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A Nystrom method for second-kind Volterra integral equations
on the square

LuisA FERMO, DOMENICO MEZZANOTTE*, AND DONATELLA OCCORSIO

ABSTRACT. In this paper, we propose a Nystrom-type method for the numerical approximation of second-kind
bivariate Volterra integral equations on the unit square. The method is based on bivariate Generalized Bernstein
(GB) polynomials and on a cubature formula defined on equally spaced nodes, allowing the integral operator to be
discretized directly without requiring any change of variables. The use of uniform grids makes the proposed approach
particularly suitable for applications in which data are naturally sampled at equidistant points.

The approximation framework relies on tensor-product GB polynomials whose degrees may differ with respect to
each variable. This flexibility allows different approximation orders to be prescribed according to the regularity of
the target function in each variable. As a result, the computational cost can be reduced while preserving high level
of accuracy. Compared with classical Bernstein operators, the proposed GB operators achieve higher approximation
orders depending on the smoothness of the approximated functions.

The resulting Nystrom scheme leads to a well-conditioned linear system and is proved to be stable and convergent.
Error estimates are derived in Sobolev and Zygmund spaces. Several numerical experiments are presented to validate
the theoretical results and to illustrate the effectiveness of the method for kernels and right-hand side functions with
different smoothness properties.
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1. INTRODUCTION

This paper deals with the numerical approximation of second-kind Volterra integral equa-
tions on the square S := [0, 1] x [0, 1], of the form

L) fy)+e /y hy) () dx=g(y),  yi=(pe), x:=(z1,22) €S,

where Y = {x |0 <z <y1, 0<ms <vya, (y1,y2) € S}. Here, f denotes the unknown solu-
tion, v is a nonzero real parameter, while i and g are given functions defined on § x S and S,
respectively.

Two-dimensional Volterra integral equations arise in several areas of applied science and
engineering. Applications include electromagnetic theory [6], mathematical models for asexual
reproduction processes [24], molecular physics and electrostatics [14], contact problems [15],
and heat transfer [12]. These applications motivate the development of efficient and reliable
numerical methods.

Over the years, several numerical approaches have been proposed for the approximation of
such equations, including collocation and iterated methods [4, 5], Euler-type methods [17], and
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methods based on Chebyshev polynomials [2]. More recently, techniques involving geometric
series and Schauder fixed point theory have been investigated in [3], together with extrapola-
tion methods [23] and Taylor collocation methods [13].

In this paper, we propose a Nystrom-type method based on bivariate Generalized Bernstein
(GB) polynomials [20], defined on equally spaced grids of S. This aspect makes such poly-
nomials particularly suitable for applications in which data are naturally sampled on uniform
grids.

GB polynomials have been investigated in the numerical treatment of functional equations
in the univariate setting for Fredholm and Volterra integral equations [10, 19, 21], and in the
bivariate setting for second-kind Fredholm integral equations [20]. The present paper extends
this framework to second-kind bivariate Volterra integral equations.

More precisely, we consider GB polynomials

BE (fi 1, 72), m = (my,my), L= (4y,4s),

where m;,¢; € N, i = 1,2. The polynomial degrees may differ with respect to the two vari-
ables, namely degree m; in z; and degree ms in z,. Similarly to classical bivariate Bern-
stein polynomials B (f), GB polynomials require the values of f on an equidistant grid of
(my + 1) x (mg + 1) points. However, owing to the presence of the parameters ¢; and ¢, they
achieve higher approximation orders than the classical Bernstein polynomial sequence. In par-
ticular, as m1, ma — o0, the convergence rate depends on the smoothness of the target function:
the smoother the function, the faster the convergence.

These approximation properties are inherited by the Nystrom method we propose here to
approximate the solution of equation (1.1). The resulting numerical scheme leads to a well-
conditioned linear system and is shown to be stable and convergent. Moreover, error estimates
are derived in Sobolev and Zygmund spaces.

The paper is organized as follows. In Section 2, we introduce the functional spaces and
the notation used throughout the paper. Section 3 reviews the GB polynomials and presents
the cubature formula employed to approximate the integral operator in (1.1). In Section 4,
we describe the Nystrom method, while Section 5 is devoted to computational details and
numerical experiments. Finally, conclusions are drawn in Section 6.

2. NOTATIONS AND FUNCTION SPACES

In the sequel, C will denote any positive constant that may differ in different formulas.
Writing C # C(a,b,c,...) means that the positive constant C is independent of the parame-
ters a, b, c, .... Conversely, if we write C = C(a, b, ¢, ...) this highlights the dependence of C on
a,b,c,.... The notation A ~ B, where A and B are positive quantities depending on some
parameters, it will be used if and only if (4/B)*! < C, where C is a positive constant indepen-
dent of the above parameters. P,,, will denote the space of one-variable algebraic polynomials
of degree at most m, whereas Py,, m := (m,ms), m; € N, will indicate the set of all bivariate
polynomials whose degree is at most m, in the variable x; and not exceeding m; in the variable
x2. In what follows, we set Nj := {0,1,...,n},n € N.

