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Abstract Wavelet packets provide an algorithm with many applications in signal
processing together with a large class of orthonormal bases of L2(R), each one cor-
responding to a different splitting of L2(R) into a direct sum of its closed subspaces.
The definition of wavelet packets is due to the work of Coifman, Meyer, and Wick-
erhauser, as a generalization of the Walsh system. A question has been posed since
then: one asks if a (general) wavelet packet system can be an orthonormal basis for
L%(R) whenever a certain set linked to the system, called the “exceptional set” has
zero Lebesgue measure. This answer to this question affects the quality of wavelet
packet approximation. In this paper we show that the answer to this question is neg-
ative by providing an explicit example. In the proof we make use of the “local trace
function” by Dutkay and the generalized shift-invariant system machinery developed
by Ron and Shen.

Keywords Wavelet packets - Local trace function - Tight frame - Generalized
shift-invariant systems
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1 Introduction

Wavelet packets are employed in many applications in signal processing. They give
rise to a large class of orthonormal bases of L?(R), each one corresponding to a
different splitting of L>(R) into a direct sum of its closed subspaces.
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The definition of wavelet packets is due to the work of Coifman, Meyer, and Wick-
erhauser [3]. It is an attempt to construct an orthonormal basis (ONB) associated
with an arbitrary partition of the time-frequency plane by some Heisenberg boxes,
together with an algorithm that allows a given signal to be effectively represented by
time-frequency atoms. Any wavelet packet 29/2w,, (2¢x — k) is linked to a Heisen-
berg box R, 4« which indicates the time and frequency regions where the energy of
this wavelet packet is mostly concentrated, namely R, 4« = [k277, (k + 1)279] x
[n29, (n + 1)29]. The time interval k279 < x < (k 4+ 1)277 is the time support of
the Walsh wavelet packet, while the frequency interval n2? < ¢ < (n + 1)29 is the
positive frequency support of the Shannon wavelet packet. In this way any wavelet
packet basis realizes an exact partition of the time-frequency plane even though gen-
eral wavelet packets have a time and frequency spread that is wider than the Heisen-
berg box. A wavelet packet basis divides the frequency axis into intervals of vary-
ing sizes, and the pavings of the time frequency plane are provided with horizontal
strips. In other words, wavelet packets correspond to adaptive filtering of the fre-
quency axis.

The construction is realized as follows. Let us start with a pair of quadratic mirror
filters (QMF) with transfer functions mq(6) and m(0) = e ?mq(6 + ) associated
to a multiresolution analysis (MRA) with wavelet ¥ and scaling function ¢. Let us
define first the basic wavelet packets, recursively, by the formulas (for the Fourier
transform):

Do) =¢©O), Wi (0) =V (),

o (0. (6

w2n( )—m0<§)wn(§>»
0 0

s 1(0) = my (5>wn <§>

The general wavelet packets are defined by taking some of the dilation and trans-
lation of the basic ones, i.e.,

292w,(29x —k), keZ, (n,qg)e ECNxZ. 1)

For the sake of brevity we shall call (1) wavelet packets again.

It is well known that (1) is an orthonormal basis of L>(R) provided the set E sat-
isfies the following assumption: the dyadic (frequency) intervals I, ;, = [29n,29(n +
1)), (n,q) € E, form a disjoint covering of [0, +00). In [3], Coifman, Meyer, and
Wickerhauser proved that, in the case of the Lemarié-Meyer wavelet, the above re-
sult could be extended to disjoint coverings of the form

[0.400)= | IgUA,
(n,q)eE

where the set A is any denumerable set called, hereafter, the “exceptional” set asso-
ciated with (1).
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Each choice of E corresponds to a different splitting of LZ(R) and so to a different
orthonormal basis: E = {1} x Z leads to the wavelet basis, E = N x {0} to the basis
wp(x — k), k € Z,n € N. In the first case A = {0}, in the second case A is the empty
set. For a fixed scale 2/, L?(R) is then decomposed, by the wavelet packet procedure,
into the orthogonal sum of closed subspaces W), ; = spﬁ{Zj 2w, (27 x — k) |k eZ},
n € N. Note that any Wy ; = V; is a subspace of the underlying MRA.

However, there are choices of E where the intervals I, , form a disjoint covering
of [0, +00) and the exceptional set A is not denumerable: think of A as a Cantor like
set.

Therefore Coifman, Meyer, and Wickerhauser have posed the question of whether
the above result could be generalized to exceptional sets A with zero Lebesgue mea-
sure. Even if this situation does not occur in applications, where A is generally empty
or at most finite, this is a deep mathematical question whose answer influences the
quality of wavelet packet approximations.

In the case of the Lemarié—Meyer wavelet, in [12] we gave a positive answer to
this question when the Hausdorff dimension of A is strictly less then 1/2, while in
[13] we provided an orthonormal basis corresponding to A with Hausdorff dimension
exactly 1/2.

In this work we show that the answer to the problem is negative by providing an
explicit example of a set A, with Hausdorff dimension exactly 1/2, corresponding to
a wavelet packet system for the Lemarié—Meyer wavelet, which is not an orthonormal
basis for L?(R). As a consequence we obtain that the result in [12] is sharp.

