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1. Introduction

In the theory of classical elasticity, a material point has only three degrees of free-
dom corresponding to its position in Euclidean space. In the couple-stress elasticity
theory there are three additional, independent degrees of freedom, related to the
rotation of each particle. The couple-stress or Cosserat theory of elasticity has
emerged from the work of the brothers Frangois and Eugene Cosserat at the turn
of the last century [8].

Potential methods for couple-stress elasticity have been developed (see [9,13]),
extending the classical methods used in linear elasticity. In particular the repre-
sentability of the solution of the first and the second boundary value problem have
been obtained by means of a double layer potential and a simple layer potential
respectively.
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We mention also that corresponding problems in plane, anti-plane deformations
and in the bending of plates have been studied by means of boundary integral
methods in different papers (see [15-19] and the reference therein).

In the present paper we consider the three-dimensional Dirichlet problem in
Cosserat theory. When we try to solve it by means of a simple layer potential, we
get an integral system of the first kind on the boundary. Our aim is to show that
such system can be reduced to a Fredholm one and that the latter is equivalent to
the Dirichlet problem in a precise sense.

Our method, extending the one given in [1] for Laplace operator, hinges on the
theory of reducible operators (see, e.g. [10,14]) and on the theory of differential
forms (see, e.g. [11,12]). The basic idea is to treat the arising integral system of the
first kind (see (4.1) below) taking the differential of both sides. In this way we obtain
the singular integral system (4.2) in which the unknown is a usual vector function,
while the data is a vector whose components are differential forms of degree one.
We show that this system can be reduced to a Fredholm one, which is equivalent
to the singular integral system in a precise sense. We remark that our method uses
neither the theory of pseudodifferential operators nor the concept of hypersingular
integrals. For a sketch of the method in the simple but significant case of Laplacian
we refer to [7, Sec. 2, p. 2].

Even if in this paper we have considered only connected boundaries, it is very
likely that such a method could be used also in not simply connected domains, in
analogy to other problems (see [5-7]).

The paper is organized as follows. In Sec. 2 we give some notations and defini-
tions. In particular, we generalize the stress operator by analogy with the theory of
elasticity. In Sec. 3 we prove some preliminary results regarding the fundamental
solution and the first derivatives of a double layer potential. In Sec. 4 we will con-
struct a reducing operator which will be useful in the study of the integral system
of the first kind arising in the Dirichlet problem. In Sec. 5 we find the solution of
the Dirichlet problem in terms of a simple layer potential. We show how to reduce
the problem to an equivalent Fredholm system.

2. Definitions

In this paper Q denotes a bounded domain of R? such that its boundary 02 is a
Lyapunov surface ¥ (i.e. X has a uniformly Holder continuous normal field of some
exponent [ € (0,1]) and such that R? — Q is connected; v(y) = (v1(y), v2(y), v3(y))
denotes the outwards unit normal vector at the point y = (y1,y2,y3) € X.

Given the set of constants A, u, o, €, v, 3 satisfying the conditions

o, By p,v >0 3420 >0; 3e+2v>0,
the homogeneous equation of statics of a Cosserat continuum has the form [13, p. 50]

(2.1)

(4 a)Au+ (A + p— a)grad divu + 2arotw = 0 in Q,
(v+ B)Aw + (e + v — f)grad divw + 2arotu —4daw =0 in 2,

1350037-2



On an Integral Equation of the First Kind Arising in the Theory of Cosserat

where u = (uq, uz,us) is the displacement vector and w = (w1, we, ws) is the rotation
vector. It is convenient to write the basic equations (2.1) in a matrix form. To this
end let us consider the block-matrix

MY M?
M:< )7
M3 M*

whose entries are (3 x 3)-matrices of differential operators given by
2

8361-835]- ’

M = (p+ a)di; A+ (A +p—a)

3
0
V2 — M — Z 3
ij = Mij = —2a — 6”]68951@’

82
83@83@
for i,j = 1,2,3, where d5; and 1, denote the Kronecker delta and the Levi-Civita
symbol, respectively. Equations (2.1) become

MU =0, (2.2)

My = 0i5[(v + B)A — 4o + (e +v - )

)

where U = (u,w)’ is a six-components column vector.
We denote by T the stress operator (see [13, p. 59])

