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Interlacing properties of Laguerre zeros and
some applications. A survey

Donatella OCCORSIO

Abstract!. Let wq(z) = efzﬁcco‘, a > —1, 8> 1/2 be a Generalized Laguerre weight,
and denote by {pm(wa)}m the corresponding sequence of orthonormal polynomials. The
starting point is that the polynomial Q2m+1 = pm+1(Wa)Pm(Wa+1) has simple zeros and
also well distributed in some sense. In view of this property two different applications
are described: the extended interpolation polynomial Lom+2(wa, wa+1, f), defined as the
Lagrange polynomial interpolating a given function f at the zeros of Q2m+1 and on the
extra points am, being a., the Maskar-Rackmanoff-Saff number w.r.t. w,. For this process
will be estimati the Lebesgue constants in some weighted uniform spaces [31]. The second
application deals with the approximation of the Hilbert transform

, t>0,

[ et

x—t

by a suitable Lagrange interpolating polynomial [32].

1. INTRODUCTION

This survey deals with some applications of the interlacing property of the zeros
of Generalized Laguerre polynomials. Let w,(z) = e‘“’ﬁxa, a> -1, 08> 1/2
and wa+1(z) = zw,(z) two Generalized Laguerre weights, and let {p,(w)}m,
{Pm(Wa+1)}m be the corresponding sequences of orthonormal polynomials. In [31]
it was proved that the zeros of p,, (wa+1) interlace those of p,,41(w,) and that the
zeros of the polynomial Q241 := P (Wat1)Pmt1(we) are sufficiently far among
them. This property allows to different applications. The first is the approxima-
tion of functions f by extended interpolating polynomials, i.e. by the Lagrange

polynomial Loy,+1(Wa, Wa+1, f) interpolating f at the zeros {z; ?;”1“ of Qomi1

£2m+1(wa7wa+17f§zi):f(zi)a 12172772m+1
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Since Loym+1(Wa, Wat1, f) can be expressed as

£2m+1(wa7 Wa+1, f) = pm(waJrl )£m+1 (waa f)> +

pm(wa+1

f )
+Dm a Em a y N |
Pm+1 (w ) (w +1 Pt (wa)

extended interpolation can be used to “extend” a previous interpolation process,
for instance L,y1(wq, f), reusing the previous m + 1 function evaluations and
obtaining a new interpolating polynomial of degree 2m + 1 with only new m + 1
computations of f. A second advantage produced by extended processes, deals
with the construction of “high” degree Lagrange polynomials by two half-degree
Lagrange polynomials. By this way some difficulties in computing the zeros of
“large” degree orthogonal polynomials are shifted.

With os(x) = e’zﬁx‘;, 0 > 0, let C, be the space of functions f such that
fos is continuous in [0,00). Functions in C, can grow exponentially at infinity,
with a possibly algebraic singularity in 0. We start showing how a “bad” distance
between the interpolation knots induces an algebraic divergence of the Lebesgue
constants in C,, whereas the minimal order is logm (see [37],[38]). However, al-
though the zeros of Qa,,+1 are well distanced, the extended interpolation sequence
{Lom+1(Wa, Wat1, f)os }m has a bad behavior in Cy,, since for any choice of §, «

[ L2m+1(Wa, Wa+1)05 |00 = e [L2m+1(Wa, Wart1, f)osllc ~m™,  7>0.
O§5||loo=—

In order to obtain the log m-Lebesgue constants, in this paper we collect some mod-
ified interpolation processes essentially based on the zeros of Qa,,+1 and introduced
in [31], [33]. A first approach follows from an idea introduced in [28] (see also [22]),
namely considering only a finite section of the sequence interpolating a finite part
of f, ie. {Lomt1(Wa,Wat1,fX;)X;j05} where x; is the characteristic function of
the interval (0, z;), for a special choice of the index j = j(m). In this case there are
necessary and sufficient conditions under which the “truncated” sequence approxi-
mates f like the best approximation sequence in C,,, except the logm factor.

However {Lom+1(Wa, Wa+1, fX;)X;0s} is not a polynomial sequence and this can
be a limit in some contexts where it is crucial to preserve the polynomial nature
of the approximating sequence (see for instance Gaussian quadrature rule and /or
methods to approximate the solutions of integral equations by polynomials).

So, following an idea in [24] (see also [35]), we consider here the Lagrange polyno-
mial Loy, 42(Wa, Wat1, f) interpolating a given f € C,, on the zeros of Qa,,+1(x) and
on the special knot a,, 1, where a,,+1 = am+1(M) is the Mhaskar- Rakhmanov
-Saff number w.r.t. wg.

Also in this case necessary and sufficient conditions hold, under which the se-
quence {Lomt2(Wa, Wat1, f)os}m approximates f like the best approximation se-
quence in C,, except the logm factor.

A similar result can be obtained considering the sequence {L3,,, o (Wa, Wat1, fXj)}m
with the considerable advantage of a reduced computational effort and avoiding
possible overflows when f increases exponentially. Moreover, in the case the pa-
rameter o and ¢ are both fixed (i.e. for a given function f € C,, the zeros of
the interpolating polynomial are fixed), an useful tool is the Lagrange polynomial
L3 t2,5s(Wa, wat1, f) interpolating fy; at the zeros of Qam+1(z)(am+1 — ) and
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on s additional knots ¢;,7 = 1,...,s added in a neighborhood of the origin. Also
in this case we prove that under a suitable assumption on s, d, o, optimal Lebesgue
constants can be obtained.

All the results described till now have been obtained for extended interpolation
processes essentially based on the zeros ng_H = P (Wa ) P41 (Wa)-

The second main application of the interlacing property deals with the approx-
imation of the Hilbert transform on the semiaxis. Let H(fwq;t) be the weighted
Hilbert transform of a given function f

“+o0 T
(L1) H(fwast) / fz)

xr—t

we(x)de , t>0

where wq (x) = e’ x*, a > —1, 8 > 1/2 provided the integral exists as a principal
value. The Hilbert transform arises in many fields of the applied sciences and also
in singular integral equations of Cauchy type (see [14],[29]).

As far as the methods based on the zeros of orthogonal polynomials are con-
cerned, these consist of quadrature rules, like Gaussian-type quadrature rules or
product integration rules. A drawback of the product rules is the heavy effort
in computing their coefficients, while instability phenomena arise using Gaussian
rules, for values of ¢ close to the Gaussian knots [6]. This last problem has been
overcome by suitable Gaussian rules, modified in some sense in order to approxi-
mate Cauchy principal value integrals or weakly singular integrals (see [22], [5], [6],
[7], [30], [25], [8]). However, any of these quadrature rule have to be applied for
any fixed value of ¢. In the present paper, following an idea introduced in [23], we
propose to approximate the function H(fw,) by a suitable Lagrange interpolating
polynomial based on Laguerre zeros.

The method is based on the following idea: we start from

H(fwa;t) = F(fwast) + f(t) H(wast),

o0
)= [~ LD ) an,
0 T —t

and after determining the conditions under which F(fw,) belongs to a weighted
uniform space, we approximate F(fw,) by the truncated Lagrange polynomial
L (F(fwy)) (see [20]). Since in the general case the computation of F(fwe)
at the interpolation knots cannot be exactly performed, we approximate them by
using the truncated Gauss-Laguerre rule (see [22]). In order to obtain a convergent
procedure, the choice of the interpolation knots and the degree approximation in
the Gaussian rule have to be carefully performed. Furthermore the interpolation
knots and Gaussian knots have to be chosen sufficiently far among them to avoid
possible numerical cancellation phenomena. This goal is achieved by selecting as
interpolation nodes, the zeros of suitable Laguerre polynomials.[31].

The plan of the paper is the following: next section contains some preliminary
results about the interlacing property and the distance of the zeros. Section 3 and 4
are devoted to extended interpolation processes, Section 5 contains some numerical
evidence while in Section 6 are given the proof related to the interpolation. Section
7 includes the method to approximate the Hilbert transform and the corresponding
estimate of the error, while in Section 8 some numerical tests are proposed. Finally
Section 9 contains the proofs related to the approximation of the Hilbert transform.
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2. NOTATIONS AND BASIC RESULTS

In the sequel C will denote any positive constant which can be different in dif-

ferent formulas. Moreover C # C(a,b,...) will be used to mean the constant C is
independent of a,b,.... The notation A ~ B, where A and B are positive quanti-
ties depending on some parameters, will be used if and only if (A/B)*! < C, with
C positive constant independent of the above parameters.
Throughout the paper 6 will denote a fixed real number, with 0 < 6 < 1, which
can be different in different formulas and P, will be the space of all algebraic
polynomials of degree at most m.

Consider the weight

(2.2) we(z) = e_:”ﬂ:v", a>-1 , B> %
and let {pm(wq)}m be the corresponding sequence of orthonormal polynomials
having positive leading coefficients, i.e.
Dm(Wa, T) = Ym (we)z™ +  terms of lower degree , Ym(wq) > 0.
By {@m x}7, will be denoted the zeros of p,,(wq) in increasing order
Tm,1 <ZTm2 < < Tmm-

In what follows we shall denote by a,, := (/W) the Mhaskar- Rakhmanov -Saff
number (shortly M-R-S number) w.r.t. w,, defined as the smallest positive number
satisfying

r;lgg|Pm(m) Vwa(z)| = ze[o, r(?jfi/ﬁ)] |Pn(z) Vwa (@), VP € Py,

and having the following expression

225(11(5))2} e (1 n 2a + 1>1/6 mt/8.

(23) am = am(\/UTa) = |: F(Qﬂ) 8m

where I' denotes the Gamma function. Therefore a,,(y/wa) ~ m/#. We observe
that in view of (2.3), if we consider two generalized Laguerre weights having the
same exponential part e‘bc”ﬁ, in case with different constants b, then the correspond-
ing M-R-S numbers differ for a constant. Therefore, in what follows we use only
an, for the Mhaskar-Rakhmanov-Saff number of any generalized Laguerre weight.

As proved in [16],[13] the zeros of py,(ws) lie in the range (0, a,(\/ws) and,

setting Az, = Tm k+1 — Tk, the following estimate holds:

Jam 1
24) Az~ Y o k=12,....m—1,
m 1— T,k 1

+ m2/3

Am

It is well known that the zeros {41117 of Pmi1(wea) interlace the zeros
{Zm i}y of pm(wa), Lee.
Tm+1,k < T,k < Ton+1,k+1, k= 1’ 2’ S, m.

Moreover, in a restricted range (0, 6a,,), where 0 < 6 < 1 is fixed, the zeros
{z ?211+1 of Qam+1 := Pm+1(Wa)Dm(wea) are also sufficiently far among them. To
be more precise, let Zo;—1 = Tymy1,4,7 =1,2,... . m+1, Zos =Ty, 1 =1,2,....m

and denote by Z; the knot defined as
(2.5) Zj = Zjomy =min{Z : Z > 0amyr , k=1,2,....2m+1}.



Interlacing properties of Laguerre zeros and some applications. A survey 5
Then, in the subset (0, fa,,), being 0 < 6 < 1 fixed, the following estimate holds

a
2.6 AZp = Fppr — 3 o XL T k=1,2,...,7,
+ +

m

uniformly in m € N. In the special case 5 =1, (2.6) was proved in [3].

Note that the distance between two consecutive zeros of Q2m+1 is comparable with
those of consecutive zeros of p,,(wy) in (0,0a,,). Indeed, by (2.4) it can be easily
deduced

a .
Tm,k+1 — Tm k. = VIm,k ]{3:1,2,...,j7
being
(2.7) Ty =min{Tmk @ Tmp > 00, , k=1,2,...,m}.

