0, the zero of Qz%l(x) closest to x, we have

|Q2m—+1(x)] u(z)
Qb1 (2a) (@ — za)| u(za) <C, C#C(m,x).

13




We remark that this Lemma follows by

P00, ) /00 (@) o oo
P tmd) (& — )ty o 7 )

being ,, 4 a zero of p,,(we) closest to z (see [6, (8), p. 694]).
Proof of Theorem 3.1. First we prove that (8) is a sufficient condition
for (7). By (27) we have

||L;m+3(wa7 Wy, f)wHOO S C zrgi'x ‘L§7n+3(wa, Wy f; x)w(aj”

and using (5)

: Qs (x)(2m — o)
Emslinoe Dl < €l x e {[ ST

Qamy1(2)(2m — 2°)

w()

S

w(z)

2 | T Goam — D 20| i)
= Clfwlloo max {Ao(w) + Em(z)} - (30)
By (24) S
Q2mt1(2)|w(z) <C il =, 7€ An, (31)
\/Qm — 22+ (2m)3

and by (23) and (25)
_l em-
Qb1 (20)] — 7

R

and hence

|z| =271 (2m — 2?) C
Ap(z) <C < <C, 32
o(z) m%H\/Qm "2t 2m)} |zt (/)L (32)

%anda+1>0.

since |z| >

Consider now X, (x). In view of (28) we have, for 1 < |k| < j,

2m — 22 + (2m)3
/ 1 SCAzk\/ k (2m)
Q%41 (21) [w(2k)

Denoting by z4 the zero of Qzmt1W) ¢losest to x, we have
Y

So(z) < C Z Az V2m —a? |z
m X —
_ 2 2|
1<lki<y, b T 7 ] V/2m =2 2

N Qamy1(x)(2m — 2?) w(z)
Qb1 (2a)(x — za)(2m — 23) | w(za)

14




By Lemma 5.2 under the assumption —1 < a < 0, it follows

Az V2m — 22 |z
Z > — < Clogm.
1<ty ko |© 7 7 V/2m =2 [l

Moreover by Lemma 5.3 with 4 = 0 and taking into account that (2m—z?) ~
(2m — 22), we get

Ym(z) < Clogm (33)

and hence (7) follows by (32), (33) and (30).

We omit the proof of the necessity of condition (8) since, mutatis mutandis,
it follows by using standard arguments, similar to those used in the proof of
Theorem 3.1 in [9]. Finally (9) can be deduced immediately by (7) and (6). O

Proof of Theorem 3.2 By (27) and (10) we have

HL;m+3,s(wmwm Nullo < Cl fulloo x

e Z |Q2m1(x)(2m — 22) By ()t u(zx)
£ <2<vIm |2Qam+1(ti)(2m — t7) BL(t:) (x — t;)] u(t;)

Z |Q2m+1(x)(2m - $2)33($)2k| ’LL(.Z')

1<|k|<j |2 Q041 (2k) (2m = 27) Bs (21) (& — 21)| ulzk)

= Clfullo  max {Ci(e)+Co))

"L‘_

m—

About the sum Cy we can prove that Cy(z) < Clogm, C # C(m, ), by means
of the same arguments used in estimating ¥,,(z) in the proof of Theorem 3.1,
simply having in mind that

Bs(2k)| 2 |21 = ts]* ~ [21* and  By(2) ~ Bs(za),

with z4 the zero of Q2mt1(W) (logest to x, for any fixed =x.

Hence (12) follows if we are able to prove that Cy(x) < C, C # C(m, ). But
in estimating C4(z) it is possible to proceed as in evaluating Ag(z) in the proof
of Theorem 3.1, taking into account that ¢; ~ T’ so that

=

S

< 11

=1,

Proof of Theorem 3.3. By (27) and (15) we have

¢ (Vmlz))™ . O

tl—t

||L§m+3,7r(w0é7wa: f)uHOO < CHquOO x
|Qam1 () (2m — 2?) A ()| u(x)
| Ar(2) Qb 41 (21) (2m — 27)(x — 26) | u(zk)

max

\/%Smg\/Zm

2 €0 j
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By (31), Lemma 5.3 and taking into account that

r c T
[Ar(2)] = Clal”, || = T | Ar(2k)] < Clz|",

it follows that the sum is bounded by

c Yy o <ﬂ>7arv2m_x2 C £ Cmya),

|2k ] V2em =27

2k €0m, 5 |I - Zk|

and therefore (17) follows by Lemma 5.2 with p = %, oc=v7—a-—r.

Finally (18) follows immediately from (17) since (6) holds true even if w is

replaced by u (see [4]). O
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