T T2 , .
T:(O T4>, TP = (T}), k.j=1,2,3,i=124,

where
ou

T'u = Adivu)v + (QM)E + (p— a)(v Arotu),

T?u = 2a(v A u),
u
ov

By analogy with the theory of elasticity, we introduce the generalized stress operator
defined as the block-matrix

T*u = e(divu)v + (20) = + (v — B)(v Arotu).

stos2 , ,
S = (0 S4>, St = (84), k,j=1,2,3,i=1,24, (2.3)

where each entry is an (3 x 3)-matrix given by
. 0
Slu=A+p—&(divu)r + (p+ 5)8—3 + (£ — a)(v Arotu),

S?u = 2a(v Au), (2.4)
Stu = (e +v—x)(divu)v + (v +X)% + (x — B)(v Arotu),
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&, x being real parameters. If £ = p and x = v, then S = T is the stress operator.

Further when

- 2(p + o) (A +2p)
N A43p+

2w+ 8)(e +2v)
— /J/:| and X = [w — v, (25)

we call S pseudostress operator and we denote it by

0 (TO)l (T0)2
o (N )

By WHP(X) we denote the usual Sobolev space. By L}(X) we mean the space
of the differential forms of degree 1 whose components are LP real-valued functions
in a coordinate system of class C' (and then in every coordinate system of class
C1). We recall that if v is a k-form in €2, the symbol dv denotes the differential of
v and *v denotes the star Hodge operator. In the sequel, we shall use the symbol
;; it means that, if w is an 2-form on X and w = wydo, then ;w = wp.

Finally, we recall that if B and B are two Banach spaces and R : B — B is
a continuous linear operator, we say that R can be reduced on the left if there
exists a continuous linear operator R : B — B such that RR = I + T, where I
stands for the identity operator on B and T': B — B is compact. One of the main
properties of such operators is that the equation Ra = (3 has a solution if and
only if (y,8) = 0 for any v such that R*y = 0, R being the adjoint of R. A left
reduction is said to be equivalent if N(R) = {0}, where N(R) denotes the kernel
of R (see, e.g. [14, pp. 19-20]). Obviously this means that Ra = ( if and only if
RRa = Eﬂ

In the problem considered in the present paper the condition N(R ) {0} is not
satisfied. Nevertheless, we still have a kind of equivalence (see Theorem 5.4 below).

3. Preliminaries
3.1. The fundamental solution ¥

The block-matrix of the fundamental solution of the homogeneous system (2.2) is
given by:

- Ul(z) W2(z) 5
U(x) = <\I/3(x) \1'4(ac)>7 z € R°\{(0,0,0)}, (3.1)

where U (z) = (W};(x)) k,j = 1,2,3,7 = 1,...,4 are the following (3 x 3)-matrices
(see [13, p. 93]):

Oki 1 « e~oll
pl k- = z
k() = 5 [ulxl plo+p) |z

+L T+ . B+ve ol —1
2mp OxpOxy | 2(N+2p) 4u || ’
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3 —0o|x
U2 (z) = U (2) = LZ(; 0 1—el
kj - *kj - 471,# jkp
p=1

Dy || 7
Wi (- el 1@ [etblo ol ool
J 2r(B+v) |z 87 0x0x; alz| wlz|
4oy and da
g = -_— - .
(p+a)(v+ ) r e+ 2v

(3.2)

Lemma 3.1 ([13, p. 94]). Each column of ¥(x) (3.1) satisfies (2.2) for any
z € R*\{(0,0,0)}.

Lemma 3.2. The matriz V(z) defined by (3.2) can be written as

1 Ad3uta by A —a xkx]
\I’]'- = — k) J C ,
(%) 4W[(u+o¢)(>\+2u) ol Ptz p | T

\Pi](x) = "I’ig(x) =0(1),

1 e+3v+3 Oy e+v—0 xRT,;
Ul (p) = — Zky J D
w0 = g7 [(v+ﬂ)(6+2v) o Tt DG ) P ] * Dii (),
where
eolel 1 Opj « « Tpj
Chs(r) = =] [_ﬁwa 2+ ) W]

1 B+v (3zpz; 1+ olz))e =l — 1 4 15222
LBty (o [l ] )
2mp Ap || |f?

. — L_i l l TpTj o e*”|$|_1
Dkg(x)—{%(ﬁi_v) 87T<o¢+’u> xPJo}[ " ]