Now we show that the interlacing of the zeros of orthogonal polynomials also
holds for different but suitable related weight functions, and that in some cases the
distance is “good” too.

To be more precise, setting wa+1(x) = zwq (), let {ym k17, be the zeros of the
corresponding m-th orthonormal polynomial p,,(wa41)-

Set z;, i = 1,2,...,2m + 1 be the zeros of Q2m+1 := Pm+1(W)Pm(Wayt1), being
29i-1 = Tm41,i,0 =1,2,...,m+1, 29; =y;, 1 =1,2,...,m and define

(2.8) 2 = Zj(m) = min{zx : 2x > 0ty , k=1,2,...,2m+1}.
The following proposition holds [31]:
Proposition 2.1. The zeros of pm41(we, x) interlace with those of pum(wa+1), i.€.
(2.9) Ttk < Ymk < Tmglk+1 k=1,2,....,m.
Denoted by z; the knot defined in (2.8), we have

Vam .
(2.10) Azp = 241 — 25 ~ 1 vz ., k=1,2,...,7,
m
uniformly in m € N.

In the special case 8 = 1, the interlacing property (2.9) was proved in [9] by using
a different approach.

Note that (2.10) is comparable with the distance between two consecutive zeros of
pm(wa+1)~

Till now we have proved that there exist infinite triangular matrices
Z:={%,i=12,...,m, me N},
{%‘}?Lﬁlﬂ 76108 of Qam+1 = P (Wa)Pm41(wa)
(2.11)
Z:={z,i=1,2,...,m, m €N},

{z:}77 zeros of Qom+1 = Pm(Wat1)Pm+1(Wa)

such that for each of them, the n—th row contains n knots which are distinct and
sufficiently far among them.



6 Donatella Occorsio

Now we want to prove that a “good” distance (roughly speaking, it means that
any two consecutive zeros are sufficiently far among them) is a necessary (but not a
sufficient) condition in order to construct optimal interpolation processes. In order
to precise what is the meaning of “optimal” interpolating process, we recall the
definition of Lebesgue constant.

For a given sequence of polynomials {g,},en such that each polynomial ¢, has
m distinct zeros &, k=1,...,m € RT, being &1 < Ema < -+ < &mom, let us
define the infinite triangular matrix X = {§,,;, i=1,2,...,m, m € N}. More-
over, denote by L,,(X,g) the Lagrange polynomial interpolating a given function
g at the elements of the m-th row of X, i.e.

Lm(Xag) E]P)Tn—l : Em(ngagm,z):g(gm,i) 9 i:1327"'3m'
With o5(x) = e‘wﬁx‘s, 0 >0, 8> 1/2, let us introduce the space of functions

Cr = {1 € CO®), lim |F(@loste) =0 = tim | (@)los(o) }

equipped with the norm || f||c, = sup,>¢ |f(z)|os(x). Functions in C, can have an
exponential growth at infinity and, for § > 0, they can have an algebraic singularity
at the origin.

The m—th Lebesgue constant in C,, is defined as the norm of the operator £, (X)
in Cy, i.e.
(2.12) Hﬁm(X)HCU = sup |[Ln(X,9)osl| , m=12,...

llgosli=1

We remark that we have to assume § > 1/2 in order to assure the density of
the polynomials in the space C, [18]. For this reason, from now this hypothesis is
assumed to be true in what follows.

Now we recall the definition of error of the best approximation of f in C,

Em(f)ag = (f - P)a5||00 .

We start from a result of P. Vértesi on the behavior of the sequence
{Lm(X)|lc, }m- Indeed, in a more general context, in [37],[38] he proved the
following result:

inf ||
PeP,,

For any matriz X of knots defined in (0,400) one has
1L (X)|lc, = Clogm.

This estimate plays the same role of the classical Faber result in the case of the
finite interval.
Then we focus our attention to the construction of knot’s matrices such that

1L (X)]lc, < Clogm.

These matrices will be said optimal.

In order to look for optimal matrices, we recall the following result which binds
in some sense the good order of Lebesgue constants to the good distance between
consecutive interpolation knots [31]:

Proposition 2.2. If for m sufficiently large (say m > my), there exists k := k(m)
s. t.

n+1
(2.13) Al < <\/:7) Vénk » 1>0
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then
(2.14) Ienile, > (=)

where C # C(m).

An analogous result on finite intervals can be found in [36].
In view of (2.4) and (2.6), according to Proposition 2.2, the matrices Z and Z
can be taken into account to obtain optimal Lebesgue constants.

3. EXTENDED LAGRANGE INTERPOLATION ON THE MATRIX Z~

Denote by Lom+1(wea, wa, f) the Lagrange polynomial interpolating a given func-
tion f at {Z; f;”lﬂ. This polynomial is called extended Lagrange interpolating poly-
nomial. It can take the following expression:

2m—+1

£2m+1(waa Wey f; .Z‘) = Z e?m—&-l,k(m)f(gk) s
(3.15) =
_ Q2m+1(33)

£2m+1,/€($) = = - ~ N
nL—i—l(zk)(‘T - Zk)
As we have said, a “good” distance is a necessary condition in order to obtain
corresponding Lebesgue constants having a logarithmic behavior. However, as we

go to describe, this condition is not sufficient.

Proposition 3.1 ([33]). For any choice of a, 6 > 0 and 3 > 1/2, there exists a

positive T S.t.

(3.16) 1L2mt1(war wa)lle, = sup || Lomi1(Wa, Wa, f)os]lee = CmT,
lFoslloe=1

with 0 < C # C(m).

In view of the previous Proposition there exist choices of «,d such that the
Lebesgue constants in C, have an algebraic growth.

Nevertheless the system of knots made up of the zeros of {Qn}n can be proposed
to obtain optimal Lebesgue constants too, slightly changing the interpolation pro-
cess, according to some different approaches that we go to describe.

3.1. Interpolation with the additional knot a,,. For a given function f de-
note by Lopm41(wa, wq, f) the Lagrange polynomial interpolating f at the zeros of
Q2m+1(9:)(am+1 —x), being a,,+1 the M-R-S number w.r.t. w,.

Lopm+2(Wa, W, f) is a polynomial of degree 2m + 1 which can be represented as

2m—+2
(3.17) Lomt2(Wa, Was f37) = D lomran(@) (),
k=1
where
(@my1 — )

z2m+2,k(‘r) = €2m+1,k(x) ) k= 1a27"'a2m+17

(am+1 - Ek)

_ Q2m+1($)

- . Qam1(x)
lam+2,2m+2() " Qomir k(G (x —F)

B Q2m+1 (aerl)

s Lomyk(x)
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The idea of adding an extra point was firstly suggested by Szabados [35] in
the case of a Freud weight on the real line. Indeed, similarly to that happens in
the Freud weight case (see [18], [19]), the factors (an, — )/(@m — Zm,;) influence
substantially the behavior of the Lebesgue constants. Indeed, recalling that the
Laguerre polynomial in a neighborhood of a,, is estimated as follows

—1/2
‘Q2m+1 wom | V wa < C (' + m_2/3) )
Am+1

amt1(l —¢€) <z < ampr(l+9),

where §,& > 0, the factor (am,+1 — x) damp the growth of the polynomial in the
range ami1 < € < amy1(l4+6), 6 > 0 (see fig. 1).

FIGURE 1. pm(wa,x) yJwa(z), 3=1,aa=0,m =20

We are able to prove that under suitable conditions involving the interpolation
weight w, and the weight os of the space functions, the corresponding Lebesgue
constants have a logarithmic divergence and that Lay,42(wa, we, f) approximates
f € C, like the best approximation of this space, except the factor log m:

Theorem 3.1. For any function f € C,, with § > 0,

(3.18) | Lom+2(Wa; Wa, £)os|le < Cllfos]|oo logm
with 0 < C # C(m, ), if and only if

1 3
. —<d—-—a< —.
(3.19) 5 < 0—a< 5
Moreover
(3.20) I[f = Lam+2(wa, Wa, f)]osllco < CE2m+1(f)os logm

where 0 < C # C(m, f).

In particular for smoother functions, say f € W3, being

Wiz = {f e Co i I/ oslloe <00} 121, )= Va
a Sobolev-type space, equipped with the norm

£ llwgs = llfosllos + 1/ 0" aslloo
it will be useful the following estimate [27]

820 Bale < (L) Il CECmS).
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Assuming now that the parameters «, § are both fixed, the assumption in (3.19)
could be never satisfied. For instance, consider the function
(3.22) fa) =

arctan(z)°/2
(1+23)2

3

e’ /3 ¢ Ws(os) , os(x)=e""

and suppose that a = 0, i.e. wq(z) = e=*". In this case (3.19) is not satisfied.
In this case it can be useful to make use of the “additional knots method”, i.e. to
modify the previous interpolation process by adding some interpolation knots in a
neighbourhood of 0. Indeed the Lagrange polynomial based on the previous knots
{2137 U am+1 and on the additional points {t;}{_,, under suitable assumptions,
is an optimal interpolation process again.

To be more precise, let {¢;}5_,, s simple knots added in the range (0, Zn11.1),
for instance ¢; = (i/(s + 1)) &my1,1, ¢ = 1,2,...,s and let By(z) = [[i_,(x — t;).
Denote by Lay+1,s(Wa, Wa, f) the Lagrange polynomial interpolating f at the zeros
of Qam+1(z)Bs(x)(ame1 — ) ie.

L2m+2,s(waawa7f72k):f(gkt) ) k:1727"'72m+17
(323) L2m+275(wm Wy fa am+1) = f(am+1) s

L2m+2,s(wa7wa7f7ti):f(ti) ) i:1,2,...,3.

An expression for this polynomial is

Q2m+1(m)(am+l - :C)Bs(x) f(tl)
i=1 Q27rL+1 (ti)(am—i-l - tz)Bg (tz) (I‘ - ti)
2§1 QQm-‘rl (a7n+1 - )Ba (JJ) f(gk) +

k=1 Q2m+1(zk)(am+l — Z1)Bs(3) (x— )

L2m+2,s(wa> We f; {,13) =

Q2m+1($)Bs($>
3.24 ~
( ) + Q2m+1 (am+1)Bs (am-i-l)

By the same arguments used in the proof of Theorem 3.5 in [24], it is no hard
to prove the following result:

f(aerl)

Theorem 3.2. For any function f € Cy, if there exists an integer s such that

1 3
(3'25) 5§6-O¢+S§§,

then we have

(326) ||L2m+2,s(woca Ways f)05||oo < C”fO'(SHoo logm,
where 0 < C # C(m, f).

The introduction of the additional points “close” to the endpoint 0 in the case
of the classical Laguerre weight is referable to [24].

In view of the previous result, we can approximate the function
arctan(z)°/2

(3.27) S = T

by the Lagrange polynomial Loy,121(Wa,Wa, f) with o = 0. (See Example 4.)

3

/3 ¢ Ws(os) , os(x)=e""
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3.2. Truncated sequences. Another approach which produces a “good” extended
interpolation process is the Lagrange polynomial based on the zeros of Q2m+1(m)
and interpolating only a finite section of the function f. To be more precise, with
j = j(m) defined in (2.5), we approximate the truncated function f; = f(1 — ¥;),
being

0 ,if <0

U(z) = and U;(z) = ¥ (x_zﬂ)

Zj+1— %
1

f; has the same smoothness of f. Moreover, it coincides with f in the interval
(0, 2;], it is identically null for z € [Z;41, +00), and these two “pieces” are smoothly
linked by the function ¥, in the interval (Z;,Z;41).

