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Abstract
In this paper, we modify the classical Kantorovich operators, very well known in
Approximation Theory, by considering p-averages (whose expressions are of the form
of L p (quasi-)norms, p > 0).We establish convergence results, an asymptotic formula
covering the general setting; moreover, we show that, under suitable assumptions, our
operators perform better than the classical Kantorovich ones in approximating func-
tions. Because of the nature of the p-averages, the proposed operators are nonlinear,
so their study turns out to be more challenging.

Keywords Kantorovich operators · p-averages · Nonlinear operators · Asymptotic
formula

Mathematics Subject Classification 41A10 · 41A35 · 41A60 · 47H99

1 Introduction

The mathematical field of Approximation Theory aims to study how a given function
can be replaced, up to a prescribed precision, by a simpler one, typically belonging
to a specific class of functions (such as polynomials) or having a particular structure.
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The term approximation can be interpreted in several ways; for instance, it may refer
to pointwise convergence or convergence with respect to a norm (such as the uniform
or L p-norm, with p ≥ 1). The areas and applications of Approximation Theory are
numerous, ranging from Signal Analysis [10], to Computer-Aided Geometric Design
[21], Image Processing [6], and even Neural Networks [16].

Classical examples of approximation processes for functions on the interval [0, 1]
are the Kantorovich operators [23], defined for integrable functions by

(Kn f )(x) =
n∑

k=0

(
(n + 1)

∫ k+1
n+1

k
n+1

f (t)dt

)
Bk,n(x), x ∈ [0, 1], n ≥ 1.

They act as polynomials expressed in the Bernstein basis

Bk,n(x) =
(
n

k

)
xk(1 − x)n−k, 0 ≤ k ≤ n, x ∈ [0, 1],

with coefficients given by the integral averages

(n + 1)
∫ k+1

n+1

k
n+1

f (t)dt . (1.1)

These averages can be interpreted as approximations of f (s) for any s ∈
[

k
n+1 ,

k+1
n+1

]
,

and in particular of the values f
( k
n

)
. In fact, the operators Kn were introduced, with the

aim of approximating integrable functions on [0, 1], as a modification of the Bernstein
operators [26], preserving the same structure but replacing the coefficients f

( k
n

)
with

the above integral averages.
Several studies about Kantorovich operators and their generalizations have been

tackled over the decades; here we mention [3, 17, 29, 30], among many others. In
particular, Kantorovich operators have been modified by replacing the averages (1.1)
with weighted averages [18, 20, 31], averages over mobile intervals [11], or pointwise
evaluations only at the endpoints [1].

In this paper, we aim to explore a sequence of Kantorovich-type operators obtained
by replacing the averages (1.1) with the power averages of exponent p, in short p-
averages,

(
(n + 1)

∫ k+1
n+1

k
n+1

f (t)p dt

) 1
p

, p > 0.

Namely, for every n ≥ 1, we will consider the operators given by

(Kp,n f )(x) =
n∑

k=0

(
(n + 1)

∫ k+1
n+1

k
n+1

f (t)p dt

) 1
p

Bk,n(x), x ∈ [0, 1],
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for all non-negative functions f ∈ L p(0, 1), and by

Kp,n f = Kp,n( f+) − Kp,n( f−)

for a function f ∈ L p(0, 1)with arbitrary sign, where f+ and f− are the non-negative
and non-positive parts of f . When p = 1, Kantorovich operators are recovered. We
stress that we consider p > 0 and not only p ≥ 1, as more usually done when dealing
with L p-spaces. We remark also that L p-spaces have been objects of interest even
in the case 0 < p < 1 (for instance, in [5, 19, 25]), as well as this case has been
successfully considered for �p-minimization problems (see, for example, [27]).