1 zpx; 5 ePlzl — 1 3 TRTj 1
_— 2 I
+87roz || P || * 8ra |z|2 8ra &

1+ pla)e=rlol — 1 + L p?|af? 1 /1 1
(1 + plz]) 3P|z RN
|3 8t \a
—ol|x 1
3 l+l zr; | | (L +olz))e=olel — 1+ Lo?|z|? (3.4)
8w \a ) |zf? ]

The functions Cy;(x) and Dy;(x) are bounded.
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The previous lemma can be verified by a straightforward calculation. In partic-
ular we use the following limits
(L +ofzpe -1 o

Jimy |22 Ty (3:5)

Lt olae — 14 o?af o
1im = —

20 EE 3 (3.6)
. ekl 1
lim =—0
A Tl
Denoting by
; 0 0
M =y — — .
. (u pr vp 8361-) (3.7)

we have the following lemma.

Lemma 3.3. Let S be the generalized stress (2.3) and let ¥ be the fundamental
solution (3.1). The matriz SV can be written as

SW:((SW <sw>2>7
(50)* (sw)!

where
o =g [Yoterar 2 () o () @9
(SU)i; =0 (ﬁ) : (3.9)
(SU)E; =0 (ﬁ) 7 (3.10)

b= &[SI s (1) o). o

1 € (0,1] being the Lyapunov exponent of the surface 3
Proof. Keeping in mind (2.4), (3.2) and (3.7) we find
1 1 0 1
U)ho(z) = — MW —M’W )+ =k
(S )k](x) (n+ &M, ( )+ 2| +27T kj(91/|x|7

(h+a) o 9 1—e
drp P pax or, |z

a 52 e—rlal _ g—olzl  g—olal _q
— = Okpg¥q - )
4m 0x,0x; alx| |zl
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3 _ kpg () (v+0) . 92 1—eclel
(S®)y; () (X + ) MP V() I Vp9jpq Orrdz, |7
_ w4 92 1o
47'('/.1/ gk paxpaxq |{IJ| ,
1 o e—rlel

4 — _ kp 4 o s
(S\Il)kj(x) (X+U)Mm \Ilpj(x) + 27Tyk(9$j |$|

1 d ezl 1 ezl

o a2 om il

By means of the expressions of ¥}; found in Lemma 3.2 we obtain

L0 01 1 [ F3uta) (1
(S‘I')’w‘(x)_%aulxl 47T[ (1 + ) (A +2p) 2]Mxk<|x|)

1 rdArp—a), (wpxj

Pk (o
A (p+ o) (A + 2p) x R ) + (1 4+ M [Cpj ()],

_ g-olal
(SW)2,(2) = —(u+ €)M [iajpk i 1—]

drp 7P 0z |2
ity 0 0 1o
drp PP Oay, O, ||
o 52 (e—pm _eolal  g—olal _ 1)
I N - , 3.12
Ay 10,0z, alz| |zl (312)
1 0 1—e 1 (v+p)
3 (z) = — kp | _—_ 5., — ,
(S‘P)k] (z) (X +v) M, [47ru§jpk Oan |z] } Ay VpOipg
9?2 1—e 2l (v4p) 2? 1—e ol
— . 1
. Orkdry, || dmp Oikal’y dr,0xy x| (3:13)

191 1 [(x+o)(e+3v+p) gk (1
<S‘I’>ij<x>—2ﬂ5kfau|x|+4w[ (vt A +2v) 2] Mj(lwl)

_i(x—!—v)(a—kv—ﬂ) kp [ TpTj B () — VAP (s
i (v + B)(e + 2v) M, <|x|3>+DkJ( ) — (X +v)M;P[Dy;(2)],

(3.14)
where
~ 1 o erlel 11 d e olel —1
D Y DU
k() on F\E 0z |z o (z) Oxy, ||
1. 0ell-1

2 3.15
i 2 Ov || (3.15)
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Regarding (S\Il)}m(x) we have
o () = (oo ea) (3)
N x|x> i =0 ()

M) =0 ()

||

The last equality holds because we have, in view of (3.5) and (3.6),

0 eolfl—1 z;  mjoe ol gecll

dz; x| 2P 22 2P

_ [u + ofe])elel — 1

|| |22
= 0(1)7
0 xpx) Tr Zj 2z )
AT e T §kj—2 T T4
dzj |zl ]2 2| 2|

o ().