Finally, if f(z1,z2) is a bivariate function, f,, will denote the univariate functions obtained
by fixing the variable z;, i = 1, 2. Similarly, if k(x,y) is a four-variables function, the notation
ky will mean the bivariate function obtained by fixing the variables y := (y1, y2) and similarly,
kx will denote the bivariate function obtained by fixing the variables x := (z1, z2).
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2.1. Univariate spaces. Let C([0, 1]) be the set of all continuous functions on the interval [0, 1]
endowed with the uniform norm

Fllo = F .
IE| zrg[gﬁ]l ()|

The error of best approximation of F' € C([0, 1])
En(F) = win |[FF—P[l,  F € C([0,1])

characterizes the space C([0, 1), i.e.
Fec(0,1)) < lim E,(F)=0.

n—oo

Setting ¢(z) = \/z(1 — z), for any F' € C([0, 1]), the @-modulus of smoothness by Ditzian & Totik
of order k € Nis defined as [8, p. 10]

WE(Ft) = sup || Af,Flco,
h<t

where

k
i k h .
Awa(x) = Z(—l) ! ( ; ) F <x + §¢(x) (k — 22)) .
i=0
We recall that ([8], Theorem 2.1.1)
2.2) Wh(f,1) ~ Kio(F, %) i= mf{|F — g|| + t*(lg®) "] : gV € Ac,

where AC denotes the space of the absolutely continuous functions on [0, 1].
Using the above modulus of smoothness, it is possible to define the H6lder-Zygmund space
of order A € RT as

wk(F,t)
Zy=< FeC(0,1]): sup WtA <oo, k>A>0;,
t>0
with the norm
wh(F,t)
HF||ZA:||F||oo+§t>lg 5 k> A

Zygmund spaces can be characterized in terms of E,,(F), [8, Theorem 8.2.1]
FeZ & E,(F)=0(n"), VA eRT,
and ([8], Theorem 4.2.1)
(2.3) wh(F,t) <CFlz,, C#C(F,t), k> A
Now, let us consider the following Sobolev-type spaces of integer order » > 1
W, = {F e C([0,1)), F"=D € AC(0,1) : [F™) || < oo} ,

endowed with the norm
1Fllw, = [Flloo + I1FT ¢ oo.
Functions in W,. can be characterized in terms of E,,(F') [8, Theorem 4.2.1]

FeW, & E,(F)=0(n""), vr € N,
and ([8], Theorem 4.2.1)
(2.4) wi(F,t) <Ct||F|lw,, C#C(F,t), k>r.
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2.2. Bivariate spaces. Let C(S) be the space of bivariate continuous functions on the square S,
equipped with the uniform norm

[ £lloe = max |f(x)].

For smoother functions, we recall [20] the following Sobolev-type subspaces of C(S) of
multi-index r := (r1,72), 7, € N,i =1,2as

={f€C(S): Mx(f) < o0},

where

arl wa 1

0" fa,
oz 1
1

dage 72

, Sup
o z1€[0,1]

(2.5) M (f) = max{ sup
x2€[0,1]

200}_

Here and in the sequel, the superscript (r;) denotes the r;-th derivative of the one-dimensional
function f,, or f,, and p1(z1) = Vx1(1 — 1), p2(x2) = \/x2(1 — z2). Wy is endowed with the
norm

[ llwe = [ £lloe + Me(f).-

To deal with more refined spaces of functions, we consider the following Holder-Zygmund
space of multi-index A := (A, )\2) Ai € RT

xi={f€C(S): Na(f) < oo},

where

(2.6) Na(f) := max{ sup sup
z2€[0,1] t>0

k k
)y 00
i cigf0,1) t>0 172

with k1 > A1 > 0and k2 > Ay > 0. Z is equipped with the norm
[£llzx = 1 flloo + NA(S)-

3. APPROXIMATION TOOLS

In this section, we summarize the key properties and definitions of univariate GB polyno-
mials introduced and studied in [9, 16, 18]. We then move on to the bivariate case, recalling the
2D GB polynomials investigated in [21, 20]. Thus, we apply these polynomials to construct a
cubature rule, successively employed to construct the Nystrom method introduced in Section
4.