So we consider the Lagrange polynomial of the truncated function f;,

if z>1

)

(3.28) L5101 (Way Was f) = Lomi1(Was Was f5),
i.e.
J
(3.29) L3 11(Wa, Way f57) = Z£2m+1,k(x)f(2k) ;
k=1

being lop, 41,k () defined in (3.15). Obviously, £3,, (W, wa, f) is a polynomial of
degree 2m such that L3, | (wa,Wa, f;Z) = 0, for k > j.

So, denoting by xm,¢ the characteristic function of the segment (0, Z;), we will
consider the “truncated” sequence {Xm o0Lm (W, fj)}m of Lagrange polynomials
interpolating only a finite section of the function f. It makes sense since [28],
[27](see also [25])

(3.30) ILf = filoslloo < Ear(f)os +Ce™ ™ fos]|oo s

with? M = [(0/(1 +0)) Qm]l/ﬁ ~ m'? ~ m, i.e. the neglected part of f behaves
like the error of best approximation Fj;(f)s, being M a proper fraction of 2m
depending on 6.

Then, for this modified Lagrange process, we are able to prove that under suitable
conditions on the weights w, and o5, £3,, 1 (wa,Wa, f) is an optimal interpolation
process in C,:

Theorem 3.3. For any function f € C,, with § > 0,
(3.31) 1£5m+1(Wa, Wa, )oslloc < Cllfos]loc logm
with 0 < C # C(m, f), if and only if

(3.32) <d-a<

DO =
N o

Moreover
(3.33)  If — L5i1(Wa, wa, )]0s]lse < C{Ex(f)os logm + e 4[| fos]loo }

where M = [2m 0/(1 + o)ﬂ, 0<C#C(m, f),0< A% A@m, f).

2[a} denotes the largest integer smaller than or equal to a € RT.
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Truncated sequences are a “remedium” in some sense on the growth of the poly-
nomial Qa,,, 11 in a neighborhood of a,,, since in the restricted range (a,,/m?, 0a,,),
with 0 < 8 < 1, the following estimate holds

. C m
Qa1 (@)lwa(@) < —= c%gxgaam.

However, {Xm,0L2m+1(Wa, ;) }m is not a polynomial sequence and X, ¢ Lm (Wa)
does not project C, onto P,,_; as well as required in some applications like the
numerical treatment of functional equations (see [21]).

In order to overcome this problem, in [16] (see also [20][26]) the authors in-
troduced and studied a polynomial sequence interpolating a finite section of the
function. The same procedure was applied to extended Lagrange interpolation
processes in [31], [33].

3.3. Polynomial sequences of a finite section of f. To be more precise, for
any fixed § € (0,1), let Z; be the zero of Qam41 defined in (2.5) and fj ¢ := fXxm,6.
Then, the interpolating polynomial L3*, 4o(wq, f) is defined as

J
(334) L§m+2(wav We f; ZZ 2m+2, k Zk) y
k=1
where
i2m+2,k(x) = ggm+17k(l‘)w , k=1,2,....2m+1,
(@my1 — Zi)
7 Q2m+1($)
lo 42,27 +2($) = = -
e Q2m+1(am+1)

Obviously, L3, , o(Wa, Wa, f) is a polynomial of degree 2m + 1 such that
L§m+2(wa,wa7 f; am) =0= Lzm.t,_z(wa»wm VE Zk)7 for k > j.

The Lagrange operator Loy, 42(wq, wq) projects Cy, on Poy, 41, while L3, o (wa, wa)
does not. However, letting

Prmi1 =10 € Poms1 = ¢(Z) = q(ams1) =0, Zi > %} C Popyr s
with Z; defined in (2.5), we have L3, ,o(wa,ws) is a projector of C,, on P35, ;.
Moreover, | J,, Py, is dense in C,,. Indeed, setting

E2m+1<f)05 = inf ||(f - Q)U(S”oo .

QEP;nz«Fl

from a more general in [26], next estimate follows
Lemma 3.1. For any function f € C,,
(3:35) Ean(fos < C{Bur(fu, + ¢ "Ifos]loc}

where M = {2m(0/(1+9))5} and the constants 0 < A # A(m,f), 0 < C #
C(m, f).

In view of (3.35), Egm(f),,5 can be estimated by the best approximation error
En(f)o,, where M is a proper fraction of 2m.

We are able to prove that under suitable relations between the weights w, and
o, the corresponding Lebesgue constants grow logarithmically:
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Theorem 3.4. For any function f € C,, with 6 > 0,

(3.36) [ L3 42(Wa, Wa, [)os]lee < Cllfos]|oc logm
with 0 < C # C(m, ), if and only if

1 3
. —<d—-—a< —.
(3.37) 5 < 0—a< 5
Moreover
(3.38) ILf = Laso(Wa, wai, )]os]lc0 < CEam(f)o, logm

where 0 < C #C(m, f), 0 < A # A(m, f).
Remark 3.1. In view of (3.35), one has
(3.39) ILf = Lo (Was was oslloe < C{EM(fu, +e ™| fos]lo0}

where M = [2m(0/(1+0))[1 and the constants 0 < A # A(m,f), 0 < C #
C(m, f).

Remark 3.2. Truncated Lagrange polynomial sequences were successfully applied
in quadrature by introducing truncated Gaussian rules and truncated product in-
tegration formulae, which are more convenient and faster convergent (see [4],[22],
[20], [25], [26]).

We conclude this section showing empirically how the number of the interpolation
knots involved in truncated processes depends on 6.
Defined
Np(a,b) = Number of zeros of pp,(w,) in (a,b)
for any 6 € (0,1) let
N,,,(0,0
'Um(e) — m( b) am)
m
and
1 N
In the case a = 0, the values obtained for different choices of the parameter 3
are plotted in the figure 2. As we can see, for increasing values of § > 1 the number
of zeros in (0, fa,,) decreases.
We remark that some procedures are in progress in order to compute only j zeros

of pm(we) (see [15]).

4. EXTENDED INTERPOLATION ON THE MATRIX Z

Now we go to state the main results obtained in [31] about extended Lagrange
interpolation processes essentially based on the knots of the matrix Z. Denote by
Lom+1(Wa, Wat1, f) the Lagrange polynomial interpolating a given function f at
the zeros {zi}?;"l“ of Qam+1, let z; be defined in (2.8) and let x,,9 be the char-
acteristic function of the segment (0, z;). Let Loy12(wq, Wa+1, f) be the Lagrange
polynomial approximating a function f at the zeros of Qopmt1(x)(am+1 — ). Here
we shall consider the Lagrange process Loy, 12(Wea, Wat1) of the truncated function
fXm,o associated to a given f € C,, i.e. we will study

(440) L;m+2 (wow Wa+1, f) = L2m+2 (wom Wa+1, me,G) .
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Deta-12
beta-2

FIGURE 2. 9,,(0) for 0 € (0,1)

Also in this case the polynomial sequence {L3,, o(Wa,Wat1, f)}m, can be used to

approximate successfully any function f € C,. Indeed, the following result holds
31]

Theorem 4.1. For any function f € C,, with § > 0,

(4.41) [ L2 42(Wa Wat1, f)oslloc < Cl[f5]|oc logm
with 0 < C # C(m, ), if and only if

(4.42) 1<d—a<2.

Moreover

(443)  I[f = Lammso(wa, wast, Nloslloc < C{Err(f)o; logm + e ™| fos|loc }

where M = [Qm 0/1+0)°] ~m, 0<C#£Clm, f),0< A# A(m, f).

In the case that for a given function f € C, the interpolation knots cannot
be chosen and the parameters § and « don’t satisfy (4.42), we can adopt the ad-
ditional nodes method [31]. Let t;,4 = 1,...,s some simple knots added in the
range [0, z1], for instance t; = (i/(s + 1)) &m+y11, ¢ =1,2,...,s and let Bs(z) =
[1;_,(z—t;). Denote by Lo 12 s(wa, Wa+1, f) the Lagrange polynomial interpolat-
ing f at the zeros of Q2/n11(2)Bs(7)(am+1—2), and define L3, 5 (Wa, Wat1, f) =
Lom+2,s(Was Wat1, fXm,e). An expression for this polynomial is

Q2m+1(x)(amy1 — )Bs(x)  f(ts)
Z Qam+1(ti)(amer — i) Bi(t:) (x —1t;)

L§m+2,s(wa7wa+laf; +

(4.44) n Z Qom+1(®)(am+41 — 2)Bs(x)  f(aw)

Q51 (2k) (@ms1 — 21) Bs(21) (z — 21)

The following result holds

Theorem 4.2. For any function f € Cy, if there exists an integer s such that

(4.45) 1<d—a+s<2,
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then we have

(4.46) L2042, (Was Wat 1, [)0sllc < Clfosl[oc logm,

where 0 < C # C(m, f). Moreover,
(447) |IIf = L3ps2,s (o wasr1, sl < C{Ew(f)os logm + e 4| fosloc} -
where M = [Qm 0/(1 + 9))5} ~m, 0<C#Clm, f),0<A# A(m, f).

In particular, in the case f € C, with § = 0, it does not exist « s.t. (4.42) holds
true. Nevertheless, in this last case we can again construct an interpolant sequence
with Lebesgue constants going like logm. Indeed, let us consider the sequence
{L3m10.1(Wa, Wart1, f)Os}m, With £ =0, i.e.

_ Qa1 (z)(@mi1 — @)

L;m+2,1(wa7wa+l7f;x) - QQ +l(o)a 1 f(0)+

(4.48)

+zj: Qama1 () (ame1 — )z flag)

= Qhpp1 (21) (@mi1 — 20) 2k (7 — 2k)
In this case we have the following
Corollary 4.4. For any function f € C, with § =0 and for any a <0
(449) Lo (W wass, Noslloe < Cllfoslloclogm , 0<C#Clm, )

and
(4.50)  |I[f = L3yi21 (Was wat1, loslloo < C{Em(f)oglogm + e ™| fos]loo }

where M = [2m(9/(1 + 9))"} ~m, 0<C#C(m,f),0< A% A@m, f).

5. NUMERICAL TESTS I

The following examples can be found in [31] and are useful to show the perfor-
mance of the interpolation processes previously described. We compare the results
obtained by extended Lagrange polynomials with those produced by the Lagrange
polynomial based on the zeros of pom+1(p,z)(am — x), where p(z) = e=2" g2,
am = am(p). More precisely, denote by &, i = 1,2,...,2m + 1 the zeros of
P2m+1(p), define
(5.51) h = h(m) = \n {& > anb}

and let Loy, 12(p, f) be the Lagrange polynomial interpolating f at {&; ?ZT’Q, being

Eom+42 = Q. Setting L3, o(p, f) := Lam42(p, fxn), where x; is the characteristic
function of the segment (0, &), in [20] it was proved that for any f € C,
A b
_ <z
274
L3 +2(p; f)oslloo < Cllfoslloclogm , 0 <C#C(m, f).

1
(5.52) 4
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In addition, in the case A = § = 0, in [11] it was proved that for the Lagrange
process Lo, +1.1(p) for approximating f € C, at the knots {&;}>™ 2 |J{0},
1 A
- <fd—-+s< g =
(5.53) 4 2 4
[ L2m+1,1(p; f)oslloe < Cllfoslloclogm , 0 <C#C(m, f).