& (L olee= 1ol — 14 Lo?[af?
o, [af?

Li

(1+olz)el=l — 14 %U%P]

|2 |z[?

ol _ g 1
5o
] || ||
As far as (S\I/)ij (x) is concerned, since

82 efp‘m‘ — 670|I| 82 (679|I| — ]_) — (efo"w‘ — 1)
dzp0z; ( ] ) Oy { ] ]

the right-hand side of (3.12) is a finite linear combination of the following
derivatives:

9% ekl 1
Oxpdzr; |z
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Thanks to (3.5) and (3.6), we can write

e VY e O | G e it
Ozpdz; el R 2 Ja] ]2
+3xpac3j {(a|x| + 1)@2—a|m| _ 1] N prx;, |:e—0z _ 1]

§pj 3.’I,'p51,‘j < 1 ) 82 1 < 1 )
=——=+ +O0|—)|=5——F——+0( |
> faf ) Owpdx; |x| ||
This implies (3.9).

Similar arguments show that (3.13) and (3.14) lead to (3.10) and (3.11),
respectively. O

The vector function U(z) = (u,w)’ € R® defined as

Uz) = /Z U(y - 2)B(y)doy, @€ R® (3.16)

is the simple layer potential with density ® = (¢, )" whose components are writ-
ten as

uj(z) = / WL (0 — 2)on(y) + U2, (y — 2)0n(0))doy, « € RS,

wy(z) = / W, (5 — 2)on(y) + Uhi(y — 200 (y)]doy, € B3

for h,j = 1,2,3.
The vector function W(x) € RS

W) = [ [(9)(y - 2 2)dor, =€ B (317)
b
is the double layer potential with density ® = (¢, ?)” whose components are:

Wile) = / (ST (y — 2)p5 (0) + (SO)20,()ldoy, i) =1,2,3,

(3.18)
Wis(z) = /E[(S\I’)?i(y —)p;(y) + (SV)59;(y)ldoy, i,j=1,2,3,
S being given by (2.3).
3.2. On the first derivatives of a double layer potential
We define the operator ©4 as
0.)a) =+ [ Ll =Dl Apl) Ade', pEI().  (319)

1350037-9
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where
si(ly—x) = ot Zdacjdyj.
dmly — x|
In the sequel we use the following identity proved in [1, p. 187]:

1 0 0 1 Lp
m—xs/ U)o gy = Oslda), w0 weWHHE). (320

Theorem 3.1. Let W be the double layer potential (3.17) with density U =
(u,w)" € [WHP(2)]5. We have for any x € Q

7 —Wi(a) = Kjs(du)(2) +

ais /E(S\I’)zj(y_x)wk(y)day, (3.21)

F—Wijis(x) = Fjs(dw)(2)

b [ 1Basly— o) + (SOR (0~ D))l (322
s JX

where du = (duy, dua, dug), dw = (dw1, dws, dws),

K (0)(e) = 20.0)() 0383 [ 5 (0 = )] h o) o,
e, (329
Fn(@)(0) = 204(03)(0) ~ 032 [ Sy 0] A ) Ady

eLIDP,  (3.24)

L[+ A+3u+a) djp
Hiply =) = H EEED 2} -4
dm (p+ o)A+ 2p) |y — 2| Oy, Yy
(u+ OCly — ), (3.25)
2 1 [(x+v)(e+3v+p8) djp
ij@_x)_h[ CERICEED 2} b4l

et 1 0
4t (v+B)(e +2v) |y — x| dy;

+(x +v)Djp(y — ). (3.26)

ly— 2y — al
y—zx|l—ly—=x
Yy

Here S, l~)jp, Cjp and Dj, are given by (2.3), (3.15), (3.3) and (3.4), respectively.

1350037-10
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Proof. It follows from (3.18) and (3.8) that

1 0 1

= [m(: o 2] vyt <|y . x|> o

47
1 w+rdAtp—0a) [ ok [ W = 23) (e —ap) |
T T e Rl [ v — }d v

L) / ur(y) MP*(Cp (y — 7)) dory + / (SUY, (y — 2)wx(y)doy.