It seems, from the proof, that the value 1/2 depends on the chosen wavelet and
that the more mq(0) is close to the ideal filter, the more orthonormal bases one could
get. Here for the ideal filter we intend that of the Shannon system, i.e., a 27 periodic
extension of the function X[-%.%)-

The proof, obtained by reductio ad absurdum, has been made possible by con-
sidering two recent tools. The first one is the “local trace function” by Dutkay [4]
and its property of being invariant with respect to different choices of normalized
tight frames. The second one is the “generalized shift-invariant system” machinery
developed by Ron and Shen [11]. It allows us, under the hypothesis that our wavelet
packet system is an orthonormal basis of L2(R), to obtain another Z-shift invariant
normalized tight frame for L?(R). A crucial role is played by our choice of E and
thus of A. By previous results in [14] on the continuous measures g, k € Z induced
by the wavelet packet algorithm on the Borel sets of [0, 1) [3], we are then forced to
contradiction.

Indeed the problem can be reformulated by stating that any measure py is ab-
solutely continuous with respect to Lebesgue measure. Actually, it follows by defi-
nition that absolute continuity for one wu; implies the same property for all, so, as a
consequence we can say that none of them is absolutely continuous.

On the other hand, in the extreme cases of the Walsh system and the Shannon
system, one can easily compute the values of such measures in dyadic intervals by
means of (9). In the first case the quadrature mirror filters are mg(6) = %(e_"g +1)
and m(0) = %(e‘ia — 1), while in the second case ideal filters are being used. In
both cases one easily sees that each measure is exactly Lebesgue measure, thus in
these two cases it obviously suffices that A be a set with zero Lebesgue measure.
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We have to mention that the above measures are a particular case of measures
studied by Jorgensen in [9], and therefore we expect that a generalization of the tools
involved could be successfully applied also in the more general setting; this will be
the matter for a further study.

The paper is structured as follows. In Sect. 2 we introduce the wavelet packet sys-
tem which leads to the negative answer. In Sect. 3 we review the local trace function.
In Sect. 4 we show how wavelet packet systems fit into the scheme of generalized
shift-invariant systems. In Sect. 5 we recall properties of measures 1y, and finally in
Sect. 6 we combine things together to obtain the contradiction.

2 A Counterexample to the Wavelet Packet Conjecture

In this section we introduce the exceptional set which contradicts the conjecture, and
we establish in Theorem 2.2 a fundamental property of our wavelet packet system.

Let us define
E= U Ewm,
MeN

where

2p
Eg= {(n,q)eNxZ|q=—2p,p€N*,n=Zeh2h_l,s1 =0,
h=1

82i+1=1,i=1,0,...,p—1 ,

E, = {(n+2_",q) eNxZ|(n,q)e Eo},
Ey={WM., 0}, M=2.
For any (n,q) € E, letus set I, ; =[29n,29(n + 1)) and the corresponding sub-
space by Wy, 4 = span{29/%w, (29x — k) | k € Z}. It is easy to see (see Fig. 1) that for
(n,q) € Eg U E1, the value of each ¢ in the dyadic expansion of # is related to the

“path” in the tree structure from the subspace W, , up: &, = 0 if one takes the left
“leaf,” &, = 1 otherwise. Obviously,

2.4c0)=Jm.Mm+D=]) | g

M=>2 M=2(n,q)€Ey

while

0.2= |J hgUA,
(Vl,q)EEoUEl

where the set A has Lebesgue measure zero and Hausdorff dimension equal to 1/2.
Indeed if we set
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Wiy _4 We,—4 V[/mfi-.wrm,fzi: VV20774'-' VV22,74'~. WQB,—AL‘ Wsoﬁzi:

Fig. 1 The closed subspaces of LZ(R) corresponding to our choice of E

2p
Fy= (n,q)ENXZ|q:—2p,peN*,n:Zeh2h_l,
h=1

&iv1=1,i=0,...,p—1¢,

Fi={(n+27%4)eNxZ|(n,q) € Fo}.
we can write A as the disjoint union of two sets:
A= () gV () Ig=A0UAL
(n,q)eFy (n,q)€F

It is easy to see that Ag, as well as Ay, is constructed like a Cantor set. In particu-
lar the compact set Ag is the invariant set of the iterated function system (fi, f>),
fi:R—=>R, filx)= a1 Hx) = %, which satisfies Moran’s open set condi-

4 ’
tion, see [6]. So the Hausdorff dimension of Ap, dimgAg is equal to the similar-
ity dimension s = % = 1/2. One gets the same conclusion for A; and finally

dimy A = max(dimgy Ag, dimg A1) = 1/2.
Therefore

0.+00)=J) U heua,

MeN (n,q)eEy

and A is our exceptional set.
Consider the Lemarié—Meyer wavelet and the wavelet packet system correspond-
ing to our choice of E:

X = (292w, (29x — k) | k € Z, (n,q) € E}. )
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I
-4pi/3 0 4pi/3

Fig. 2 Intervals where mo(22P~1&) =1, for p=1,2,3

We shall assume that it is an orthonormal basis in order to get a contradiction.
Before that, however, we shall show an inequality which does not rely on orthonor-
mality. We need a preliminary lemma.

Lemma 2.1 Let my and ¢ be, respectively, the transfer and the scaling function of
the Lemarié—Meyer wavelet. Then for almost all & € [—4m /3,47 /3] = supp @, there
exists N > 1 such that m0(22N_1E) =1.

Proof 1Tt is sufficient to prove that (| - | denotes the Lebesgue measure)

4

4
HE € [—?, Tni| | 3N > 1, suchthat mo(2*V ~'¢) = 1”

{ |: 4 4;1]|m0(22N—1%-)=1}

e[ 58] me |

8
3

and this will be done by looking at the support of each dilation of mg. First of all
recall that in [—m, ], mo(§) =1 in [—n/3, /3] and my(§) =0 in [—m, —27 /3] U
[27/3, w]. Now

2 2w 27
2N—-1\ _
suppmo (2 )= [—3 NI 3. 22N1} + v
and if we look for the number of subintervals in [—%’T, T] where m0(22N IE)

equals 1, a rapid inspection and the symmetry of mg show that this number is equal
to
22N -1 22N +1 41

T3

(XNZZ-
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Indeed, by symmetry, it is sufficient to examine [0, 4—”) and to look for the biggest
Bn € N such that

2 2nBn  4Am
3.22N-1 " 52N-1 = 3
We get
22N
BN = 3 =4By-1+1,
and so
2N _ 1 22N+1 41
ay=2By+1=2- +1= .