3.1. Univariate GB polynomials. Let ' € C([0,1]) and denote by B, (F) the n-th Bernstein
polynomial of F

> Pk F(tng), z€10,1],
k=0

where
n k n—k k 1 n
n = 1— , tok i= —, e NJ.
Pk (2) (k)z ( 2) k n J 0

Denoted by I the identity operator in C([0, 1], the GB operator of order s € N, is defined
as [16, 18]
BO

=1
Bns=1—(I—B,)*, with " ,
' B! := B,(B.™1), i=1,2,...
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The map B, s : F € C([0,1]) — P, is linear and not always positive. Moreover, as s — oo the
polynomial sequence B, ;(F') continuously links Bernstein polynomials B,,(F') to Lagrange
polynomials L, (F) interpolating F' at the nodes ¢, ;,i.e. L,,(F,tn ;) = F(tn;:), © € N§.

For all n, s, and for any z € [0, 1], the polynomial B,, ;(F, z) can be represented in the basis
{Pn.r(2)}2_,- Indeed, introducing the matrix A,, € R®TVX(+1) defined as

(An>k,j = pn,j(tn,k)7
and setting C;, € R(n+1)x(nt1),
ClL=1
(3.7) " .
C:o=I+I-A,)+...+I-A,)"", s>2

where I is the identity matrix of order n + 1, the following relation holds true [22]

(3.8) pn,] ank z)ey i J € Ny,

where ¢} ; denotes the entries of the matrix C,.
We recall that the following recurrence relation holds [22]
Cn,21’ = Cn,ZP*1 + (I - A)Qpilcn,QP*%

which allows a fast construction of the subsequence {By, 2» }p=12.,...-
Now we recall a result proved by Gonska and Zhou in [11], attesting the uniform conver-
gence of the sequence {B,, s(F)}, to any F' € C([0,1]) for s fixed, and for all n € N,

1 [ZAES
F_anF < 2s Fvi 5 (> F a]-a
7= Bonp)l < ¢ {u () + e c(0.1)
with C = C(s),C # C(F,n).
3.2. GB polynomials on S. We recall the definition of GB polynomials on the square S (see,
e.g. [20,21]).

For any bivariate function f € C(S), with m = (m4, m2) the m-th Bernstein polynomial is
defined as

By := By, ® B, : C(S) = P,
and for a given £ := (¢1,{5), let be
B, = B, 4, ® Bty 2 C(S) = P,

as introduced in [21] (see also [20] in the special case m; = my and ¢; = £3).
For any f € C(S) the polynomial B, (f,x) can be represented as

my
2
B f’ Z Z pm17]1 pmi)jz( )f(t;?h) t;l: g2 T (tml»hvtmmh)'

J1=0j2=0
We point out that BY, preserves polynomials of degree 1 in each variable, i.e.,
Bﬁ’l(q?X) ZQ(X)7 Vq EPL
and, denoting by L (f,x) € P the 2D Lagrange polynomial interpolating f at the grid
{(tmy s tmz,j)}(m)ele X NI"2 by [20], for any f € C(S), one has

lim B%(f,x):= lim B2 (f x)=Ln(f %),

£—+o00 £1,05—+00
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holding uniformly in x € S. Polynomials B, (f) have different degrees in each variable and
also different parameters /1, {2,and these different choices make them more flexible in approx-
imating functions that exhibit different regularities with respect to each variable.

In addiction, the polynomial B%,(f,x) can be conveniently represented in vector form. In-
deed, in view of (3.8), one can easily deduce

Brl;a(fv X) = Pm, (xl)TCfrlleml,mz Cﬁfzz Pm, (l‘g),
where
Pm; (xz) = [p7n13,0($i)7 <oy Pmymg (x’i)]Ta
(39) Fm1,7712(i7j) = f(tvrr;)a tlvm = (tmhi’tmz,j)v (Zaj) € N(;nl X Ngw'

and the matrices C% ¢ R(mi+1)x(mi+1) defined as in (3.7) with m; instead of n and /; instead
of s,fori =1,2in both cases.

Regarding the uniform convergence of the sequence B% (f), the following result holds.
Theorem 3.1. [21] Let f € C(S). For any m = (mq, mg), fixing £, one has
1B (Hlloo < 25| £l oo

Moreover, for m1, mq sufficiently large (say m1, ma > my), the following estimate holds

1 1
(3.10) ||If — Bf;(f)”oo < Cmax<{ sup wﬂl (fw, ) , sup w2£2 (fm, )
22€[0,1] V1 z1€[0,1] /12

1 1
+ Cfloe | =+ — )
I (m? mgz>

where C = C(£) and C # C(f, m).
Remark 3.1. By (3.10), for any f € W, in view of (2.4) one can easily obtain

_ Bt max | A 1 A 1
1f = Bl <€ [fllwr a (x/ﬂTf \/m—22> 1l (m? + mg)])

and for any f € Zx, by (2.3)

1 1 1 1
If = B4 (F)llso <C |l ]2, max ; + 1 fllo <51+@2> :
mi‘l mg‘z my my

where in both cases C # C(m, f).