The first and last integrals on the right-hand side are compact operators because
of the weak singularities. Integrating by parts and keeping in mind that M?jh are
tangential operators, we find

Wyie) = 3= [ w0z o= [ o= )M ),

vy |y - $|

+ / (SW)2,(y — 2)wn(y)dor.
Finally, because of

M}u(y)do = 63 du(y) A dyP

'th

and in view of (3.20), we obtain (3.21). With similar calculations we achieve (3.22).
O

4. The Integral Equation of the First Kind and Its Reduction

If we look for the solution of the Dirichlet problem MU = 0 in Q, U = f on %,
f € [WhP(2)]°, in the form of a simple layer potential (3.16), we get the following
integral system of the first kind

/E Wi (y — 2)7;(y) doy = fi(x) (4.1)

on Y. Our method consists at first in taking the differential of both sides, obtaining
the following singular integral system

[ el = 2l (0) dor, = ). (12)
b

Note that in this system the unknown is a usual vector (71, ...,7s) whose com-
ponents are scalar functions, while the data is the vector (dfy,. .., dfs) whose com-

ponents are differential forms of degree 1.
Then we show that system (4.2) can be reduced to an equivalent Fredholm
system.

1350037-11
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We recall that if € ¥ is a Lebesgue point for f € L1(X), we get

f(y)a (yl - xl)(yj B xj)dO'y

lim

r—=n J» e |:I" - y|3
=27 (15 — 2v;(mwi(n))vs(n).f(n)
(y1 — m)( ;)
/ f(y)0n, —y|3 doy, (4.3)

where the limit has to be understood as an internal angular boundary value®* and
the integral in the right-hand side is a singular integral. Further, let ¢ € L} (X) and
write ¥ as 1 = ¢ndz" with?

Vh¢h = 0, (44)
then, for almost every n € X,
lim ©4,(4)(z) = ~5n(1) + ©() (1), (4.5)

where O, is given by (3.19) and the limit has to be understood again as an internal
angular boundary value.
Jump formulas (4.3) and (4.5) are proved in [5, Lemmas 3.2 and 3.3].

Lemma 4.1. Let 1 € LY(X). Let us write ¢ as 1 = ¢pdz" and suppose that (4.4)
holds. Then, for almost every n € 3,

lim 523 / O, HY (y — 2) A () A dy®
>

r—mn

= [LHVJ'(U)%(U) -

N L) P

lk/ O, Hi:(y — 1) A () A dy,
(4.6)

lim 5123 / O, HE (y — ) A () A dy®
>

T—"
_ | Ee=X X~
= [ 20+ ¢ VJ(TI)%(TI) v+

i3 (1 ﬂ (1)

5?33/ O HE(y — ) Ab(y) A dy”,

where Hllj and Hl2] are defined by (3.25) and (3.26) respectively and the limits have
to be understood as internal angular boundary values.

aFor the definition of internal (external) angular boundary values see, e.g. [4, p. 53] or [13, p. 293].
b Assumption (4.4) is not restrictive, because, given the 1-form ¢ on 3, there exist scalar functions
1y, defined on ¥ such that 1 = ¢, dz’ and (4.4) holds (see [3, p. 41]).

1350037-12
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Proof. Let us consider

5138 / Oy, HL\(y — ) Ab(y) A dy = 61335138 / O, H (g — o) (9)r (4)dor,

— 5t /E B, HY (y — )00 (4)r (4)dor,.

In view of (3.25) and (4.3) we have that

tim 613 [ 0 (= a) A (o) 1

li —Q
ol {(u+§)()\+/~‘ )(§lj —2vj(n)vi(n))

2 [ (ptra)(A+2p)

[(u+§)(k+3u+ a)
(14 a)(A+2p)

. 2} (sl]} v, (m)vr (n)6n ()

zli?’/@ H(y—n) Ab(y) A dy”

_ [(ﬁ—a)&_ (L+HAN+p—a)
(nta) ™ (p+a)A+2p)

" <n>w<n>} e () () ()

v () +6}$/6 H(y— n) Ab(y) A dy”.