3
Now let yny be the number of subintervals in [—47”, 47”] where mo (2N _IE )=1, out

of all those (bigger ones) where also mo(Q¥1e)y=1,h=1,...,N—1, N >2.Set
y1 = o1 = 3. The measure we look for is equal to

+o00

21
Z YN 3. 22N—1 :
N=1

‘We have the relation

N-1
YN + Z BN—pYp =CON.
p=1
Indeed, by symmetry and the structure of my, it is easy to see that, for any 7 =
1,...,N — 1, the number of subintervals where mo(22VN~1&) = 1 which fall into
each one of those where m0(22”_1$) =1, p=1,..., N —1, decreases with p and it
is exactly By_p, = %. This is shown in the following calculation (see Fig. 2).

If we examine any interval where mq(2¢) = 1, for example the one which contains
the origin, we notice that the right endpoint coincides with the right endpoint of an
interval where mo(23£) = 0. Indeed, 15 = % This feature applies, by periodicity
and re-scaling, to any couple m0(22N’lé) and m0(221”1§), p=1,...,N—1, so
any bigger interval contains, by symmetry, 2k + 1 smaller intervals, where k € N is
such that

T 4 2wk

3.22p—1  3.02N-1 + 92N—T*
We get k = w, and the total number is equal to

22(N=p) _ |
2k+1=f=f3N_p,
as claimed. Hence
N-1 N=2
YN =aN — Z BN—pYp =ON — YN-1 — Z @BN—p—1+Dyp

p=1 p=1
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N-2
=an —yN-1 —4Han-1 —YN-1) — Z Yp
p=1

N-2
=3yvo1—1-Y 7.
p=1

We claim that yy = 2yn_1 + 2V ~!, which is equivalent to
N-2
yN—1—1— Z yn=2N"1,
h=1

easily proved by induction on N > 3.
So, by a recurrence argument and since y; = 3, we find

yv =2yn-1 42V =202y 2 +2V72) 428!
= =21y (N = D2V = (v 22N

Finally the measure we look for is equal to

+00 400

27 N_1 27 87 (N+2) 8m
ZVN3,22N T Z(N+2)2 221\7—1:?2 N2 T3
N= N=1 N=1

The specific choice of E, and thus of A, is crucial in the following theorem:

Theorem 2.2 Let us consider the wavelet packet system X (2). Then, a.e.

MY @@= [e@) ad Y |wa(27%)) = |9

(n,q9)€Ep (n,q)€Ey

@ Y |w(E) =1

(n,q)eE

Proof We prove the first inequality in (1); the other one is proved similarly, replacing

@by .
For a fixed p € N* we collect all indexes n such that (n, —2p) € Ej in the set
= {n € N|(n, —2p) € Ep}. Then, by unconditional convergence, we get

3 |@a(27%) = lim Z 3 Jba2%6) 3)
(n.q)eEo A P
We claim that

) Y [0a(2%)] = mo6)d(©) [

neE]
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@ @ (2276)[" = [mo(22~ €)m1 (2277%) ...m126)d @),

P
nekEy

p>1.

To show (i) we note first that E} = {0, 2}, hence
3 | (226) 7 = [6(2%€) [P + [mo25)i (28) [

1
nek

= |mo&)*[|mo@®)|*|¢®)|* + |mi &) [*|6®)[*] = |mo2£)¢©)|*.

To show (ii) we observe that, for a fixed p > 1, any n € E(’)’ is in the form
n=e2+2+e20 + 204 42272 45,227 e =0, 1

This fact is reflected in the expression of w;, with the occurrence either of mq or m.
Indeed,

(& £ £ £ £ E\.[ &
wy(§) =mo E Mg, ? mi f Mg, ? ...mq 221)—71 Mgy, 2TP ) sz .
Therefore, |mo(&)]> + [m1(&)|* = 1 leads to

Z |11)n(22l’§)|2= Z ’m0(22p—l$)m82(22p—2%—)m1(22[7—3%.)

14 i=1,..., P
nek,

ey, 5 (228)m1 2E)me,, ()§(E)]
= |mo(2*771&)m1 (22773) .. m1 (26)§(8)

and (ii) is proved. Returning back to (3) we get

2

o [0a(2778) [ = [mo26)p®) [

(n,q)€Ep
+o0 )
+ Y |mo(@2P 7 E)m (22773) ..omi26)§®)]7. ()
p=2
Next we show that, for any N > 2, we have
N ) 5
D |mo(22P 7 E)mi (227 73E) omi26)(©)| T = [m1(26)¢(E)| ()
p=2

in the set where mo(22¥~1£) = 1. Indeed,

N

3 mo (227 E)my (227 73) ..m1 26)@(®)[”

p=2
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= |mo (22N E)mi (22N ) . mi 266 ©) [

+ |mo (22N D=1y (22N D7) 26)9(®)|°
N-2

+ ) mo(277'8)my (227 %¢) ...m1 26)96)|”

p=2

N-2
= |mi 22V D7) L 260+ Y [mo(2718) ..m126)9(6)|,

p=2

since mo(22V~-1¢) = 1 and |ml(22N_3$)|2 + |I71(;)(22(N_1)_1§)|2 = 1. The same ar-
gument, repeated a finite number of times, leads to the result.