We remark that the same estimate can be easily deduced if we replace
Lomy1,1(p, f) with L3, 1 1(p, f). We use the following notations

6550 D= {5 i ome 1] s, = mg 9ol
€D,
Setting
Zi=z , +=12....2m+1 | Zopyo=0am,
let
(5.55) sz{zizzi“7i=1,2,...,2m+1}.

Any table contains the number j = j(m) (being j the integer defined in (2.8))
of knots used in extended interpolation polynomial L3, , o(wa,wat1w, f) and the
corresponding maximum error committed in the set F),,. Similarly the column
h = h(m) contains the number of knots used in L3, »(p, f) and the corresponding
errors taken in the set D,,. We recall that to compute the interpolation knots in
L5, o(Wa, Waqt1, f) we need the zeros of two almost one half degree polynomials
w.r.t. the zeros involved in L3, 5(p, f).

The computation of the Lagrange polynomials are performed in double machine
precision 2.2204 x 10716,

Example 1.

(5.56) fi(z) =sin(z)e*’? os5(x) =ze™® f1€Cy Vr>1.
We choose as interpolation weights p(z) = e=2*z/% and w_ jo(z) = e~ %z~ 1/2,

respectively, so the assumptions in (5.52) and (3.19) are both fulfilled.

2m +2| hlllfr = Limi2(p, f)lo6lloo,0m | J | Ilf1 = Limyo(Wa, Wast, £1)]05|oc, P
22 |22 2.2 e-4 22 3.8e-4
32 [32 1.9e-6 32 2.5e-6
2 |42 2.6e-8 42 4.5e-8
52 [49 1.5e-10 49 2.6¢-10
62 |55 2.0e-12 55 4.1e-12
72 |60 1.7e-14 60 3.0e-14
82 |65 6.6¢-16 65 9.8¢-16

In this example the function is smooth and with m = 81 we obtain the machine
precision.

Example 2.
(5.57) faox) = |z — 5|13 2 e WS, os(x) = aPe™ .

We choose p(z) = e"2*2* and ws/o(z) = e~"23/2, so that (3.19) and (5.52) are
both satisfied.
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16
2m 42| h | [f2 = Limya(p, f2)loslloc.0m | T |[I[f2 = Lomi2(Was wat1, £2)]05 00, P
16 |16 2.7e-5 16 2.4e-5
32 |27 1.2e-6 28 2.3e-7
64 [51 5.1e-6 51 3.3e-7
120 [90 4.8¢-8 90 3.5e-8
302 [178 9.0e-9 178 4.1e-9
400 [236 1.5e-10 236 2.3¢-10
798 | — — 377 3.3e-11

The zeros of p,,(p) are computable up to m = 399. So Ljy,(p, f) is the max-
imum degree Lagrange polynomial that we can consider. In this case, using the
zeros of psge(w) and psgs(w) we can construct the polynomial Ligg(we, Wat1, f)

interpolating f at the zeros of psgg(w, )p3gs(w, z)(asgy — ).

Example 3.

1 1 e 2
63%) o) = R ¢ e Walu) L o) =

According to (5.52) and (3.19) in Theorem 3.1, we choose p(x) = e 2*x? and

wyo(z) = e~ T2/2.
2m + 2| h ||Ilfs = Lamia(ps f3)105lloc, 00 | T |I[fs — Lami2(Wa, Wat1, f3)]06 |0, Fin
8 6 5.0e-4 6 4.8e-4
16 12 1.8e-5 12 2.0e-5
32 25 2.2e-6 26 1.1e-6
48 38 5.3e-7 38 3.8e-7
64 51 2.0e-7 51 1.6e-8
202 (152 5.0e-9 162 1.2e-9
302 |227 9.9e-10 242 2.4e-10
400 (381 8.1e-10 281 2.35e-11
422 | — — 390 9.6e-12
502 | — — 445 7.8e-13

Also in this test by using extended interpolation, we can almost double the maxi-
mum degree Lagrange polynomial, since we are able to construct L, (wa, Wa+1, f)
which interpolates f at the zeros of pasi(Wa, T)P2aso(Wat1, ) (a251 — ).

Example 4.

arctan(z)%/2 _
(559) f4(gj) = (14»(1’3))2 613/3 € W&% s 0'5(55) =e z3

In this case for a = 0, i.e. wy(x) = e’ (3.19) is not satisfied. Therefore we can
supply by using the Lagrange polynomial with an additional knot defined in (4.48).
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2m +2 h |[[[fs = Limi2(ps f)]oslloo,Dm| J |2 = Lim a1 (Was wartt, f1)]05 |0 Fim
8 |8 9.7e-4 8 1.5¢-3
16 |16 4.1e-6 16 2.1e-5
32 [32 1.4e-7 31 8.1e-8
50 |50 2.1e-8 40 5.0¢e-8
100 |88 6.5¢-10 81 6.5e-10V
202 [190 5.8¢-11 164 3.5e-11
302 [195 1.1e-11 193 6.5¢-12
400 [257 3.3e-12 256 2.0e-12
600 | — — 330 3.2¢-13

5.1. Computational details. We recall the three-term recurrence relation for the
orthogonal polynomials w.r.t. the weight w,,.

p-1(wa,2) =0 ,  po(wa,z) = (/OOO We (T) dm)

(5.60) bn+1pn+1('wa§x) = (:B - en)pn(waax) - bnpn—l(waax)

—1/2

oo
by = ’W en = /0 TP (Wa, T)we () d .
Although the coefficients {by}r, {ex}r are not always known, there exist efficient
numerical procedures to calculate them [2]. The computation of the zeros of general-
ized Laguerre polynomials with parameter 3 # 1, requires an higher computational
effort. Indeed, when 3 # 1 the coefficients in the three term recurrence relation
for the polynomials {p,,(was)}m are not always known. However there exists the
Mathematica Package OrthogonalPolynomials [2] to compute these zeros by using
“high” variable precision.

6. THE PROOFS: FIRST PART

Now we collect some polynomial inequalities deduced in [26] by a change of
variable in analogous estimates in [13]. Let x € [Xm,1,Zm,m] and d = d(z) €
{1,...,m} be an index of a zero of p,,(wy) closest to x. Then, for some positive

constant C # C(m, x,d), we have
=y
C \Za—Tat1

o\ 0+ (1/2)
66 <pwa)e™ (v+25) Vlam — ol + amm2/0 <
m

2
xm7d - .’L‘m)dil
and fOl" a ﬁXed real number O < 6 < 1,

‘pm(wav 1‘)| \/m

C
< )
Tz Y am — 2] + apm—2/3

(6.62)

am
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In particular, for a fixed 0 < 8 < 1

1 m
(6.63) [P (Wa, )| Vwa(z) < C — — :Ln—Q <z < Bayy,.
Moreover, for k =1,2,...,m and AZp k = Tm k+1 — Tmk

(6.64) +m-2/3

1_M
Am

1
~ ATk YO Tk 4
P (Wa, T ko) | v/ Wa (T, k) v \/

for any polynomial P, € P,,, the Bernstein inequality [13] [27],

max| P, (2)] vwa (@) VT <

(6.65) -

<C

max|P(2) Vwa(@)| . C#Clm, Pp)

Ay 20

ﬁ

and the Remez-type inequality [27]

(6.66) max | P (2) Vwa(z)] <C max  |Pp () Vwa(z)].

> /m?

Finally we recall that for any polynomial P,, € P,,, the following inequality holds
[27]

(6.67) max : | P ()| \/we(z) < Ce™ 4™ max | P ()] A/ W (2)

>am (1448
where C # C(m), A # A(m).
In the next will be useful the following

Lemma 6.1.

1 Vam — 2

(6.68) < Yim 5
|Q2m+1(zk)‘06(zk)

Az s 2k<2j s C#C(m)

~0—a—1
“k

Proof. Using (6.61)
1

<
(669) |pm(waaxm+1,k)| \V woz(xm-l-l,k)
S C v xm—i—l,k(am - $7n+1,k) 3 xm—i—l,k S Zj 5

so, by (6.64), it follows
1 <c Vam — Tmi1k

AZmitk », Tmgik < Zj-
|Q,2m+1(xm+1,k)‘0—6(xm+l,k) '/'I"Z@;Oijk(l/m m ) m J

An analogous estimate holds replacing x,, 41,5 with a,, ;. Using then Ax,,4q,5 ~
Az ~ AZ, Z < zj, the Lemma follows.
O

Lemma 6.2. For x € (31, Zam41) and denoted with Zq the zero of Qam41 closest
to x, we have

|Q2m+1($)| o5(x)

| Q41 (20) (& = za)| 95(%)

(6.70) <C, C#C(m,x).
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Proof. Denoted by @y,+1,4 & zero of pp,41(wa) closest to © € [Tm41,1, Tmt1,m+1],
in [20] it was proved,

P (i, 2 vl |
D1 (Wa, T 1,a) (T = Tma1.d) | /0o (Tmt1.d)
Therefore, assuming Z; is a zero of py,4+1(w,), we have
|Qams1 ()] 05(2) _ o Pm(wa,2)| 05(z) Vwa(Za)
|Qhmi1(Za) (@ — Zg)| 06(2d) = [Pm(was Za)| 06(2d) \/wa(z)

and using (6.69) and (6.62),
‘Q2m+1($)| os(x) <c (x>5a1/4 e

|Ql2m+1(5d)($ — zq)| o6(Za) ~

since x ~ Zg4.

d

Lemma 6.3. Let {Z, )77 the zeros of Qamy1 and denote with 24 a zero closest to
x, AZy = Ziy1 — 2. Assuming 0 < p,o <1, for xz € (0,a,,) and for m sufficiently
large, we have

2m—+1 B

Az (apy — )P 27
6.71 Sy
o ; 2 — 2| (am — ) 27 = 08"

k#£d

where C # C(m,x).

We omit the proof of the previous Lemma since it can be easily obtained following
the same arguments used in [24] to prove Lemma 4.1, p. 36.
Proof of Theorem 4.1. First we prove the sufficient condition. By (6.66) we have
HL;erQ(wOéu Was f)o'éHoo S

(6.72)

<C c am/ngg;(zgam |L3 0 p0(Was Wa, fi2)0s ()]

and by (3.34)
HL;erQ(woéu Wa, f)o—éHoo <

j ~
<Clfosl max Z Q2m+1(2)(amt1 — ) os(x) .

Cam/m?<a<am = | Qi (Fi) (@min — Z) (@ — 21) | 05(Zk)

(6.73) =:C||fos]l00 . ()
By (6.63)
. pd—a—(1/2) a
(6.74) |Qam+t1(x)|os(z) <C W , m—"; <z <fa,,
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and recalling (6.68) we have

g Az —z 25me=(1/2)
> m
Sy <c Yy, % Vam T @ N
k=1,k#d @ = Ze| Vam — 2 52—04—(1/2)

Q2m+l(x)(am+l — ) os()

G Ca) (& — 2)@msr — 20) | 73]

By Lemma 6.3 under the assumption 0 < § — a — 1/2 < 1, using Lemma 6.2 and
taking into account (am+1 — ) ~ (@m+1 — 24), we get

(6.75) Y(xz) <Clogm.