Finally, selecting /; > 7, and { > 72, we have

(3.11) If = B&L(flw <C
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3.3. The GB cubature rule on ). Consider the integral
y) = [ v dx
y

V={x|0<z <y, 0<x2<1, (y1,92) €S},

and ¢ € C(S). By approximating the function v by the polynomial B, (¢)), we obtain the
following cubature rule

where

(3.12) I(1,y) = Qu(¥,Y) + Rm,e(1,y),

where

(313) Qe ¢ y Z Z A]17J2 ]1 ]2) t_;ﬂlh = (t’VVLl,jl)tTﬂg,jg)?
J1=0j2=0

Y1
(3.14) Afl G y) = </ pgﬁll)ﬁ(xl)dxl) (/ p%z)yz (Iz)dm) = /\1&1 ]1(y1)Am2;J2(y2)
0 0

and Ry, (1, y) is the remainder term.
About the computation of A% %152 (¥), in view of (3.8) we have

pml Jl mehkl ! ck?l 2J1
and hence
mi
¢ ¢
(3.15) A @) = Loy ok, (1),
k1:0
with

Y1

m
I77117161 (yl) = / Pmy kq (xl)d‘rl = <k11>By1 (kl + 17m1 — k1 + ]-)7
0

where B, is the incomplete Beta function defined as

Y1
Byl(a,b):/ 2211 — 29)Pday.
0

Similarly, we have

mo
ma
(3.16) Xz ()= ( k2>By2(k2 +1,mg —ky +1)¢2 .
k2:0

By (3.15)—(3.16) combined with (3.14) and (3.13), we have in the end

an(¢’Y) = Z Z (Z ( )Byl (kl +1,m; — kl + 1)ck1 j1>

J1=072=0 \k;=0
mao m2
x<23Q97A@+1m—@+>%m>wﬁﬂ>
ko=0

Regarding the stability and convergence of the rule, the following result holds.
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Theorem 3.2. For any iy € C(S), the cubature formula is numerically stable

sup Z Z \A]hh )| < o0,

M2 G120 jp=0

and convergent
1 1
Rme(¥,y < Cyiyz | maxq sup W%l (1/}127 ) » Sup W%z (wmu >
‘ ( )| 1 22€[0,1] V1 z1€[0,1] V12

(3.17) + ¥l (7;1» + mle>> :
1 2

Remark 3.2. By (3.17), by (3.11) if o € Wy and we set {, > 3 and {5 > 72, then we have

1 1
(3.18) |Rm,e(¥,y)| < Cy1ya [[¢]lw, max (,.7 ,.) .
vmyt oy my’

Similarly, if ) € Zx and £, > 2%, and €y > 22, it is

1 1
|le(1/)7y)| S C Y1Yy2 ||¢HZ>\ max ) .
\/mi‘l \/mQQ
4. THE NYSTROM METHOD BASED ON THE GB RULE
Let us consider equation (1.1), which can be rewritten in operator form as
419 Tvf=a

where 7 is the identity operator and

Vf(y) = v /Y h(x, ¥)f (x)dx.

First of all, we remark that using standard arguments, if h(x,y) € C(S x S), then
VY : C(S) — C(S) is a compact operator and consequently, if ker(Z + V) = {0}, the Fredholm
alternative theorem ensures that for any function g € C(S) the equation (1.1) admits a unique
solution in C'(S). Moreover, if for somer € N x N

(4.20) sup ||hx|lw, < 400

x€S
then Vf € W, for any f € C(S). Similarly, if for some A € R* x Rt
(4.21) sup || hxllz, < 400

x€S

then Vf € Zy for any f € C(S).

Consequently, if g € W, (g € Z»), the solution f of (4.19) belongs to W, (Zx).

Now we introduce the Nystrom method based on the cubature rule (3.12), to approximate
the solution of equation (1.1) in C(S).

Through (3.12), we define the discrete operator

(VES) (v) =v Z Z AR () hOEE 1, y) FER 1),

J1=0752=0
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with Afi f';’ (y) given in (3.14), and consider the following discrete equation

(4.22) (Z+VE) fh =g,

in the unknown f£,. To compute it, we evaluate (4.22) at the cubature points, getting the fol-
lowing system in the unknowns a;, j, = f& (t™ ,), (j1,j2) € Ng** x Ng*

£
DD [BiaGinia + VAL, (6 ) AOET 5, 680 )] g o
jl sz 0
=g(t;,),  (i1,42) € Ng™* x Ng™.