Finally, equality (4) implies the desired inequality for all points out of the (com-
pact) support of ¢, while Lemma 2.1, (4), and (5) yield the result for a.e. £ €
supp ¢. Indeed, Lemma 2.1 implies that for a.e. & € supp ¢ there exists N such that
mo(2*N~1g) = 1. If N = 1 we invoke (4), while for N > 2, (5) implies

S (@) 2 [mo@)d )| + mi@e)e )| = )|

(n.q)eEq

This completes the proof of (1).
To show (2) we use the definition of wavelet packets and (1) to estimate

+00
Sl = Y w7+ Y [ha(278) [+ D [ ©)

(n.q)eE (n.q)€Ep (n,q)€E; n=2

b, (6)]°

+00
GIEIGIEDS

n=2

b1 (€)]

—+00 +00
=" [ @® +
n=0 n=0

SONGIRNONE

for any j € N. Now, since the system {w, (- — k),n € N, k € Z} is an orthonormal
basis of L%(R), Proposition 3.3 of [5] applies to Vp = L2(R) and we have

2

+00
n=0

2 +o00
2
n=0

)

2
=1, a.e.£€eR,

thus completing the proof. O
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3 The Local Trace Function

Both subspaces Vy and W arising in the wavelet packet decomposition of L?(R)
are Z shift invariant spaces. In the setting of such spaces Dutkay [4], has defined an
invariant, the local trace function. The fact that it can be calculated with any nor-
malized tight frame generator will be used in the proof of our main result: We shall
compute the local trace function in two different ways and the resulting quantities
will be obliged to be equal. In this section we recall definitions and necessary results
to our scope; the interested reader can find more in Dutkay’s work [4].

We say that a closed subspace V C L2(R) is shift invariant (SI) if for every f € V
we also have Ty f € V when k € Z, where Ty f (x) = f(x — k). For any @ C L*(R)
let

S(®) =span{Tip|lp € @,k € Z}

be the SI space generated by @.
A periodic range function is any measurable mapping

Jper : R — {Closed subspaces of 82(Z)}
satisfying the periodicity condition
Jper (€ +27k) = A(k)*(Jper(§)) forallk € Z, & €R,
where )\ denotes the shift operator on 2(7),
A& ((annez) = @n—inez. k € Z.

Measurable means weakly operator measurable, i.e., § = (Py,.)a, b) is measurable

for any choice of a, b € 2(2).

Note that the periodic range function is uniquely determined by its values on the
representatives of the cosets of R/2x7Z identified with [—r, w]. Sometimes we shall
indicate with the same letter both the subspace Jper(§) and the projection onto Jper(§).

Let us now recall some spaces and maps. The first one is the Hilbert space of
measurable vector-valued functions

L*([-m, 7], 62(Z)) = {F =, ] — 2(Z) | ] HF(&)H?Z(Z) dt < +oo},

[—m,7

where the scalar product is given by
(F,G):= /[ ] (F(€). G(®)) 2z dE- ©)
-7,

The map
r: L2 (R) — L*([—7, 7], €2(2)),

defined for f € L%(R) and & € [, ], by tf()= (f(g 4+ 27k))kez, 1s an isomet-
ric isomorphism up to multiplication by 1/(27)!/2, where the Fourier Transform is
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defined for g € L'(R) N L2(R) by
2 = / g(x)e ¥ dx.
R

Consider also the Hilbert space Lger(R, €2(Z)) of measurable vector-valued functions
F : R — ¢2(Z) such that F|[—7,7] belongs to L?([—7, 7], €2(Z)) and is periodic in
the following sense:

F(§ +2nk)=1k)*F(&) forallkeZ, & eR.
The scalar product is defined again as in (6). The corresponding map

Tper : L2 (R) — L2 (R, £2(2))

per

is defined, for f € L>(R) and & € R, by Toer f(§) = (f(%‘ + 27k))kez, and verifies
the periodicity condition

tper f (6 + 2mh) = (€ + 2k + 27h)) .y = M(K) Tper f ().

The following theorem, due to Helson [7], characterizes SI space in terms of the
periodic range function:

Theorem 3.1 A closed subspace V C L*>(R) is SI if and only if

V={feL*®) | tperf(§) € Jper(£) forae. & R},

where Jper is a measurable periodic range function.

The correspondence between V and Jper is bijective under the convention that
range functions are identified if they are equal a.e. Furthermore, if V = S(®) for
some countable @ C LZ(R) then, for a.e. £ € R,

Jper(§) = Span] tperp(§) | @ € P}

Definition 3.2 If V is an SI subspace of LZ(R), then Jper associated with V' as in
Theorem 3.1 is called the periodic range function of V.

It is necessary now to recall the definition of a frame.

Definition 3.3 A subset {e;|i € I} of a Hilbert space H is called a frame with con-
stants b, B > 0, if

ISIZ < |tei /) < BISI? forall feH.

iel

If b= B =1, itis called a normalized tight frame (NTF).
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Definition 3.4 Let V be a shift invariant subspace of L2(R). A subset @ of V is
called a normalized tight frame generator (NTF generator) for V if the set of translates

{(Tho |keZ,p € D}

is an NTF for V.

Theorem 3.5 Let V be an SI subspace of L*(R), Jper its periodic range function,
and @ a countable subset of V.

{Tro | ¢ € @,k € Z} is a frame with constants b and B for V if and only if
{tper(§) | ¢ € @} is a frame with constants b and B for Jper, for a.e. § € R,

The notion of the local trace function is based on the notion of the trace of a positive
operator on a Hilbert space. We refer the reader to the work of Dutkay [4] for a survey
on the trace function.