Combining last inequality with (6.73), (4.46) follows.
We omit the proof of the necessary part, since it follows with a slight change in
the proof of Theorem 3.1 in [31].
O
Proof of Proposition 2.1. Consider the Fourier expansion of zp,,(wa+1, ) in the

system {p; (wa)}22:

TPm (wa+1; l‘) = dmpm(wou -T) + dm+1pm+1(wo¢; Z‘) 5
di = / TP (Wat1, 2)pi(Wa, T)wa () dz
0

and for x = zpy1 0, k=1,2,...,m+1

w
(676) Tm41,k pm(wa—i-h $m+1,k) = M pm(waa xm+1,k) .
Y (Wat1)
Similarly proceeding , by the Fourier expansion of p,,41(we,x) in the system
{pj(wat1)};,

Pm+1(Was ) = CmPm (Was1, ) + Cmp1Pmy1 (Wat1, ) 5

o
Ci :/ Pmt1(Wa, ©)pi(Wary 1, 2)Wa41(2) d
0

and for * = ym i, K =1,2,...,m, we have
'Ym-i—l(woc)
(677) pm-‘rl(wOH ym,k) = pm+1(wa+1a mec) .
Ym+1(Wat1)

By the three-term recurrence relation (5.60)

~ Om—1 (wa+1)7m+1 (wa+1)
Yo (Wart1)

pm-‘rl(wa-i-laym,k) = pm—l(wa+1,ym,k)

and replacing in (6.77)
_ Ym—1 (wa-ﬁ—l)’Ym-‘rl (wa)
Vi (Wa+1)

By (6.76) and (6.78) it follows that Qa2m+1 = Prm+1(Wa)Pm(War1) has simple zeros.
Moreover,

(679) Q/Zm—&-l(xm-i-l,k) >0 , Ql2m+1(ym,k) < 07

(678) pm+1(wa7ym,k) = pm—l(wa-i-laym,k) .
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by which it follows that the zeros of p,,+1(wa, z) interlace with those of py, (wa+1)-
Now we prove (2.10). Using Tyy1,k41 — Ymk < Tmil ksl — T,k and Yk —
Tma1,k < Ym,k+1 — Ym k> by (2.4) it follows

(6.80) Az, <C —':Lm Vze o oz < bap,.

To prove the converse inequality in (2.10), we first prove

vV m .
(6.81) Trnt1,k+1 — Ym,k > C R VT , k=1,2,...,7,
with C # C(m). By (6.79) we have
0< Ql2m+1(xm+17k+1) - Q,2m+1(ym,k) = (IYVL+1J€+1 - y’m7k)Ql2/m+1(§k) 3
where & € (Ym,k, Tm+1,k+1)- Therefore
1 < Q/QIm—l-l(gk)
(Tmt1 k41 = Ymk) — Qbyry (Tt k41)
By (6.65) and (6.62) it follows

m 1
' &) <cC
|pm(w &f)‘ m < \/am&f {/fk(am - gk)

(6.82)

and therefore

Q%1 (&) Vwa (Ex)0(E) < Clpy, (War, E )Py 1 (0, E) | VW (Ex) W (Ex) <

m? 1

<C .
am&k \/Ex(am — &)
By (6.61)
1
(6.83) — — <C \/Tmt1,k+1(Am — Tmt1,k41)
‘Pm(u% $m+1,k+1)| V4 w($m+1,k+1)

and by (6.64) we get
1

Qb1 (@mt1,k41) VWa @t 1,541 O(@mt1,k41)

<

(6.84)

<C A Tma1,k+1(@m — Tt 1 k1) Aot kot 1 -

Using /Wa (Zm+1,k41) 0 @ma1.541) ~ V/Wa (&) 0(Ex), it follows
Q5,41 (k)| 2

m
<C — A%yt kg1 -
Qo1 (@mt1,k41) S

(6.85)

Since by (2.4)

am

VZmtirk+1 > k<7,

A1 kg1 ~

it follows
1 m

(6.86) <C .
($m+1,k+1 - ym,k:) VOmIm+1,k+1

Since the estimate
1 m

(6.87) <c
(ym,k: - merl,k) \/ammerl,k:
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follows by similar arguments, the Proposition is completely proved.
O

Lemma 6.4. Let Qi1 = Pmt1(Wa )pm(wat1) and zg, k = 1,2,...,2m + 1 the
zeros of Qam+1
1 c Qo — 2

688 st =€ e

Az, 2z <z, C#C(m)

Proof. Using (6.61)
1

<
|pm(wa+1a merl,k:)‘ VvV Wa+1 (merl,k:)

(6.89)

<SC A Tmt1,k(@m — Tmgi k) 5 Tmgrk < 25,
so, by (6.64), it follows
1 <c VOm — Tm+1,k

|Q/2m+1 (-’L‘m+1’k)|0'5(.’l,'m+1’k) xg;fljkl

Arpmyrr >, Tk < 25

An analogous estimate holds replacing @41,k With ym, k. Using then Axpqqp ~
AYm i ~ D2ky  Tong1k, Ymoks 2k < 25, the Lemma follows.
O

Lemma 6.5. For x € (21, 2zo9m+1) and denoted with z4 the zero of Qam+1 closest
to x, we have

|Q2m+1(2)] as(x)

Qs (o) (2 — 2)] 00(z0) = ©

< , C#C(m,x).

(6.90)
Proof. Denoted by x4 a zero of py,t1(we) closest to & € [Zm41.1, Tmt1,m+1], i
[20] it was proved,

Pm+1(Wa, T) we ()

Dot 1(Was Tm41,0) (T = Tt 1,d) | /Wa(Tmi1.d)

Therefore, assuming zq is a zero of pn,11(wy), we have
Qi@ (@) _ o Pn(es 0] 03) Vel
|Qbmy1(2a)(z — 2a)| 06(24) = [Pm(wast1, za)| 05(2a) /wa(z)
and using (6.69) and (6.62),
d—a—3/4
Q211 (2) %uo<c(x> e

Qb1 (2a) (@ — za)| 06(2a) = \2a

since x ~ z4.
O
Proof of Theorem 4.1. First we prove the sufficient condition. By (6.66) we have

‘|L;m+2(w0ﬁ Wa+1, f)oéHw <

(6.91)

< CCam/rrr{leaSXxgam |L§m+2(waa We+1, fv .’E)O’§(-T)|
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and using (3.34)

HL;m+2(wOéa Wa+1, f)o'tSHoo S

<Clfosle  max S Qam 1 (1) (Gms1 — ) os(a) _

Cam/m?<e<an = | Qhpiy(2k)(@mir — 20) (@ — 2) | 05(2k)

(6.92) = Clfosle , max ()
By (6.63)
xé—a—l A
(6.93) |Q2m+1(x)|os(z) < C o 3 <z <fba,,

and recalling (6.88) we have

J — d—a—1
S(z) < C Z Az, Vagn,—x T

+
_ — 5— 1
k=1 ketd |.1‘ Zk| Zk zy a—
Q2m+1(z)(@mt1 — ) os(x)

+

Q/2m+1(zd)(x — za)(@m41 — za) | 05(24) '

By Lemma 6.3 under the assumption 0 < § —a — 1 < 1, using Lemma 6.5 and
taking into account (a,, — x) ~ (am — 24), we get

(6.94) Y(x) < Clogm.

Combining last inequality with (6.92), (3.18) follows.

Now we prove that (4.41) implies (4.42). Let g a linear piecewise function such
that

g(ym,k)zo ) k:172a"'7m ) g(am-‘rl)zo

and
sgn (p/ Wey, T Waal, Tk)(T — )
g($m+1,k) _ g (pm+1( o nz+1,k)pm( a+1 k)( m+1,k)) k=12,
o5 (Tm+1,k)
and

9(@mi1k) =0 , k>j.
So |lgos]leo = 1, and

||L;m+2(waawa+17g)o-(5”oo Z

J _ _ _
> Z |pm+l(waa x)pm(wa+l7 m)|(a‘m - -T) %
o — |pm+1(w04’

xm—‘—l,k)pm(woz—&-ly xm+l,k)|($m+1,k - f)(am - $m+1,k)

O'(s(i’)

gs ($7n+1,k)

where Z = Z,,41,1/2 ~ am/m?. Using (6.61) we have

—a—1

(6.95) (am — &)|Pmt1(Wa, 2)Pm (Wart1, T)|0s(7) = CT° U — T
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and by (6.64) and (6.61) it follows

‘p;11+1 (wa, $m+1,k)pm (waJrl, $m+1,k) | (a - xm+1,k)05 (xm+1,k) S

(6.96) ST
— Tm+1,k .
" Am7n-i-1 k
Using am — T > @m — Timg1,k 0d T — Tog1,6 < Tint1,5 We have
m+l =5—a—1
ALy, 207
1L (Was Wy 1, 9)osloc > 3 Dol
k=2 Lont1,k
S—a—1 [am
> (aﬂ) “ dt > m—2((5—oz—1) )
m2 o t&—a
Since (4.41) holds,
—2(6—a—1)

Clogm > ||L;7n+2(w043 wa+1ag)05||oo > Cm

it follows § —a —1 > 0.
To prove that (4.41) implies right hand condition in (4.42), consider the same
function g previously defined and let £ = fa,,. We have

||L3m+2(wa?wa+lvg)o-6“oo >

> |pm+1(waa ~)pm(wocﬁ%)j)|(am — ) %

|pm+1(wo¢; l’m-&-l k)pm(wa+1; zm+1 k)|(xm+1,k - j)(am - xm+1,k)

os(Z)

Ué(xm+1,k') '

Using (6.61)

(am = &) |Pmt1 (Wa, B)pm(War1, &) |05 (2) > CF = ay, — &

and using (6.96) again and apy — Tmt1k < Gmy T — Ttk < Ty G — Tmt1k >
(1 —0)a,, we have

|‘L§m+2(wavwa+la )05”00 >C—— S—a—1 =

m+1,k

j-1
va F6-a-2 Z Vam = Tt 1,k ATmy k -

fa
m dt
~0—a—2
2 €2 /gﬂ Fa T

m+1,1

Since (4.41) holds,

_o\ —6+at2
Clogm > ‘|L3m+2(waawa+1ag)05“oo >C (m 2) “

it follows § —a — 1 < 1.

Let us prove (3.20). Let P € Ps,, ;. Since L3, o(Wa, Wat1) : [ € Cu — Ps iy
is a projector,
I[f = Lamio(wa, watr, Flosllee < (f = P)oslloc + 1 Lo yo(Was Wat1, f = P)os]loc -

Using then (3.35) and (4.41), the proof is complete.
O
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Proof of Theorem 4.2. By (6.66) and (4.44) we have

||L;m+2 e(wav W41, f)05||oo S

< C||fcr5||(><> - 2< o {Z N |Q2m+1 x)(am+1 — z)Bs ()| o-(;(x)+

mt1(ti) (ami1 — i) By(t) (= t:)| o5(t:)

+1(zr)(@ms1 — 21) Bs(21) (x — 2)| os(2k)

! Qi1 (2)(@ms1 — ) By ()] o5 ()
2 @ }

(6.97) =:C|| fos]loo max {Ci(z) + Ca(x)}

Cam/m?<z<am

5o /o \ /2+1/4
‘pm(waa ti)|6_ti /2 (ﬁ) \/4 m — 1 2

ti — Tmi11

>C

Tm+1,1 — Tm+41,2

and consequently, since t; ~ a,,/m?,

Ct,(»; 2\ o+l c 2\ a+1—46
Qe (to)lors(te) >~ <m> S <m> .

>
A — A m Am
Using
S . 2 S—
’Bs(x) < H T —t; <c (m x)
Bg(tt) tj Qm

=L
Vam —x < \ap, —1t;, and (6.93), we have

and taking into account the assumption § —a—2+s < 0 and = > a,,/m?, it follows
(6.98) Ci(z) <C.
By (6.93)- (6.68) again and using
Bs(@)| =[]z —til < (@ —t2)" <Ca®
i=1
1Bs(2k)| = (2 — ts)" ~ 2}
we have

J d—a—1+s
A Vam —
Cox) <C > | T Vam T T +

C
— d—a—1+s
Tr—z VA — 2k
k=1,k£d k‘ m k Zk:

[pm (wa, 2) Bs(2)|(am — ) os(z)
|Bs(zd)pm(wa+la Zd)|(am - Zd) Gé(zd) '

+||lm+1,d(wmm) ‘

Using Lemma 6.3, under the assumption 0 < § —a— 14 s < 1, by Bg(x) ~ Bs(zq)
and Lemma 6.2, it follows

(6.99) Co(z) < Clogm.
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Combining (6.97)—(6.99), (4.46) follows.