Because of (4.4) we can write this expression as

lim 5137 / O, Hl(y — ) Ab(y) A dy

ey ()
= (L +a) vs(n)v;(m)i(n) (i + ) s(mvi(n)ib; (n)
(H+OA+p—a) s12
e Sy (o) + 638 [ 0, (=) A vto) n
O ) — s ) (o)
+ 0 / On, Hij(y — ) Abl(y) A dy".
The jump formula (4.6) is obtained with similar calculations. |

Lemma 4.2. Let (¢, ) € [LY(X)]® x [LY(S)]3. Then, for almost every n € ¥,
Jim (A + 1 = K55 () @)vi(n) + (1 + )i () (@)vs(n) + (€ — @)Ky (¥) (x)v; (n)
= A+ pu =K () mvi(n) + (u+ )y (1) (v (n)
+ (€ = a)Kji () (m)v; (n), (4.7)
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lim (€ + v — x) Fj; (V) (@)vi(n) + (v + B)Fi; (W) (w)v;(n) + (x — B) Fja () (x)w; (1)

T—n

= (e+v—X)Fj () mvi(n) + (v + B)Fi; (V) (n)v;(n)
+ (x = B)Fji () (m)v; (n), (4.8)
K and F being as in (3.23) and (3.24), respectively, and the limits have to be
understood as internal angular boundary values.
Proof. Let us write 1; as 1; = ¥, da" with
vpthin =0, i=1,2,3. (4.9)

Keeping in mind (4.5) and Lemma 4.1 we have that

. Qtp=9
lim Kis(@)(@) = —js(n) + (A +2u)

+ Kjs (@) (n)-

E—a
n+a

vi () ¥nn(n) + v (m)¥ni(n) | vs(n)

Therefore

Jim (A = N5 () (@)vi(n) + (1 + )i (V) (@) (m) + (€ — )Kji (V) (2)v; ()

= @i()(n) + A+ p = K55 (¥) (n)vi(n)
+ (0 + )i (V) )vj(n) + (€ = )i (¥) (n)v; (n).
From (4.9) we get

p—&+

Qi) = A+ p—9§) {—wjj + <ﬁ Vitnn + gvhwhj> u]} v;

A+
/J’+a [ wm < 2%+ A z"/}hh + z;ithhi) Vj:| Vj
ol

a—¢§
( 2+ A J¢hh + myh¢hj> Vi:| Vj

ptA=E
204+ A

= (/\ R U f) |: ¢JJ i+ Vi¢hh]

+(p+a) |:u2_;j__)\§l/i¢hh:| + (& — a)vphn;
+ -
+(€—a) [—%‘Wj M2 +)\§1/th vi Z_F—ithhjyiyj]

_ Y S e A W ks B }
—{()\—i-u §)< 1+ Nt ST (u+a+&—a)| nnv;
=0

and (4.7) is proved. Analogously we obtain (4.8). |
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Lemma 4.3. Let W = (w,() be the double layer potential (3.17) with density
(u,w) € WEHP(3)]3 x [WEP(E)]3. Let

/ (STY,(y — 2w (),
>

ﬁj xTr) = ~
o /Z[ij (y — 2)wr(y) + (SU)i; (y — 2)ur(y)]do,

(4.10)
and let W° = W — L be the vector whose components are (w°,(%)". Then
Shi(w®) = 8L ;(w®) = (A + p— Ky (du)vi
+ (1 + @)Ky (du)v; + (§ — ) Kji(du)vy,
§14(¢%) = 52,(¢%) = (e + v — ) Fjj(dw)vs
+ (v + B)Fij(dw)v; + (x — B) Fji(dw)v;,

a.e. on X, where Sfp S" denote the internal and external angular boundary limit of
St h = 1,4 respectively and K;; and F;; are given by (3.23) and (3.24), respectively.

Proof. The results are immediate consequence of Theorem 3.1 and Lemma 4.2.
O

Let us introduce now the following block-matrix of singular operators:

_ (R' 0
(" 1) o

where R', R* : [LP(X)]? — [L?(Z)]? are defined as
(R')i = (A + 1 — OK35 ()i + (1 + ) Ky (¥)v; + (€ — a)Kji (¥,
(R*)i = (e +v = X)F55 (i + (v + B)Fyy ()v; + (x — B)Fjs (),
ij=1,23.

Proposition 4.1. Let R be the matriz

Rl
R= <R4> , (4.12)

where RY, R* : [LP(X)]¢ — [LY(X)]? are given by

(R'®);(z) = /Z[dm [©5n (5 — @) on(y) + da[ V5, (y — 2)]9n (y)ldoy,

(R'®)(x) = / (o[ T3, (5 — 2)on () + da[ W4 (y — 2)}00 (4)]dor.