Definition 3.6 Let H be a Hilbert space and T a positive operator on H. The trace
of T is the positive number (it could be +o00) defined by

Trace(T) = Z (Tej, e;),

iel
where {¢; | i € I} is an orthonormal basis for H.

Definition 3.7 Let V be an SI subspace of L*(R), T a positive operator on 2(2),
and let J,er(§) be the periodic range function of V. We define the local trace function
associated with V and 7T as the map

ty.r : R— [0, 400)
defined by
ty,7(§) =Trace(T Jper (§)), € €R.
We define the restricted local trace function associated with V and f € €2(Z) by
ty, 7 (€) = Trace(Ps Jper(§)) = Tv.p, (), £ €R,

where Py is the operator on 02(Z) defined by Pr(v) = (v, f)f.

The following theorem says that the local trace function can be calculated with
any NTF generator. This fact will be used in the proof of our main result: We shall
compute the local trace function in two different ways and the resulting quantities
will be obliged to be equal.

Theorem 3.8 Let V be an SI subspace of L*>(R), and ® C V an NTF generator
for V. Then for every positive operator T on £>(Z) and for every f € £*(Z), we have

) =) (Thup®), Hep®)), acEcR,
ped (7)
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2
)

v €)=Y |(f tper(€))

ped

ae. & eR.

4 Wavelet Packets as Generalized Shift-Invariant Systems

It is well known that a wavelet system is never Z-SI. Nevertheless, one can enlarge it
by adding more elements and construct a Z-SI system, called a quasi-affine system,
which shares most of the properties of the wavelet system. This object was studied
by Ron and Shen in [10] and further by Chui, Shi, and Stockler in [2]. Generally
speaking, wavelet systems, and wavelet packet systems as well (WP for short), are
generalized shift-invariant systems (GSI for short) in the sense of Ron and Shen work
[11], and in this general context the analog of a quasi-affine system is the so-called
oblique oversampling [11].

In this section we consider our example of WP system X (2), and we shall con-
struct an oblique oversampling of it. Under the hypothesis that X is an orthonormal
basis of L>(R), we shall show that the oblique oversampling is a normalized tight
frame for L2(R). A crucial role in this is played by part (2) of Theorem 2.2 based on
our choice of E and thus of A. This fact will allow us to supply each V;y and Wy with
another Z-SI NTF different from the one inherited from the wavelet structure.

For the sake of clarity and simplicity we recall definitions and results of [11] in
one dimension and we show how our WP system fits into this scheme, but the same
argument can be extended to any WP system. We emphasize that the case of WP
systems is not included among the special types of GSI systems discussed in [11]. In
what follows, X will always denote our WP system defined in (2).

Definition 4.1 Let J be a countable index set. For any j € J, let I'; = ¢;Z, where
c;j is a nonzero, positive real number. Set £ = (I'j) jes. For any j € J assume there
is an associate function ¢; € L%(R), and consider

Yi={ej(+y)lyerl;}

The union

v=Jv;
jeJ
is called a generalized shift-invariant (GSI) system. Sometimes we shall write J(Y)
for the index set.

Remark 1 WP system X = {29/%w, (29x — k) |k € Z, (n,q) € E}, is a GSI system.
Indeed, let us take as index set J = E, and for any (n, q) € E, the lattice I, 4) =
2747, and associate function ¢, ) = Dw;, S0

Yong) = {00 (- —279k) | 279k € 2792} = {29%w, (27 - —k) | k € Z}.

X is a nested GSI system, in the following sense. Let us define a total ordering on
ECNxZas (n,q) < (n,q’) if and only if either g < ¢, or, in the case ¢ = ¢/,
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n <n’. We have
(n,q)<(n'.q) =21 <2922

Definition 4.2 Let Y = | J;, ¥; and Y'=U jeJ Y]Q be two GSI systems with the

same index set J. Let ¢; and (p? be the relative associate functions. We say that Y
is an oversampling of Y if for every j € J the following holds:

(1) The lattice c?Z (of the layer Yj(.)) is a superlattice of ¢;Z;
(2) The following relation holds:

(N
=) g;
J cj J:
If Y is nested we say that the oversampling is oblique if there exists j € J such that
forevery j e J,

0_{Cj’ j>7’
Cc; = . -
J 677 JSJ’

Remark 2 Let us construct an oblique oversampling of X. We define
0_ 0
X' = U Y (n,q)°
(n,q)€E

where, if ¢ > 0, we take as associated function (p?n o= D>qw,,, lattice F((r), o=

2797, and

Y0 ={277w,(29x — k) | (n,q) € E,q = 0,k € Z},

while, if ¢ < 0, we take as associated function 9081 D= 24/ 2D2q w,, lattice th o=
Z, and

Yo = (270n(27(x =K)) | (1.q) € E.q < 0.k € Z}.

It is easy to see that, in both cases, F(g 2 is a superlattice of I, 4) =279Z. The
equality (2) is also satisfied, since, if g < 0,

1 1
1 2 1 2
0 2
Py @) = 27w, (2x) = (2—4) 212w, (29x) = <2_q) P(n,q)>

the other case being trivial.
The oversampling is oblique, with respect to the total ordering of E, since for
every (n,q) € E,

[0 _|2=Tug, (n,9)>®,0),
9 7\ Z = I'u,0) (n,q) < ,0).
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Finally the oversampling is failless, which means (in one dimension) that the set of
all different numbers in the set {279, ¢ > 0} is bounded and has no accumulation
points other then 0. (See Definition 2.18 in [11].) This fact will be useful later, see
Proposition 4.7. Note also that the WP we start with is not tailless.