7. APPROXIMATION OF THE HILBERT TRANSFORM

Let H(G;t) be the Hilbert transform of a given function G

+oo
H(g;t):/ ﬂda: , t>0,
0 T —t
provided the integral exists as a principal value. The Hilbert transform arises
in many fields of the applied sciences and also in singular integral equations of
Cauchy type (see [14],]29]). In [32], we introduced a numerical method in order to
approximate

r—t

(7.100) H(fwait) = /Omf(x) wa(z)dz , >0

where wq () = e‘lﬁxo‘, a> -1, 8> 1/2is a generalized Laguerre weight and the

function f can be singular at the origin, having an exponential growth at infinity.

As far as the methods based on the zeros of orthogonal polynomials are con-
cerned, these consist of quadrature rules, like Gaussian-type quadrature rules or
product integration rules. A drawback of the product rules is the heavy effort
in computing their coefficients, while instability phenomena arise using Gaussian
rules, for values of t close to the Gaussian knots [6]. This last problem has been
overcome by suitable Gaussian rules, modified in some sense in order to approxi-
mate Cauchy principal value integrals or weakly singular integrals (see [22], [5], [6],
[7], [30], [25], [8]). However, any of these quadrature rule have to be applied for
any fixed value of ¢. In the present paper, following an idea introduced in [23], we
propose to approximate the function H(fw,) by a suitable Lagrange interpolating
polynomial based on Laguerre zeros.

The method is based on the following idea: we start from

fz) = f()
—t

a(z)dr,
. we () dzx

o0
H(fuait) = F(Fwait) + [OH wst) . Ffwoit) = [
and after determining the conditions under which F(fw,) belongs to a weighted
uniform space, we approximate F(fw,) by the truncated Lagrange polynomial
L (F(fwa)) (see [20]). Since in the general case the computation of F(fw,)
at the interpolation knots cannot be exactly performed, we approximate them by
using the truncated Gauss-Laguerre rule (see [22]). In order to obtain a convergent
procedure, the choice of the interpolation knots and the degree approximation in
the Gaussian rule have to be carefully performed. Furthermore the interpolation
knots and Gaussian knots have to be chosen sufficiently far among them to avoid
possible numerical cancellation phenomena. This goal is achieved by selecting as
interpolation nodes, the zeros of suitable Laguerre polynomials [31].

7.1. Functional spaces. With X C [0,00), 1 < p < 400 let LP(X) be defined in
the usual way. Introducing the weight

:*Iﬁ/Q'\/ >,1 >1
u@ = > B>
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let LP(X) be the space of measurable functions f s.t. fu € LP(X), equipped with
the norm

—+o0
@00 flazeo = el = ([ @ )
Moreover with v > 0, let LY ([0, 400)) =: Cy, be the space of functions
C, = {f . fue CORT), H’%ﬁ f@)u(z) =0= 111}_1 f(x)u(x)} )

with the norm || f||¢, = SUp, > | f(x)|u(z).
By

1/p

Eni(f)up = Piélﬂ,fm I(f — Pullp

we denote the error of LP— weighted approximation of f by algebraic polynomials
of degree < m.
We recall the Sobolev space

W(u) = {f eC, : f Ve ACRY), If¥p%ullo < oo} , plr)=vr,s>1,

where AC(R™) denotes the set of the functions which are absolutely continuous on
every closed subset of RT, equipped with the norm

(7.102) 1w,y = Ifullso + 17 % ulloc -
The following estimate holds true [27]

(7.103) Enfume <€ (Y ) 0l o C#Clmf).

7.2. Lagrange interpolation. We need to recall some results about Lagrange
interpolation processes. Let p(z) = e’zﬁx”,p > —1,6 > 1/2 and let {7}}_, be
the zeros of p,(p). The polynomial L, 1(p,g) denotes the Lagrange polynomial
interpolating a given function g at the zeros of p,(p, z)(a, — x), where a,, is the
M-R-S number w.r.t p, i.e.

LnJrl(pvg;Ti):g(Ti) P i:1>27~-~7n 5 Ln+1(pag;an):g(an)~
For any fixed 0 < 6 < 1, define
(7.104) Tjx = Tje(n) = Min{rg : 7 > Oay,, k=1,2,...,n} .

and setting x;- the characteristic function of the segment (0, 75 ), in [20] the authors
introduced the Lagrange polynomial

(7.105) Lyi1(p,9) = Lut1(ps 9x5+) -
The polynomial L, (p, g) belongs to a subspace of P,, namely P , with
(7.106) Prn={q€Py : q(r;) = qlan) =0, & > 752} C Py

and L}, ,(p) projects C, onto P;;.
About the behaviour of the Lebesgue constants in C,, they prove the following

Theorem 7.1 ([20]). For any g € C.,, under the assumption

n 1 n 5
. = — < < L —
(7.107) 2+4 ’7,2+4a

we have

(7.108) [ L511(p, 9)tlloe < Cllgulloc logn,
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where C # C(n, f).

Nevertheless, if the parameters 7, v do not satisfy the assumption in the previous
theorem, it is possible to modify the previous process making use of the method
of additional knots. Let t;;i = 1,...,v be some simple knots added in the range
[0,71), for instance ¢; = (i/(v +1))71,i=1,2,...,v and let B, (z) = [[_,(z — ;).
Denote by Lp+1,.(p, f) the Lagrange polynomial interpolating f at the zeros of
Pn(p,2)By(z)(an — x), and define Lj, ; (p, f) := Lny1,.(p, fx;-). We are able to
determine suitable assumptions on the parameters ~,v,n under which the above
Lagrange process has optimal Lebesgue constants again.

Theorem 7.2. For any g € C,,, under the assumption

n 1 5
. A <14
(7.109) 5 + 1 v<vg< 5 Ty 1Y
we have
(7.110) L7410 (P 9)ullo < Cllgulloc logn,

where C # C(n, f).

The idea of interpolating a truncation f; of the function f was introduced in
[22], where f; is obtained as a link between the function f with zero by a smooth
function, having f; the same smoothness of f.

In the case v = 1,t; = 0, Theorem 7.2 was proved in [11].

Theorems 7.1 and 7.2 deal with the construction of optimal Lagrange interpolation
processes, i.e. with Lebesgue constants sequences behaving like log m. Furthermore,
both of the two sequences {L;,(p, f)u}n, and {Ly, ,(p, f)u}m, offers some advan-
tages: a reduced computational effort and the possibility of constructing higher
degree approximation for functions f with an exponential growth, avoiding possi-
ble overflow drawbacks.

8. THE METHOD
Let ¢t € (0,a,,0). We start from the relation
H(fwa;t) = F(fwa; t) + f () H(wa; t)

where

F(fwa;t) / J x—t )wa(x)dx.

Referring to the Section “Numerical tests II” the discussion on the evaluation
of H(wy;t), we focus the attention in approximating the function F(fw,). Let
Lr(F(fwy)) be the Lagrange polynomial interpolating F(fw,) at the knots

{617 o ,é-R}, i.e.

LR(F(fwa)it) =Y (O F(fwai ), Clt H
h=1

i=1,i#k

gk*

In the general case the quantities F(fwa; &), k=1,..., R cannot be computed
exactly and so we will use a suitable Gaussian rule to approximate them. Indeed,
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for any fixed 0 < 6 < 1, define the zero zn ;(wq) s.t.

zN,j(Wa) = N, j(v) (Wa) =
(8.111)
=min{zyk(we) : Tnx(wa) > ban, k=1,2,... N},

and replace F(fwq; zi) with

J(N)

w(fwai &) = 3, Awilwe) f@ni(wa)) = (&)

zNi(Wa) — &k

where {\n x(wa)}i_, are the Christoffel numbers w.r.t. the weight wy,.
Therefore we approximate H(fwy) by

Hg(f;t) := Lr(Fn(fwa);t) + () H (wa;t) .

Now we have to select the interpolation knots far enough from the Gauss-
ian nodes in order to avoid numerical instability in computing the denominators
(zn.i(we) — &)1, In the meantime this choice have to guarantee an optimal in-
terpolation process in the space C,, i.e. such that the corresponding Lebesgue
constants sequence has a logarithmic behaviour.

Regarding the good distance between the knots, by Proposition 2.1 it follows
that the minimal distance between zn41 k(wq) and xy k(we41) behaves like the
distance between two consecutive zeros of px(wq+1) (see [31],[13]), the knots
{xNH’k(wa)}]kvjll, {oNk(watr1) Y, are sufficiently far among them.

In view of the results presented in the previous Section about Lagrange interpo-
lation processes, we are now able to select either the interpolation knots and the
degree N of the truncated Gauss-Laguerre rule. We assume —1/4 < a < 1. Indeed
the cases a > 1 can be easily treated setting f(z)z[® instead of f and with weight
we(x) = e=2’ ga-lal,

We distinguish now two different cases.

—1/4 < a < 0| By Proposition 2.1, the zeros of the polynomial p,, 11 Wa)Pm Wa1)
are sufficiently far apart. Therefore we choose as Gaussian knots the zeros

{Zm+1,i(wq) "i“ of the polynomial p;,4+1(wy). Moreover, from Theorem 7.2 with
T=1Ln=a+1,t1 = (1/2) xm1(wat1) we select as interpolation knots
(A) {Tm,i(way1) }i2y U{am} U {ti}.

So we will have

(8.112) H(fwast) = HSM(fit) == Lk 111 (Wart, Frs1 (fwa)it) + FOH (wast) .

. In this case we choose as Gaussian knots the zeros {z, ;(wq)}, of the
polynomial p,,(w,). Moreover, from Theorem 7.1 with n = a — 1, we select as
interpolation knots

(B) {merl,i(wafl)}?g{l U{am}.
So we will have

(8.113) H(fwa;t) = Hr(nB)(f;t) = L;+2(wa,1,fm(fwa) t) + f(t) H(wa;t) -
About the stability of the proposed procedure, we are able to prove the following
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Theorem 8.1. Let f € C,. Under the assumption

a 1 1
114 —— < i
(8.114) 5~ gS7<atg,
we have
(3115 sup|Liyo(Wamr, Fulfwa)iDlu(®) < €l fullogm . a >0
>

1
(8.116) - sup | Ly 1 (Watrs Fnsr (fuwa)it)ult) < Cll fulloc logm , =7 < <0

where 0 < C # C(m, f).
About the error estimate, we are able to prove the following

Theorem 8.2. Let f € W3, (u) , and assume t € (0,6ay,), and

a 1 1
11 —— =< -
(8.117) 5 4_’y<a+4

For —1/4<a <0

ﬁ

am

118)  |H(fuast) ~ B Funolult) < >S||f(5“)s05+1UIloologm

m

and for0 < a <1

ﬁ

am

(8.119)  |H(fwast) — HP (fwast)|u(t) §C< ) [ £+D 5+ 1| oo logm,

m
where 0 < C # C(m, f).

As we can see the method is easy to carry out, since it uses tools like the Gaussian
rule and Lagrange interpolation, both of them w.r.t. generalized Laguerre polyno-

mials. We point out that the coefficients in the three-term recurrence relation for

the sequence {p,, (w)}., are not always known, even if there exist efficient numerical
procedures to calculate them [2].