(4.23)

Once the solution a* = {a}, ; , (j1,72) € Ny*' x Ng**} of the system (4.23) is computed, we can
construct the following Nystrom interpolant, which approximates the solution f of equation
(L.1)in C(S)

(424) fm( - -V Z Z A]17]2 j2’y)a;17j2'

J1=072=0
Denoting by O, ¢ the coefficient matrix of system (4.23) and by

cond(Qm.e) = || Qum.ellocl| Qe
the condition number of the system in infinity norm, the following result holds.

Theorem 4.3. Assume that h € C(S x S) and for a given g € C(S), let f be the unique solution of
(1.1) in C(S). Then the method is stable and convergent in C(S). If in addition, for some r, the kernel
h satisfies (4.20) and

(4.25) sup ||y [lw, < +o0,
yEeS

then, for any g € W, the system (4.23) is uniquely solvable and well conditioned too, i.e.
cond(Qm,e) <C, C#C(m), C=C(¥£).

Moreover, choosing 1 > 5~ and ls > 2, for m sufficiently large, one has

1 1
If = fmlle < Cllfllw, max ( ) :
vVmyt o/ my’
where C # C(m, f) and C = C(€).
Proof. Since the Nystrom method is based on a cubature rule which is convergent for any con-
tinuous function, using standard arguments (see [1]), it follows that the method is stable and

convergent in C(S), and the associated linear system is well conditioned. Moreover, since [1,
Th.4.1.2]

1F = faalloo ~ IVf = Vi Flloo,

where the constants in ~ are independent of m and f, it follows that in S it is for any fixed ¢
On the other hand, under the assumptions ¢; > r1/2 and ¢3 > r3/2, by (3.18), one has

(4.26) VIE) =Vl W) < Cyryzllfhyllw, maX<\/:n—T, \/:Tg2>
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At first assume that

O™ fa 0" fu
M.(f) := maxq sup A ) o
) {9326[0,1] 01" Tl mep || Ozy TP
71
= sup |57 (fhy)a ot
3;26[071] 6.7311( y) 21 -
Then, one has
on , ™ (7"1) oI . o7 .
——(fhy)(x)] (x)]| < ) ——hy (X)) T (%) | — f(x)? (x
o (fhy)(x)7" (x) =2\) o y(X)p1 7 (x) am{f( )1 (x)

r1—J )
3 hy,m T1—J

1]
O0xy

T1 r
<0
=0 J

< Cllhya llw,, [[fzsllw,,

15901l

where in the last bound we have taken into account (4.25) and used [7, p. 310, Lemma 2.1]
SO ellse <€ (Iflloo + 155067 o) -
§=0

Hence,

71
— <C h .
ax711 o mgSEU%)J] ” Y,T2 Her ||fw2||W7-1

(4.27) sup (fhy)asp?

.’EQE[O,l]

Similarly, proceeding in the case of

Mr(fhy) = sup W(fhy)xl </7;2
2

z1€[0,1]

)
o0

one has
T2

927 <C sup |y lw,, [follw.,-

0o z1€[0,1]

(4.28) sup
1€ [0,1}

Combining (4.27) and (4.28) in (4.26), we get

(fhy)e,p5°

z2€[0,1] x1€[0,1]

V) = Vaf ()] < CmaX( sup |lhy a, lw,., | fesllw,,» sup by .z, llw,, ||fx1|WT2>

1 1

and under assumption (4.20), we have at last

Vf(Y)—Vﬁlf(y)ISCIIfW,maX< . -, 1)

and the theorem is fully proved.
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Theorem 4.4. Assume that h € C(S x S) and for a given g € C(S), let f be the unique solution of
(1.1) in C(S). Then the method is stable and convergent in C(S). If in addition, for some A, the kernel
h satisfies (4.21), the function g € Zx, and

sup ||y |z, < +oo,
yES

then, for m sufficiently large, the system (4.23) is uniquely solvable and well conditioned too, since
cond(Qm,e) <C, C#C(m), C=C(¥).

Moreover, choosing (1 > % and 0o > %, one has

If = falle < Cllfllzy max

1 1
\/mi‘l \/mg‘2

We omit the proof because it follows from arguments similar to those used in the proof of
Theorem 4.3.

where C # C(m, f) and C = C(€).

Remark 4.3. By Theorems 4.3 and 4.4, it follows that the convergence rate of the Nystrom method be-
haves as the square root of the best approximation error order of the spaces functions where the solution f
lives. Furthermore, the order of convergence of the sequence { f& }m ¢ increases as the smoothness of the
involved functions increases. This remarkable behavior reflects the speed of convergence of the operator
on which the quadrature formula is based, and represents, in some sense, a substantial improvement over
methods based on equidistant points. In fact, in general, piecewise methods implemented at equidistant
points perform significantly worse when the functions involved are smooth.