Let R be the matriz (4.11). Then
RR® = —® + H?® + J®, (4.13)
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where H is the integral operator
o) = [ S0y - 2)|o(w)do,.
by
and J is a compact operator from [LP(X)]® into itself.

Proof. Let U = (u,w)’ be the simple layer potential (3.16) with density & =
(p,9) € [LP(2)]? x [LP(X)]®. From (4.12) we have that

(R'R'@)i = (A + 1 — OK 5 (du)vi + (1 + ) Ksj (du)v; + (€ — ) Kji(du)vyj,
(§4R419)i = (e +v— x)Fjj(dw)v; + (v + B)Fij(dw)v; + (x — B)Fji(dw)v;.

From Lemma 4.3 we have
(R*RYp); = S:(w®), i=1,2,3, ae.on X,

(R*R*9); = S4(¢%), i=1,2,3, aec. onX.

SWO (Slwo + S2<0>

Since

S4C0

" Sle S2<0
RR® = =W’ — :
S54¢0 0
In view of (4.10), we have W = W° + £, and then

RR® = SW + J®,
where J : [LP(2)]6 — [LP(X)]%, defined as

52<0
oo () s

is a compact operator. On the other hand, from the Green representation for-
mula [13]

W(z) = —2U(x) + /2 U(y —z)SU(y)doy, x€Q

and from the following jump formula [13, p. 493]

s( /[ wy—x)@(y)day)r:mw [ S0t = aNstyin,, e,
we have

SW(z) =S |:—2U(.%') + /2 U(y — x)SU(y)day]
— —S[U()] + / S, (U (y — 2)|SU(y)do,
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=9 [/2 U(y - w)‘P(y)day]
+/ESm[\If(y — x)]S, [/E (z— y)(b(z)daz] do,.

SW(z) = —®(z) - /E Sz[¥(y — 2)|@(y)doy + /2 S2[W(y — z)|®(y)doy

T / Su[(y - ) / $,10(z — y)|0(2)do do,
/ Se[P(y — x)]/ESy[\Il(z —y)]®(z)do.doy,

— —®(2) + H2D(x). 0

Then

Theorem 4.1. The operator R defined by (4.12) can be reduced on the left. A
reducing operator is given by R with § and x as in (2.5).

Proof. Replacing in (4.13) y and £ given by (2.5), we obtain that the operator H

(&M +3p+a) 9]
(n+a)(A+2p)

] vanish. Then, the kernel of H has only a weak singularity:

is compact, because the coefficients of the singular parts in (3.8) |
+v)(e+3v+03)

and [ X(v-i-ﬁ)(E—O—QU) -2

T (y — )] = Oly — '),

1 € (0,1] being the Lyapunov exponent of surface X. |

5. Representation Theorem

As a by-product of our method, we obtain the representability of the solution of
the Dirichlet problem with datum f given in [W1?(2)]% by means of a simple layer
potential. The density of such a potential is obtained as a solution of a Fredholm
equation.

Theorem 5.1. Given w € [LY(X)]%, there exists a solution ® € [LP(X)]® of the
following singular integral system

RO=w ae xz€X, (5.1)

where R is defined as in (4.12) if and only if
/ Yi Nw; =0 (52)
b

for every v = (y1,-..,7%) € [LI(X)]°, (¢ =p/(p — 1)) such that v;, i = 1,...,6, is
a weakly closed 1-form.
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Proof. Consider the adjoint of R (see (4.12)), R* : [LY(X)]® — [L4(X)]°, i.e. the
operator whose components are given by

z) = / i) A dy (Wi (y — ).

Theorem 4.1 implies that the integral system (5.1) has a solution ® € [LP(X)]5 if
and only if the compatibility conditions

/wi/\wizo
D)

hold for any 9 = (¢1,...,%6) € [L{(2)]° such that R*y) = 0. On the other hand
R*1p = 0 if and only if v, is a weakly closed 1-form, i.e.