9. NUMERICAL TESTS II

First of all we show how to compute the Hilbert transform of the weight w,, (z) =
e*xﬁz"‘, a > —1, > 1/2 for some choices of the the parameter 3.
In the case H, i.e. for the classical Laguerre weight, it is [34, p.325 n.16]

+oo e~ T
/ dr =—e 'Ei(t) , a=0
0

x—t

+o00o —z,.«
(9.120)/ € T dgr=—nt®etcot((1+a)m)+T(@) Fi(1,1—a,—t) , a0
0

r—t

where Fi(t) is the exponential integral function and 1F(a,b,x) is the Confluent
Hypergeometric function.
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Let . We will use for § > 1

+oo efm +o0o ochl)/B 1
o
/0 =t 75 / Aoy ¢ W=

o0y (at14k) /5 1

1=
_ LNy / v vy
B ,;) 0 y_tﬁ v

and for o # 0 by (9.120)

B

+oo —z p-1
e 1 ] a+1+k
/ de == E tP-1-k {—wt“"‘Hk—ﬁe—t cot((————)m)+
0 r—t B =0 B

4T <a—|—1—|—k — 1) Fi(1,2 - M,—tﬂ)} )
B 1 g

In the case o = 0 the exponent (« +1+k)/8 —1 =0 for k = — 1 and then we
have

B

+oo —x B-2
e 1 . . s a+1+k
/ de == E Pk {—77t"+1+k_ﬂe_t cot((————)m)+
0 r—1 B =0 B

1 1
+F(W_1) F1(1,2—a+ﬂ+k,—tﬁ)}—
1

1
—5 €_tﬁEZ.(tﬁ) .

Consider now | 3 = p/q|, with p,g e N, ¢>1

/+Oo efmp/ql,oz e — q /+OO efyy(aJrl)Q/pfl g z_: p—1— k/+oo e*yyék dy
0 r—t D Jo ya/p —t D o yi-tp
and

400 e_wp/qma q p—1 t(p 1—k)p/q +o0o e—yyék g

o r—t 0 kZ—O (@=Dp/a \ J, y—tr/a yt
(9.121) -

J ¢(bi—1)p/q
+/ ey B dy
0 Zq7 y] tb]p/q
where b; = (¢—j—1),7=0,1,...,¢— 2,0 = (a+ 1+ k)q/(p — 1). The Cauchy
principal value of the integrals in (9.121) can be computed using (9.120) again.
About the regular integrals in (9.121), in some cases they can be expressed in

terms of special functions again. For instance, with ¢ = 2, we can use the Stiltjies
transform [10, p.217, n.(17)] to obtain

+oo b p/2
/ eyt —20 gy =T (1+6;) 0 P/2e”" T (—5k,tp/2) ,
0 y+t2
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where I'(a,b) is the incomplete Gamma function. In the general case we observe
that the poles of the rational functions are sufficiently far from the integration
interval and the integrand function is very smooth. Therefore, the integrals can be
computed successfully by a truncated Gaussian rule.

Now we show the performance of our method by some numerical examples. Let
j the integer defined as

(9.122) T, i(0) = 1I<n_i£1 {znk(o) + Ty (o) > ban} ,
where

n=nm 0 =Way1 , Iif we use HT(nA)(fw)

n=m+1 oc=wq_1 , if weuse HT(nB)(fw)
Example 1.

—+oo
/ cos(log(1 + x)) e d |
0 r—t

we(z) = | u(m):eﬂ“’/2 , feWs(u) , Vs>1.

In this case @ = 0, and we use JzAo) (fwg) to approximate H (fw,). Since v = 0,
there are fulfilled the assumptions in order to (8.118) holds true.

m | j |[t=01 t=15 t=h

20 | 13 | 1.259 -0.7498 -0.0815

60 | 37 | 1.259397 -0.7498893 -0.081515

80 | 49 | 1.2593971 -0.74988935 -0.0815154

90 | 55 | 1.25939717 -0.749889351 -0.081515457

110 | 68 | 1.2593971718 -0.7498893518 -0.0815154576

100 | 116 | 1.259397171841 | -0.7498893518853 | -0.081515457671
210 | 128 | 1.2593971718412 | -0.74988935188533 | -0.081515457671181

The function f is smooth and the machine precision is attained with m = 210,
but j = 128.

Example 2.

/+°° sinh(z/4)|z — 0.5|7 Ve di |
0

r—t
wo(r) =z e™® | u(x)=e2? | feWs(u).

In this case & = 0.5, v = 0 and we use Hy(nB)(fwa) to approximate H (fwgy). The
estimate (8.119) holds true since the hypothesis (8.114) is fulfilled. Here f has an
exponential growth and it is less regular then the previous example. However, the
machine precision is attained with j = 142.
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m]| j | t=0.1 t=15 t=h
32130 | 5.37e+3 6.371e+3 1.229e+4

50 | 46 [5.3775062¢+3 6.3713515c-+3 1.2292521e+4

64 | 58 [5.37750622e+3 6.37135157e+3 1.22925217e+4
128[1145.3775062230c+3 6.371351571e+3 1.229252173e+4
175/133[5.37750622304e+3  |6.3713515719e+3 1.22925217399e+4
256|142(5.377506223011475¢+3(6.371351571909615e+3|1.229252173992784c+4

Example 3.
+oo .+
/ sin(x) o i,
0

r—1
w(,t(av):e_’”3 , u(az:):e_”s/3 , feWs(u) , Vs>1.

Here a = 0,y = 0 and we use o (fwy) to approximate H (fw,, ) inside (0, fa,,),
where in this case a,, ~ m!/3. Therefore, for these selections of m, and § = 0.6 we

have to choose t < 1.51

m | j [t=01 t=05 t=1.5
16 | 10 | 1.02 0.51 0.6

32 | 20 | 1.026 0.516 -0.648

64 | 40 | 1.02669 0.516715 -0.648546

128 | 79 | 1.026694395 0.516715317 -0.64854614

175 | 120 | 1.026694395671 | 0.5167153177437 | -0.648546146289
256 | 158 | 1.02669439567133 | 0.51671531774378 | -0.64854614628959

Example 4.

“+o0 —x2
/ T 4
0 (x —t) (A +z%)8 7

w(av):e_z2 , u(x):e_“”?/2 , feWs(u) , Vs>1

m | j |t=01 t=1 t=1.5
16 | 11 | -0.3 0.74 ~0.40

32 | 21 |-0.34 -0.745 -0.4096

64 | 30 | -0.34818 ~0.7457 -0.4096838

128 [ 103 | -3.4818430 | -0.745766 -0.40963867
256 | 120 | -3.481843089 | -0.7457660923 | -0.4096386720

Here @ = 0, = 0 and we use H&A)(fwa) to approximate H(fw,). We point
out that the value of the seminorm in the error expression cannot be overlooked.
Indeed, for s = 10, it is || f*? "% ~ 10% and this large value justify a slow

approximation rate.

All the computations, except those regarding zeros and Christoffel numbers with
B # 1, were performed in double machine precision 2.2204 x 10716, In the case
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B # 1, the coefficients in the three term recurrence relation for the polynomi-
als {pm(w)}m, are not always known. Therefore the computation of zeros and
Christoffel numbers can be performed by using the package “OrthogonalPolynomi-
als” in MATHEMATICA [2]. This procedure uses “high” variable precision and
requires an higher computational effort. It seems that some difficulties appear for
m > 400, probably due to almost 500—digits precision required in computing the
coefficients of the recurrence relation.
10. THE PROOFS: SECOND PART

First we need some auxiliary results and notations.
Lemma 10.1. With w, = e~ 22, “1/d<a<l,p>1/2
(10.123) |H(wa)l2 <C,
with C # C(t).

Proof. We start from

2t “+o0
(10.124) H(wa;t):/ Wa(@) d:c+/ Wal®) 4w = () + Do (t) -
o x—1 ot T —t
For any a > —1
2t d:l?
10.12 I (t) < =0.
(10.125) < [ -0

Now let us assume ¢ > 1. For any a > —1
+o0 e—mB/Qxa

I(t) < e_tﬂ/ ——dx =
2

” z—1

00 o (ty)’ /2 0 =y /2

€ Yy € Y
= weu(t —d Swat/ ——— dy < Cwq(t).
()/2 ST W ()2 1 W (t)

Consider now 0 <t <1 and a > 0. Using = — t > 2/2,
+oo
I(t) < 2e7" / e 2po gy < et
0

Finally for be 0 <t <1 and —1/4 < o < 0, using x — t > x/2,

“+o0 —Iﬁ/2 t
(10.126) L(t) < 20‘+3/4e_tﬁta_1/4/ o dr<c walt)
2 x o(t)

Combining estimates (10.125)—(10.126) with 10.124, we have

Wa
Ve

and under the assumption o > —1/4, the Lemma follows.

[H(w)[, <€

2

For 1 < p < +00 we introduce the following Zygmund-type spaces,

22w = { £ L3000 + 11 B o ro )

S

z2 () = || fullp + sup
t>0
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where, setting ¢(z) = /z,
Q" (f,t)up = su AT ull e ,
<p(f Jup o<;};t”( hcpf) Iz (Irn)

I, = [8(rh)?,Ch*], C an arbitrary constant, h* = 1/h?/(26=1) and

AT - ifT r .
he = Z(—l) (z)f (m+ (5 —z) hﬁ) :
i=0
In the next we need two additional results. The first is a weaker version of the
Jackson inequality, the second is the so called Salem-Stechkin inequality.

Theorem 10.2 ([27]). Let f € L, 1 < p < oo, such that

/M/’" QL (fit)up
0

dt < oo,

r > 1. Then we have
Vam/m Qr )u
Em(f)u,p < c/ w dt,
0 t
with m > r and C # C(m, f).

Theorem 10.3 ([27]). Let f € LY,1 < p < co. Then for every m,r € N, with
m >r > 1 we have

[1/¢] N T
i, ., 144\ Ei(f)up
. 3 < :
(10.127) Qo (fitup < Ct Zi:o ( ﬁ) 1+i

withm >r and 0 < C # C(m, f) and C = C(r).

Lemma 10.4. For any f € Z3(u), under the assumption 0 < v < a + 1/4, the
function F(fwy) € Z2°(u).

Proof. First we prove

(10128) Emfl(f(fwa))u,Z S CEm(f)u,oo .
Consider the polynomial
+00 _
(10.129) Quor () = / w wa(x) dz,
0 _

where P, € P,, is a polynomial of quasi best approximation of f in C,, i.e. such
that (see [27]),

(10.130) [(f = Pn)ullc < CEm(fluo » C>1.
Setting 7., (f) = f — P, we get
(10.131) [[F(fwa) = Qm-1]ullz < [[H(rp(flwa)ullz + [[rm (fluH (w)]2 .-

Using Lemma 10.1, [|H(wq)|]2 < C since o > —1/4, and
IIF(fwa) = Qum—rlullz < [[H (rm(fwa)ullz + Irm (fullsol| H (w)|2 <

< ||H(rm(f)wa)u”2 + CEm(f)u,oo .
Setting ¢(z) = v/z, and recalling [1, p.115]

H;@ Hiop)| =lovela Vo e R,
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we have, since u(t)\/p(t) <C,

V(o () < H;@me(f)wa)

2

T (f)w w
Ve Ve

where last inequality holds since ||w Ju\/p ||2 < C under the assumption a—y+1/4 >
0. Therefore

(10.132) IF(fwa) = Qm-1]ullz < CEp(f)uoe

and (10.128) follows.
By (10.128) and using the Jackson theorem

Em(f)u,oo < CEm(f)u,oo )
2

2

(f3D)uoo

Vam/m Qr
Ent(F(fa))us < CEm(use < C / e gy
0

and under the assumption f € Zg5,(u), it follows

Er1(F(fwa))u,z2 < C sup olfiDuco / t5dt <
0

t>0 ts+l
(10.133)
m s+1

<C (m) £l z22, (u) -
Now we prove F(fw,) € Z2,1(u), i.e.