5. COMPUTATIONAL ASPECTS AND NUMERICAL TESTS

In this section, we provide some tests to show the performance of our method and confirm
the theoretical estimates established in Section 4.
But first, we give some details about the linear system (4.23). Setting N := (m; + 1)(mg + 1)

the square system in (4.23) has order N and takes the following matrix form
5.29 Omea =8
(5:29) Qm,gERNXN, acRY, g e RV,

The matrix OQm ¢ can be represented as a block-matrix of order (m; + 1)

Q(0,0) Q(O,l) o Q(O,ml)

Q(LO) Q(l,l) o Q(l,ml)
(5.30) Ome= | . : L :

QUm0 gimil) | Qlmimy)

whose blocks Q(i1:41) ¢ R(m2+1)x(m2+1) are defined as
Q(i1,j1) — 5j1,i11m2+1 + V\/'(ihjl)7 (ilyjl) € N(;nl x N(;m.

Here, I,,,,,1 denotes the identity matrix of order my + 1 and V(1:71) ¢ Rm2+1)x(m2+1) are the
entries of the block matrix of order (m; + 1)

Vm,e = Am,l © Hm € RNXNa
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v yon o y0m)
V(l,O) V(l,l) o V(l,ml)
Vm,lz . . . . ’

Vim0 gD ym)
A0 AOD L AOm) HOO  HOD . HOm)
A(l,O) A(l,l) o A(l,ml) H(l,O) H(l’l) . H(l,ml)

Am,lz . . . . uHm: . . . . s

A0 AGmD) A HOmO  fOmD) O

where © is the Hadamard product between matrices and with
AL HEL g Rime+Dx(me+D) =G 5y e NI ox NI
A iy, o) = A0 (6,)) . O (i, o) = h (85, 60) . (in, ) € NG™ x NJ™.

J1,d2 \Vi1,i2 J1,J27 Vi1i2

Globally, the matrix Om ¢ can also be viewed as follows
le =1Iy+ VVm,£7

where Iy is the identity matrix of order N.
Finally, a, g are (m2+1)-block arrays, whose components are vectors of length (m; +1), namely

_ T N _ T mo+1 . mi
a= [307 al, -, aml] eR ) aj; = [ajlvo’ Aji,1y - -+ ajhmz] € R™ 5 v]l € NO 5

g=[g0, 81, - 8] ERY, g = [g(t10), 96T 1), oy g(6] )] €R™HYL Vi € Ng™

Once the system has been solved and the unknown vector a has been determined, we em-
ploy it to compute the Nystrom interpolant (4.24).

To show the accuracy of our method, we have selected five tests from the numerous exper-
iments we have carried out. Denoting by Y a sufficiently dense grid of equally spaced points
in the unit square S, in all tables we report the maximum absolute error

Vi — 2
€ (f) 1= max |ega (f,¥)] -
When the exact solution f is known, we define

e (£, 3)] = |f(y) - Fay)|-

In the case f is unknown, we use the same notation to denote the maximum absolute error
computed between successive instances of the procedure for fixed values of the parameter £,
namely

& (£, 3)] = | fany) — FE)]

where n € {(0,5), (5,0), (5,5)} depends on the numerical test under consideration. For exam-
ple, in test cases where the kernel h is smooth with respect to the inner variable x; and less
regular with respect to the variable x3, we construct a sequence of approximations of f by in-
creasing the value of my, while keeping m; fixed, i.e., n = (0, 5).
Moreover, in all tests we assess the good conditioning of the linear system (5.29) by displaying
the condition number in infinity norm of the matrix O, ¢ defined in (5.30).

All computations are performed in double precision using MATLAB R2025b on a 2020 M1
MacBook Pro (16 GB RAM) running macOS.
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Example 5.1. Let us consider the following equation
Fnme) + 5 [ o) e + ooyl dedes = gln.v2)
with the right-hand side term
g(y1,y2) = cos (y1 +y2) + % |:?Jz% (cosyz — cos (y1 +y2)) — VY2 sinys — y1(1 4 €' (siny1 — cosy1))

1 . . . .
+ T [Vy2(sin (y1 + y2) — sinya) + y1(cosy2 — sinyz + e’ (sin (y1 + y2) — cos (y1 + y2)))] -

Here the exact solution is f(y1,%2) = cos(y1 +y2). In this case the right-hand side term g and
the kernel hx belong to Zx, VA1 > 0, Ay = 1, and therefore the solution f lives at least in that
space. In view of Theorem 4.4, the expected rate of the error is very poor. Table 1 reports the
results obtained by implementing the method for increasing values of m and different choices
of the £ parameter. Note that by increasing £, the number of nodes needed to reach machine
precision is reduced. However, beyond a certain threshold - in this case £ > (27, 27) - no further
improvement in accuracy is observed. Furthermore, also the well-conditioning of the system
is confirmed.