The main object of the study of GSI systems in [11] is the dual Gramian. In the
case of X it specializes as G : R x R — C,

G, =

)3 D4y (€) Dy—q ()
T,
(n,q)ex(E—n) 1 Fn,q)]

= Z 24 Dy ﬁ)n (&)Dy— ﬁ)n(?’]),
(n,q)€x(E—n)

where |, 4)| =277 and the valuation function « is defined as
k(&) :={(n.q) € E|& €2n21Z}. ¥

In other words, for a fixed £ € R, (~3(§ ,n) = 0 unless 7 lies in the countable set
&+ U(n’q)eF(ZnﬁZ), and if this is the case for a certain (m, p) € E and k € Z,

GE.e+2m27k) = Y u(2798) b (2798 + 2020 0K).
(n.q)€E 29|2Pk

Another important tool is the diagonal function, and for X it becomes

2

gE=GE 6= Y |[b.(27%)

(n,q)eE

since k(0) ={(n,q) € E|0€2n29Z} =E.

It is needless to say that the above objects could be defined for any wavelet packet
system, with the obvious changes, as it is for the following lemma, which says that
the diagonal function is a.e. bounded (by Schwarz’s inequality the dual Gramian is
bounded, too).

Lemma 4.3 For almost all £ € R,

o= > [ =1

(n,q)eE
Proof The proof follows from the observation that the diagonal function is related

to the spectral function 0‘1; defined by Bownik and Rzeszotnik in the following way
(see Lemma 2.5 in [1]). If we take W,, ; and I}, =279Z, then

o= Y @)=Y oy ©.

(n,q)€E (n,q)€E
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Now for any finite set G in E let us denote V = @(n’q)eG Wy.q- By (b) and (d) in
Proposition 2.8 [1],

Y oy E)=ovE) <ol E)=1,

(n,q)eG

s0, by unconditional convergence the result follows. |

The previous lemma and Theorem 2.2 yield, for the specific choice of X, the next
crucial identity.

Corollary 4.4 Let us consider the wavelet packet system X. Then for almost all
£ eR,

g(g) = Z |wn(2_q€)|2 =1.

(n,q)eE

The above equality relates to the so-called discrete Calderén condition. For an or-
thonormal wavelet system (where a finite number of mother wavelets occurs) it is
equivalent to completeness in LZ(R), see the work by Herndndez, Labate, and Weiss
[8] and references therein. What fails in our case is the fact that there is no lattice
I" which makes the direct sum B, ¢k Wn,g a I' shift invariant space, nor does
the wavelet packet system yet verify the local integrability condition (2.6) in Corol-
lary 4.4 in [8].

Remark 3 The dual Gramian of the GST X" is éxo :RxR—C,

A 0
Pn,q) (’i:)ﬁo(n’q) (m

Gy = Y TN
n.q

(n,q)ex0(E—n)

= Z 29 Dy—g Wy, (§) Dy—q Wy (1),
(n,q)ex®(E—n)

since |F(0 s

" q)| is either 279, g > 0, or 1, ¢ < 0, and the valuation function «

K@) ={n,q) e E|q>0,6 €2n29Z}U{(n,q) € E| | q <0,£ € 2nZ}.

Corollary 4.5 (cf. Proposition 3.9 in [11]) Let us consider the wavelet packet system
X and its oblique oversampling X°. Let k and «° be the corresponding valuation
functions given by (8). Then:

(1) Gx(&, 1) = Gxo(&, n) whenever k(£ — 1) = (& — n);
(2) gx(¢) =gx0(6) =1.

We shall now assume that X is an orthonormal basis for L2(R), and we shall show
that the (tailless) oblique oversampling X" is a normalized tight frame (for L2(R)).
In order to do so, we need only to prove that X° is a Bessel system with Bessel bound
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<1. This follows from the above corollary and the following results in [11] applied
to X and X°.

Proposition 4.6 ([11], Corollary 1.14) Let Y be a GSI Bessel system with Bessel
bound <1. Let G be the associated dual Gramian and g the associated diagonal
function. Then:

Ifg > 1a.e., then 5(5, n) =0, fora.e. & and every n, n #&.

Proposition 4.7 (cf. [11], Corollary 3.7) Let Y be a tailless GSI system. Then'Y is
a normalized tight frame if and only if' 'Y is scalar, which means there is a null set
N CR such that Gy (&, ) = 8¢, for every §,n € R\N.

In order to show that X? is a Bessel system with Bessel bound <1 we need first
the notion of “dominance,” (see Definition 3.14 in [11]) which requires, more or less,
that the dual Gramian Gy coincides with 6Y0 at all the entries which are involved
in the Bessel and frame properties of Y. Since in our case the intersection of all
lattices associated to X©, ﬂ jeJ (X0 F]Q is the 1-dimensional lattice Z, we can slightly
simplify the definition as follows:

Definition 4.8 Let Y and Y° be two GSI systems. Let I';, j € J (YO), be the lattices
associated to Y. Assume that I =" jesysy I'j is a 1-dimensional lattice.

_ Wesay that Y dominates Y? if there exists a null set A C R such that éy(é, n) =
Gyo (&, n) whenever (§ —n) -y € 2nZ forany y € I and § € R\N.

Lemma 4.9 X dominates the oblique oversampling X°.