QU (F(fwa);t)u
(10.134) sup eF 1') Jud o

>0 st

Using the Salem-Stechkin inequality (10.127) and estimates (10.133) and a,, (yVw,,) ~
m!'/P, we have

Q (f(fwa)yt)uﬂ s (1/¢] a; s+1—r 1
- < Clfllz, ot 12<W>
=1

Sl

tst+1 2 T P
(1/1]
<l Z;ﬁl(u)tr"“*l Z $(1/28 =1)(s+1-r)—1
i=1

with 8 > 1/2 and r > s + 1. Then we have

QL (F(fwa); )
ts+1

, i
) < Ct'r'—s—l/ x(l/2ﬁ—1)(s+1—7‘)—1 dx < C.
0

Using then Theorem 4.5 in [27], with g € L2, under the assumption
L (g5 )
/ ¢(i2) 2 dt < 400,
0

we have )
QT (gvt)u,Z
foull <€ (lula+ [ 2295052 )
0

and
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Em(g)u,oo
(10.135) — <c/mm it g’ Duz
' Q, (g; am) '
m u,o00

Therefore, by two last inequalities it follows Z2,;(u) C Z°(u). Thus F(fw,) €
Z?2 1 (u) C Z2°(u) and the Lemma is completely proved.

(I
Lemma 10.5. For any f € Z3%,(u), under the assumption 0 <y < a +1/4,
am \ °
(10.136) B (F(fta))umo < C (Vm ) TP
Jam\°
(10137) Em(fm(fwa))u,oo S C ( m > ||f| Z:f’H(u) 5

where C is independent on f,m

Proof. By Lemma 10.4 under the assumption 0 <y < a+1/4, f € Z33,(u) =
F(fw) € Z2,,(u) and therefore by (10.135), we have

Vam/m Qr .
(10.138) Emil(}‘(fwa))u’m SC/ Qap(f(f;;)a)at)ug dt.
0

Using then inequality (10.127) and (10.128)

[/t . r
U (F(frwa): D <cyz(l+1) Eifuse _

' g i+1
1=0 \/>
[L/¢] s+1—r
T Q; 1
<Cllfllzz, ™. (W) !
i=1
(1/t]
< Clfllzze, @t 3 (/28 -1) (s+1-1) 1
=1

with 8> 1/2 and r > s + 1. Then we have

[1/t]
O (F(fwa)ithuz < Cllfllzes " / 2(W20)-1)(s41-0)-1 g
0

<Clfllzs, @t

Therefore

U /T
Emfl(]:(fwa))u,oo < C”fHZ;)Srl(u)/ ts_l dt <
0

< (=) s

and (10.136) follows. We omit the proof of (10.137) since it is very similar.

(10.139)

Zﬁl(u) :
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We slightly change the notation in the following two lemmas, setting xj :=
T (W), k=1,2,...,m.

In order to prove next lemma, we recall the Posse-Markov-Stieltjes inequalities
[12, p.33]. For any function g s.t. ¢®)(z) > 0, k = 0,1,...2m — 1,m > 1, for
x € (0,24), d=2,3,...,m, then we have

d—1 za d
(10.140) Z Amk(Wa)g(zx) < /0 g(X)we(z) de < Z Ak (Wa) g (k) -
k=1

k=1

For any function g s.t. (=1)*¢®™)(z) > 0, k = 0,1,...2m — 1,m > 1, for
x € (zg,+0), d=1,2,...,m — 1, then we have

(10.141) > Am,k(wa)g(xk)g/ g(@)wa (@) dr <> A k(wa)g(r) -

k=d+1 Td k=d

—+oo

Lemma 10.6. Let p(z) = e 28, § > —1/4, 8 > 1/2 and let x4 be a zero of
Pm(wy) closest to t, i.e. xg—1 <t < xqy1. We have

+o0 Ta—1 2
(10.142) / / 22 gl < c
0 0 r—t
2
+oo “+o0
(10.143) / / @)l <c
0 2agr T~ t
with C # C(t).
Proof. We prove (10.142). Start from
Tg—1 +oo
2 el <+ | [ 2D ] -
0 T —1 zg, T—t
(10.144) = | Hpst)| + | H(pps )],

where p(t) is the characteristic function of the interval (z4—1,+00).

Using Lemma 10.1, taking into account the assumption § > —1/4, (10.142)
follows. We omit the proof of (10.143) since it follows by similar arguments used
in the proof of (10.143).

O

Lemma 10.7. For any f € Z33,(u), under the assumption 0 <y < a + 1/4,

wg) — f5(t)

j
Fon(fwe;t) = Z)‘m,k(wa) it p— € ZX(u).
k=1

Proof. First we prove
(10.145) Ep1(Fn(fwa))uz < CEm(f)uco
Let P,, € P,, a polynomial of quasi best approximation of f and consider the
polynomial

Pm(l‘k) — Pm(t)
T — t '

(10.146) Qm-1(t) = > Ami(wa)
k=1
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Setting ’I"m(f) = f - P77L7

|‘7:m(fwou ) Qm l m,k wa M(f’ xk) — lrm(f; t) U(t) S
T — t
< fIrm(Ful fj M) |~ ) |
o m o st l‘k |:17k — t| 1 |£L’k — t| o
(10.147) =t Irm (f)ulloo{S1(t) + S2(2)}
and therefore
(10.148) [(Fm(fwa) = Qm-1)ullz < lIrm(flullee (151ll2 + [152]2) -

Consider first S;. Using
(10.149) Amok(Wa) ~ Azgwe (zx), Axp =2py1 —xk, k=1,2,....m,

we get

J Weo (Tr) A2 a2 J Wo (Tr) Az
51(t):Z u(xi)rx)k—]; :{Z+ Z + Z } ( k) : ’

u(xg)|zr — ¢

where x4 is a zero of p,(we) closest to t.
‘We have
d—2

(10.150) Wa (T1) AT gc/ T Wal2)
) 0 u(

=1 u(zy)(t — o x)(t — x)

Similarly we obtain

J

A z;
(10.151) 3 Walm) ATk _ _ Walz)
oLate vl =1) =7 oy @)@~ 1)
Moreover,
(10.152) Amd(Wa) —  Azqwa(za) < Cwa(t)
U(l'd)‘t—.]?(” Uz(xd)|t—$d| u t)

The same estimate holds for the terms of indices d — 1 and d + 1.
Combining (10.150)—(10.152), we have

Sulle < [ [~ [( [0 )

1/2

(10.153) 2 |
Y wai(:v) - Wa (1)
+</wd+1“(33)($—t)d> +<u(t)> dt <c,

39

where the last bound follows by virtue of Lemma 10.6, which holds true under the

assumption o — v +1/4 > 0.
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Consider Ss.

d—2 J d+1
)\m k(wa) )\m k(wa) )\m k(wa)
(10.154) Sp(ty =) D g MU Lmmiel g N S
Pt t—xg hdt2 T —t W ‘t—xk|
Using (10.140)—(10.141),
d—2
>\m (e} )\m — (e} Fd-1
(10.155) 3 #(Wa) - Am.a-2(ta) —/ w@) gy
Pt t—xp t—xg_o 0 x—t
m +o00
Z A17’L,kr(wo¢) S )\m,d72(wa) +/ U}(J?) dx )
hmdt2 T —t Tg—2 —1 ways T

y (10.149) and taking into account Azg(wy) ~ [t — 24|, we get

Am.d(Wa)  Azqwe(za)

(10.156) < Cwg(t)

|t—.’1?d| |t—l’d|

The same estimate holds for the terms indexed by d — 2 to d + 2. Then, combining
(10.155)—(10.156) in (10.154), and using Lemma 10.6,

Il < [ [ [( [ i) )

1/2

. (/zy we () dx) —l—wa(t)Q dt <cC.

(10.157)

i (x —1t)

By (10.153), (10.157) and (10.148) it follows

(10.158) |H]:7R(fwa) - Qm—l}uH2 < CEm(f)u,oo

and taking the infimum of @Q,,—1 € P,,,—1, (10.145) follows.
Following the same arguments used in the proof of the Lemma 10.4, the assertion
is completely proved.

O
We omit the proof of Theorem 7.2 since it can be easily obtained by the same
arguments used in the proof of Theorem 3.5 in [24, p.34]. (See also [31])

Proof of Theorem 8.1 We prove (8.115). By Theorem 7.1 under the assumption
af2-1/4<y<a+1/4,
(10.159) sup Ly, o (wg , Fn(fwa); 1) |u(t) < Cl[Fm (fwa)ul|o logm.

t>0

Since

[ Fom (fwa; t)|u(t) < || fulloo {Z |Tm1, k(Am) ’i(lgﬁ‘)(i(vill,k(w)) "

mk wa
*Z 7 t}

+1k
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taking into account (10.148) and using estimates (10.153) and (10.157),
[ Fon (fwas )]u(t) < [ fulle -

We omit the proof of (8.115) since it follows by similar arguments.

O
In order to prove Theorem 8.118 we recall some additional results. Let xp, j(wa+1)
defined as

me(wa-‘rl) = Tm,j(m) (wa+1) =
=min{zm p(Wat1) : Tmrp(Wat1) > bam , k=1,2,...,m},
and define the following subspace

:n—i—l ={q € Put1 : ¢(zm,i(wat1)) = qlam) =0,
(10.160)

T (W) > T (1)}

In [20] the authors proved , that for any polynomial Q.41 € Pji, 1 C Ppyg1, it is
Ly (0, Q1) = Qm+1. Moreover, setting

Bnlfluce =,

w |
m m

I[f = Pl

they estimate Em(f)um by the best approximation error Ep(f)y,c0, Where M is
a proper fraction of m,

(10.161) En(fuce <C{Eu(flu+e | fullo}, YfeCy
where M = [m(0/(1 + 6))”], the constants 0 < A # A(m, f), 0 < C # C(m, f) [20].

Proof of Theorem 8.2. We prove (8.118). Let Q41 € Prryq-
[H (Fwai t) = Hi (fwa; D]u(t) < 1F(Fait) = Qi (u(t)+

H L i11(War1; Fna1(fwa) — Qi t)|u(t) .

Since the assumptions of Theorem 7.2 are satisfied with n = a+1,7 =1, for a < 1,
we have

|H(fwa;t) = HGD (fwe; O)|u(t) < CIF(fwast) = Qo (1) [ult)+
+|Fmt1(fwa;t) — Qm1(t)|u(t) logm
Taking the infimum on @Q,,41 € P}, and by (10.161),
[H (fwa; t) = HSD (fwas t)|u(t) < C{|[Fn(fwa) = Qmaulloo log m+
+ IF(fwa) = Qmr]ufloo} -
Taking the infimum on Q,,41 € P}, and by (10.161),
| (fwast) = HED (fwa; )]u(t) < C{Ex(F(fwa))uoot
FEuM (Fmt1(fwa))u,eo logm},
where M = [m 0/(1+ 9))’3} ~ m. By Lemmas 10.4 and 10.7, (8.118) follows.

We omit the proof of (8.119) since it follows by similar arguments.
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