€= (2%2%) 0= (23,2°) = (2%,2%)
m | &) cond(Qme) | /) cond(Ome) | elal/) cond(Qme)
(5,5) | 1.40e-04 2.02 1.23e-05 2.02 1.64e-06 2.02
(10,10) | 1.09e-05 2.03 2.09e-07 2.03 1.11e-08 2.03
(15,15) | 2.39e-06 2.03 1.55¢-08 2.03 4.34e-10 2.03
(20,20) | 8.00e-07 2.03 2.61e-09 2.03 2.44e-11 2.03
(25,25) | 3.40e-07 2.03 6.23¢-10 2.03 2.39%-12 2.03
(30,30) | 1.68e-07 2.03 1.87e-10 2.03 3.24e-13 2.03
(35,35) | 9.24e-08 2.03 6.5%-11 2.03 5.62e-14 2.03
(40,40) | 5.49¢-08 2.03 2.63e-11 2.03 1.12e-14 2.03
(45,45) | 3.47e-08 2.03 1.15e-11 2.03 4.22¢-15 2.03
(50,50) | 2.29e-08 2.03 5.47¢-12 2.03
(55,55) | 1.58e-08 2.03 2.77e-12 2.03

£=(25,2%) £= (25,25 £=(27,27)
m | (/) cond(Qme) | calf) cond(Qme) | /) cond(Qme)
(5,5) | 3.28e-07 2.02 3.48e-07 2.02 3.68e-07 2.02
(10,10) | 1.56e-09 2.03 1.96e-10 2.03 5.48e-11 2.03
(15,15) | 9.18e-12 2.03 2.00e-13 2.03 7.02e-14 2.03
(20,20) | 1.68e-13 2.03 6.38e-15 2.03 2.39%-15 2.03
(25,25)
(30,30)

4.75e-15 2.03 2.50e-16 2.03
1.67e-15 2.03
TABLE 1. Numerical results of Example 5.1.

Example 5.2. Let us consider the following equation

5 2
fyr,y2) — / [y127 + cos o] f(x1, x2)dwrdry = yy siny, + %(COS Y2 — 1) — % sin” s,
y
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whose exact solution is f(y1,y2) = y1 siny,. We compare the results obtained by our method,
reported in Table 2, with those of the Taylor collocation method proposed by Laib et al. in [13,
Example 4.1, Tables 2 and 3]. Our Nystréom method proves to be more accurate and faster than
the Taylor collocation method, achieving machine precision for m = (20, 20) in 1 second.

m ‘ & (f) cond(Qm,e)
(5,5) | 4.78e-06 5.54
(10,10) | 1.39e-10 5.57
(15,15) | 8.52e-14 5.57
(20,20) | 3.22e-15 5.57

TABLE 2. Numerical results of Example 5.2 with £ = (28,2%).

Example 5.3. Let us consider the following equation

fy1,y2) + 15/ F@1,22) (g1 — 1) 2 cos(wa + y2)dzydzy = gy1, y2),
Y

with the right-hand side function

4 13 . .
9(y1,92) =y1 +2y2 — —u1 £l [15 cosya — 15cos 2ys + y1 sinys — (y1 + 15ys) sin 2ys)]

13

chosen so that the exact solution is f(y1,y2) = y1 + 2y2. In this test, the kernel h is smooth
with respect to the variables =5 and y,, while it is less regular with respect to z; and y;, namely
h € Zx x Zx, with \; = 11, ¥A, > 0. For this reason, fixing £ = (2%,2%), we compare the
performance of the method in two settings: first, by increasing both components of m, and
second, by increasing only m;, while keeping mo = 10 fixed. Table 3 shows that the same
maximum absolute errors are achieved in both cases. However, in the first case we solve a
linear system of order 562 = 3136, requiring 120 seconds of CPU time, whereas in the second
case the linear system has a smaller order, 56 x 11 = 616, and the algorithm requires only 5
seconds. Note that, in the latter case, the conditioning of the coefficient matrix O, ¢ remains

essentially unchanged.

m et (f) cond(9m,e) m et (f) cond(9Om,e)
(10,10) | 3.88e-06 3.68 (10,10) | 3.88e-06 3.68
(15,15) | 4.51e-07 3.44 (15,10) | 4.51e-07 3.68
(20,20) | 1.05e-07 3.46 (20,10) | 1.05e-07 3.68
(25,25) | 2.98e-08 3.46 (25,10) | 2.98e-08 3.68
(30, 30) | 1.09e-08 3.46 (30,10) | 1.09e-08 3.68
(35,35) | 5.74e-09 3.45 (35,10) | 5.74e-09 3.68
(40,40) | 2.89¢-09 3.45 (40,10) | 2.89e-09 3.68
(45,45) | 1.31e-09 3.45 (45,10) | 1.31e-09 3.68
(50,50) | 8.21e-10 3.45 (50,10) | 8.21e-10 3.68
(55,55) | 5.11e-10 3.45 (55,10) | 5.11e-10 3.68