Proof Since X" is Z-shift invariant, by Corollary 4.5 it suffices to show the equality
k(€ —n) = k(& — 1) whenever (¢ — ) -y € 2nZ for any y € Z, which means
k(2rr) = k27r) for any r € Z. But this follows easily from the choice of lattices
in X0, Indeed, since r € Z,

kQmr) = {(n, g)€E|re ZqZ}
={(n,q9)€E|q>0,r€21Z} U{(n,q) € E|q <0},
while, by definition, KO(an) equals to

{n,q)€eE1q=0,re27Z}U{(n,q) € E|q <0,r € Z}. O

Since X° is tailless and dominated by X, it follows that in order to show that x?
is Bessel we need to control, in a certain way, the Gramian of X. The following
definition presents a tool to do so.

Definition 4.10 Let Y be a GSI system. Given a finite P C R we denote by 5( P) the

submatrix of G whose rows and columns are indexed by P and whose (p, g)-entry
is G(p q), p,q € P. We denote by G(P) the norm of the matrix G(P) viewed as
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an endomorphism of £2(P). If any of the entries of 5(P)is not well defined or is not
finite, we define G(P) = +00.
We say that G is bounded by A > 0 if, for every finite P C R,

664+ P ey = 4
We call G = Gy the norm function of Y.

Theorem 4.11 (cf. Theorem 2.14, and 3.4 [11]) Let Y be a GSI system associated
with a norm function G. If Y is Bessel with Bessel bound A, then G is bounded by A.
Moreover, if Y is tailless the converse is also true.

Corollary 4.12 Let us assume that X is an orthonormal basis. Then Gx is bounded
by 1.

Proposition 4.13 (cf. Proposition 3.15, [11]) Let Y, Y? be GSI systems. Assume that
YY is tailless and that Y dominates Y°. IfY is Bessel, then YY is Bessel too, and its
Bessel bound is no larger than that of Y.

Proof The proof follows the first part of the proof of Proposition 3.15, [11], (at this
stage of the proof Y is not required to have small tails), and we get that, by dominance,
Gyo is bounded by the Bessel bound A of Y. By Theorem 4.11 applied to Y', we
obtain the thesis. g

Corollary 4.14 Let us assume that X is an orthonormal basis. Then X° is a normal-
ized tight frame for L*(R).

Corollary 4.15 Let us assume that X is an orthonormal basis. Then, for any fixed
m € N, the system

{29w, (29(x = k) | (n,q) € E, Wpg € Wy 0,k € Z}
is an NTF for the subspace Wy, o.

Proof 1t follows from the previous corollary and the orthonormality of the spaces
Wi.q and W, o for Wy, o € Wy, 0. O

5 Measures Associated to Wavelet Packets

In this section we summarize the properties of the continuous measures induced by
the wavelet packet algorithm on the Borel sets of [0, 1) (see [3] for definition and
details) as they appear in [14].

The measure uy is first defined in any dyadic interval as follows. Let

g1 & gj & & £j 1
In: - - A ~ oy - — et s by O,l,
j [2+4+ +212+4+ +2j+2J>C[ )
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wheren =¢1 +2e + - -- +2f_lsj, and g; =0, 1. Let us define

m(Z)) =2y

2 ) e L 2
/ Me, (0)me, (20) ...mg; (27710)e M2 PP —1 - (9)
0
PEZ

2|

The occurrence of the symbols mg and m reflects the position of the interval.
Wi extends to a regular continuous Borel measure and its value in dyadic intervals
is linked to wavelet packets w,, as shown in the following theorem:

Theorem 5.1 Letn =gy +2&y +--- + 2/~ le;. Consider

e e g ¢ e g 1 n n+1
I’?:I:_l+_2_|_...+_] _1+_2+...+_f+_):|:_', _>,

J ) 4 20" 2 4 20 2 27 2J

where we setn =¢g; +2¢j 44201y
Then:
(1) Ifniseven (e1 =0), then

1 2

m(Tj) =57

()
Wy s
PEZ 2/

(k—1)
Wy _pj-1 <p - 2] )

(3) For any measurable set 2 C [0, %), we have

2y_1 o
MZk(7>—§Mk( ).

(4) For any measurable set §2 C [0, 1), we have

Q 2+1
we\ 5 ) = | =5 )

Remark 4 Note that, from the definition of the measures [, the following relations
are always true for any dyadic interval of length 1/2/:

) Ifnisodd(er = 1), then

() =5 3

PEL

2

2/ 1
Yom@ =1, (D = (D). (10)
k=0

In particular we can deduce the following values for the Lemarié—-Meyer wavelet
and the scaling function ¢:
n 1
P\PT5

Sl =Y le[ =1+4a, >

pEL pEL pEL

2
=1—4a, an
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where

2
1 3
a= —/ mo(@)my(6 + ) db > 0.
2 z

6 Final Calculations

The overlapped region between m(0) and my(6 + ) is responsible for (11). Thus
none of the measures py is the Lebesgue measure. As we shall see, however, the
existence of another NTF will force the same measures to behave like that, yielding
a contradiction.

Theorem 6.1 Consider the Lemarié—Meyer wavelet and the corresponding wavelet
packet system
X = {29%w, (29x — k), k€ Z, (n,q) € E},

where E =J ey Em, and

2p
Ey= {(n,q)EN><Z|q=—2p,peN*,n=Zsh2h_l,81 =0,
h=1

&ip1=LlLi=1,....,p—1¢,

E| = {(n+2_",q)eNxZ| (n,q)EEo},
Ey={WM, 0}, M=2.

Then X is not an ONB osz(R).

Proof The proof is obtained by reductio ad absurdum.

Let us assume that the wavelet packet X is an ONB for L*(R) and consider the
corresponding oblique oversampling X°. Then, by Corollary 4.15, we know that the
system

{qun(Zq(x —k)) | (n,q) € Eg,q <0,k € Z}
is an NTF for the subspace Wy o = Vj and the system

{27wa (27 (c = 0)) | (1. q) € E1.q < 0.k € Z}

is an NTF for the subspace Wi o = Wp.