/m Adg=0 VgeC®(R.
b))

In fact, if
/E Di(y) Ady[Wis(y — )] = 0 ae.z €S, (5.3)
we have
[ pitados [ wi) ndy (st -2 =0 i€ CAE)
> >
and then

0= [0 ndy [ )ity rio. = [ vy nats
o 5 5
for any smooth solution U of (2.2). Therefore we have
/E%(y) ANdy[¥ii(y —2)]=0 Va el
Let us consider
= [ ndy sy =)

If v € [C=(R?)]% and 1 € [C1(Q)NC?(Q)]° are such that M7y = Mvin Q andn =0
on X, we have

/sz(Mv) dx—/zl(Mn) dx—/(Mn dx/w] Ndy[s5(y — )]

= [ vt nd, [ (o ~ ).

From the Gauss—Green formula (see, e.g. [13, p. 146]) we have

/ UMY — VMU)dz — / UTV —VTU)do,,
Q >

where U and V are smooth vector functions. Keeping in mind that n =0 on ¥ and
that the column vectors (U1, Uy, ..., ¥g;), j =1,...,6, are solutions of (2.2) (see
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Lemma 3.1), it follows that
Q b

In view of (5.3), we find

/Q 2i(M)idz = / i) Ad,y / (T0)i(2) Wi (y — )do,
- / (Tn)i(z)do, / Gy (y) A dy [T (y — )] = O.
> >

Therefore

0= [ aaeyde = [ (Moyde [ 000 A d, 050y -2

/wj ) A dy / (M) ()T (y — da:—/wj ) A depj,

for any ¢ € [C°° (R3)]. This shows that 1; is weakly closed form and the theorem
is proved. O

By SP we denote the class of simple layer potentials (3.16) with density belonging
to [LP(%)]°.

Theorem 5.2. Given f € [W'?(X)]%, the BVP

U e Sv,
MU=0 1inQQ, (5.4)
dU =df onX

admits solution. It is given by (3.16) where its density v solves the singular integral
system Ry = df, where R is given by (4.12).

Proof. There exists a solution of (5.4) if and only if there exists a solution v €
[LP(2)]% of the singular integral system (4.2). In view of Theorem 5.1, there exists

a solution v € [LP(X)]% of such a system because conditions (5.2) are satisfied. O

Lemma 5.1. Let C € RS. The following BVP

Ve SP,
MY =0 inQ, (5.5)
v==C_ on X

has one and only one solution V given by a simple layer potential with density
belonging to [CMN(X)]%, 0 < A <1< 1.
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Proof. It is known that there exists a unique solution of MY =0in Q,V =Con X
belonging to [C1*(©)]%, 0 < A < I < 1. This result can be proved as in [13, Theorem
5.3, p. 367]. It is also known that the following BVP

U e SP,
MU=0 inQQ,
TU=TV onx

has solution. This means that the solution i/ of the problem MU =0in Q, TU =TV
on X can be represented by a simple layer potential (see [13, p. 501]). It follows from
the uniqueness theorem (see [13, Theorem 4.2, p. 148]) that there exist a,b € R?

such that
(anz)+b
u=y+ .
a

Since the column vector Z = (a A z) + b, a)’ is a solution of the problem: MZ =0
in 2, TZ =0 on %, it can be represented by means of a simple layer potential with
an Holder continuous density. Therefore, V = U — Z satisfies the assertion of the
lemma. |

Theorem 5.3. The following Dirichlet BVP
Ueds?,
MU =0 inQ, (5.6)
U=rf ony, fe[Whr(x)°

admits a unique solution U. In particular, the density ® of U can be written as
D = Py + Iy, where Py solves the singular integral system

/ de[Vii(y — x)|Poj(y)doy = dfi(x), i=1,...,6, ae.x€X
)

and Ty is the density of a simple layer potential which is constant on X.

Proof. Let U be a solution of (5.4). Since dU = df on ¥ and X is connected,
U=f—-ConX, CeRS Then i =U+V, V being solution of (5.5), solves (5.6).
The uniqueness follows from [13, Theorem 4.1, p. 148]. O

Theorem 5.4. If f € [WLP(X)]S, the singular integral system R® = df is equiva-
lent to the Fredholm system RR® = R(df).

Proof. As in [2, pp. 253-254], one can show that N(RR) = N(R). This implies
that, if g is such that there exists a solution ® of the equation R® = g, then this
equation is satisfied if and only if RR® = ﬁg. Since we know that the equation
R® = df is solvable, we have that R® = df if and only if RR® = R(df). O
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