TABLE 3. Numerical results of Example 5.3 with £ = (28,2%).
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Example 5.4. Let us consider the following equation

17
Fy1,92) — §/ flxr, x2)(y1 — I1)173(y2 - $2)%d171d5172 = ety
N

for which the exact solution is unknown. The right-hand side function g is smooth with respect
to both variables, whereas the kernel h belongs to the Zygmund space Zx x Zx with A = (12, 9).
Since the kernel is less smooth with respect to the inner variable x5, we perform a benchmark
analysis to investigate the influence of the parameter £ = (¢1, /) on convergence, fixing /;
while increasing ¢;. Table 4 shows that this strategy yields an improved convergence rate,

providing one additional correct digit compared with the case ¢; = /5.

€= (24,29 €= (24,29

m ém(f) cond(Qme) || m em(f)  cond(Qm.e)
(5,5) | 4.87¢-05 1.02 (5,5) | 4.87e-05 1.02
(10,10) | 6.36e-07 1.02 (10,10) | 6.36e-07 1.02
(15,15) | 4.19¢-08 1.02 (15,15) | 4.19¢-08 1.02
(20,20) | 7.18e-09 1.02 (20,20) | 6.46e-09 1.02
(25,25) | 2.28e-09 1.02 (25,25) | 1.75e-09 1.02
(30,30) | 1.18¢-09 1.02 (30,30) | 7.22e-10 1.02
(35,35) | 6.39¢-10 1.02 (35,35) | 3.23¢-10 1.02
(40,40) | 3.60e-10 1.02 (40,40) | 1.41e-10 1.02
(45,45) | 2.14e-10 1.02 (45,45) | 7.75e-11 1.02
(50,50) | 1.35e-10 1.02 (50,50) | 4.78e-11 1.02

TABLE 4. Numerical results of Example 5.4.

Example 5.5. Let us consider the following equation

1 . 19
fyi,y2) — ;/ f(@1, w9) log(z1ys + Ty + 6)dzydzy = (sin(y1y2)) ™,
N

where the exact solution is unknown. In this case, the kernel & is smooth, whereas the right-
hand side belongs to the Zygmund space Zx with A = (12.6,12.6). The numerical results
reported in Table 5 exhibit a faster convergence than theoretically predicted, whose order is

o (m_ﬁ'g) with m = min{ms, ma}. This behavior is not unexpected: since our method is of

Nystrom type, it is less sensitive to reduced smoothness of the right-hand side than to singular-
ities in the kernel h. This is also evident from the definition of the Nystrom interpolant (4.24),
whose accuracy is primarily determined by the accuracy of the cubature rule (3.12).

6. CONCLUSIONS

In this paper, we introduced a Nystrom method for the numerical treatment of bivariate
Volterra integral equations of the second kind on the unit square S. The method is based on
bivariate Generalized Bernstein polynomials defined as the tensor product of their univariate
counterparts. The use of GB polynomials allows the construction of the method by exploiting
samples of the involved functions on equally spaced grids of points in S. This makes the
approach well suited for real-life applications in science and engineering, where data are often
obtained through measurements at fixed, equally spaced locations.

Moreover, we considered the possibility that the degree of the GB polynomial may differ
with respect to each variable. This leads to a significant reduction in computational time, as
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m | (/) cond(Qume)
G5) | 44005 2.77
(10,10) | 354e-08 278
(15,15) | 2.02¢-10  2.78
(2020) | 451e-12 278
(25,25 | 5.84¢-13  2.78
(30,30) | 9.38¢-14  2.78
(35,35) | 2.64e-14  2.78
(40,40) | 8.72e-15  2.78
(45,45) | 3.39e-15 2.78
(50,50) | 1.50e-15  2.78
TABLE 5. Numerical results of Example 5.5 with £ = (28,2%).

it decreases the size of the linear system associated with the method. In particular, when the
involved functions exhibit low regularity with respect to one variable and higher smoothness
with respect to the other, one can fix a lower degree for the smoother component and increase
the degree for the less regular one.

As for the discrete Volterra operator used in the construction of the method, it is defined
through a cubature rule on equispaced points that does not require any change of variables,
thus allowing the original Volterra operator to be treated directly. We proved the stability
and convergence of the proposed Nystrom method and demonstrated its effectiveness through
several numerical experiments. These confirm the theoretical results for kernels and right-hand
side terms with different smoothness, and include a comparison with another method for 2D
VIEs introduced in [13].

Motivated by these promising results, future work will focus on the development of nu-
merical methods for 2D Volterra-Fredholm integral equations, incorporating the cubature rule
introduced here for the discretization of the Volterra operator.
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