In other words, {29/% D w,|(n, q) € Ep, g <0} is an NTF generator for Vj, while
{2‘1/ 2Dogwy, |(n,q) € E1,q < 0} is an NTF generator for Wy, where the underlying
lattice is I" = Z. So, by Theorem 3.8 (7), for any f € 022,

2
’

w1 &= > (£ rper (22 Down)®))|".  ae. & eR”,

(n,q)eEy
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and
2
9

& =Y |(fr (27 Doaw, ) ©))]7. ae & eR"

(n,q)eE

By definition,
Tper(zq/zDZ‘I wn) é)= (ﬁ)" (27(1 ¢+ 27Tk)))keZ'

On the other hand, the integer translates of ¢ and ¥ form, respectively, an ONB for
Vo and Wy, so, since the local trace function does not depend on the choice of the
NTF generator, we have the equalities, for any f € ¢>(Z),

2
S D frwn(aE +210)| =1L 6 = (£ @ ©))
(n,q)eEy 'leZ
I
=Y figE+2nD)| ,
leZ
and
2 2
S D @@ +2mD)| =i 6 =|(f (W) ©))]
(n,q)€Ey 'leZ
_ 2
=D fidE+2nD) .
leZ
Since the above equalities hold for any f € ¢>(Z), they imply
2 2
dYeE+2rr)| = D D (279G +27r))
rez (n,q)eEy 'reZ
and
. 2 2
YwE+n| = 3 D w27 +270)|
rez (n,q)€E| 'reZ

The next step consists of applying the Poisson summation formula to each sum (recall
that ¢, v, w, are in the Schwartz class), thus obtaining
2

D e = 2%2%({:)6_”5

rez (n,q)eEo rez

2

and
2

D o wre 't

rez
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If we integrate between 0 and 277, we get

1 2
Z|<ﬂ(r)|2: Z 2__2{]2 wn<2%) (12)

rez (n,q)eEy rez

and

2
2 1 r
ol = X 52 wn(ﬁ) ' (13)
rez (n,q)eE reZ
The left-hand sums are given in (11), and they are equal to 1 + 4a each. The right-
hand sums are linked to measures pg, associated to wavelet packets (see (9)), and
their values in dyadic intervals are determined by the pairs (n, g) € Eg U E;. Indeed,
by our choice of Eg and E1, the right-hand side of (12) and (13) are, respectively,
Y am ey

equal to
(n,q)€Eo s=0 rez

2
-2

We now treat the two sums above singularly. We emphasize that the following calcu-
lations heavily depend on the nature of E and thus of A. Let us begin with the first
one.

If (n,q) € Eg, theng =—2p, p €N, and

279-1 2

and

YUYy

(n,q)€Ey s=0 reZ

n=81+282+-~-+22p—182p, e1=0, &ip1=1i=1,....,p— 1.

n n+1
Ql’l,p = [2Tp, —22[7 ).
If &2, =0, thenn = &3, +262p 1+~ +22r—1¢, is even. Also we note that, for our

choice of Ey, since €1 =0, n + 1 cannot be larger then 22r=1 5o $24,p C |0, %), and
by Theorem 5.1,

Set

2
,us(Qn,p)=2M2s( "’p>,

2
So we get
s 2_ § s _ 2 n n+l
L7 =Zlelr-5)| =l 5))
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On the other hand, if &3, = 1, then we can write n =& + 28 +--- + 221’_182p +
2%7.0, and so 7 = 0 + 22, + 22631 + -+ + 22P"Lgy + 22P¢; is even and by

Theorem 5.1, we have again
2 2 = =
s 2s 2 n  n+l
_ 0 _ I _ ~2p+l
wn<r 2_q>‘ —Z wn<r 2_q+1>' =2 M25<|:—22p+1,—22p+1>>
2,
iy (%),

rez
2

2

rez

Therefore, substituting in equality (12), we obtain

221

1 2 p
o= Y e Yo%)
s=0

(n,—2p)eEy peN*

Let us proceed with the second sum.
This time n 4227 = g1 + 26 +- - - +22P "Ly, +22P +22PF1 .0, and son + 220 =
0+ 2+ 2%y, + -+ +22Pgy + 227 1g| is even, hence by Theorem 5.1, we have

N
Wy 422p (r - 22—,,)

2

2

rez

2 . - 2s
- XZ: W\ T 2z
re
n+220 n+42%+1
22p+1 22p+1

_22P+1 n+22]7 n—l—22p+1
- Has 22p+1 22p+1 :

Now we note that the interval

T2

1_[n+221’ n+22p+1>_1<[ non+l

1
21 T 2pH 2 2Tp> + 1) =+,

so by Theorem 5.1,

n+2% n+220 +1\\ Qup+1Y 2 p
MU2s 2pF1 22p+ = MU2s T = MU2s—1 ) .

Therefore, substituting in equality (13), we obtain

e 2
— n,p
trda= S5 (%)

(n,—2p)eEy peN* 5=0
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Finally we add term by term the two equalities, thus obtaining, by properties (10) of
s, since for any fixed p the number of elements (n, —2p) € Ey is 27,

2201

1 2 2
2+ 8a = Z 21 Z {MZs(%)‘FMZs—]( ;’p>}

(n,—2p)eEy, peN* s=0

22p+l_q

1 Q
= “s( 2,,)

(n,—2p)eEy, peN* s=0

1
= Z W.]

(n,—2p)eEy, peN*

+00 1

= Z 22p—1 2"

p=1
=2,

and the contradiction a = 0. O
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