Our study is motivated by the idea of finding better approximations of functions
than those provided by Kantorovich operators. More precisely, let f : [a, b] → R be
a non-negative bounded measurable function on an interval [a, b] and let s ∈ [a, b].
All the averages

Ap( f ) :=
(

1

b − a

∫ b

a
f (t)p dt

) 1
p

, p > 0, (1.2)

are different from each other, unless f is constant a.e. in [a, b]. Thus, a natural question
arises: for which values of p, does Ap( f ) gives an approximation of f (s) better than
A1( f ), i.e. | f (s) − Ap( f )| < | f (s) − A1( f )|? A simple answer makes use of the
Hölder inequality, which states that Ap( f ) < Aq( f ) if p < q. More precisely,
assuming that f is not constant a.e. in [a, b],
(i) if f (s) = max

t∈[a,b] f (t), then Ap( f ) approximates f (s) better than A1( f ) for

every p > 1, since A1( f ) < Ap( f ) < f (s) for every p > 1;
(ii) if f (s) = min

t∈[a,b] f (t), then Ap( f ) approximates f (s) better than A1( f ) for

every 0 < p < 1, since f (s) < Ap( f ) < A1( f ) for every 0 < p < 1.

More generally,

(iii) if A1( f ) < f (s), then there is a range of values of p > 1 for which Ap( f )
approximates f (s) better than A1( f );

(iv) if A1( f ) > f (s), then there is a range of values of 0 < p < 1 for which Ap( f )
approximates f (s) better than A1( f ).

In conclusion, values of p �= 1 may provide for a better approximation in different
situations and it is clear that this argument about the p-averages affects the approx-
imation of f by the operators Kp,n . Indeed, as it is shown in Section 6, under some
assumptions on f and x ∈ [0, 1], Kp,n f approximates f better than Kn f at x .

Now, after having discussed the motivation, we point out one of the most peculiar
characteristics of the operators Kp,n : for p �= 1 they are nonlinear operators. This
makes the study much more challenging than the linear case, namely the classical
Kantorovich operators. Nonlinear operators have been arising an increasing interest
inApproximation Theory in recent years. For instance, [28] andmany otherworks, e.g.
[4, 7, 14, 15, 24, 32], studied operators expressed in terms of nonlinear kernels which
are suitably estimated; [8] considered nonlinear operators based on different algebraic
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structures and introduced, in particular, themax-product andmax-min approximations
(modifications of these operators have been studied, e.g., in [9, 13, 22]). To the best of
our knowledge, nonlinear operators based on averages of type (1.2)were not previously
studied.

Withmore details, in this paperwe investigate basic properties of the operators Kp,n

like boundedness, continuity (Section 3), convergence at a point, uniformly on [0, 1] or
in L p-spaces as n → +∞ (Section 4). In addition, we establish an asymptotic formula
of Voronovskaya type, that is an explicit expression of lim

n→+∞ n((Kp,n f )(x) − f (x))

(related then to the approximation error) when f is twice differentiable at x , in the
general setting. We would like to point out that the sum of several terms (specifically,
those arising from the Taylor expansion of f centered at x) must be handled in the
proof of such a formula. In the linear case, these terms can be treated separately, while
for nonlinear operators this separation is not straightforward and requires a more elab-
orated processing. To get an idea of the problem complexity, most of this paper (the
entire Section 5) is devoted to the proof of the asymptotic formula. As far as we are
aware, previous studies on nonlinear operators in Approximation Theory have mainly
provided asymptotic estimates (see, e.g., [7, 14, 24]), whereas explicit asymptotic for-
mulas like the one proved here seem to be new.
The asymptotic formula (Theorem 5.1) for the operators Kp,n has some curious prop-
erties, that are discussed after the statement. Here, we mention that it has a differential
expression on f and one of its coefficients is, under some assumption on f , discon-
tinuous at the endpoints. Differential equations with discontinuous coefficients are of
great interest for the modeling of heterogeneous processes [12, 33].

To conclude, nonlinearity plays a crucial role in many fields of Mathematics or
Science. For instance, many real phenomena are better modeled by nonlinear (rather
than linear) differential equations; in Image Processing, the so-called median filter
performs better than the linear mean filter in the reduction of particular noises; talking
about Machine Learning, classifiers based on nonlinear functions or operations often
provide improved results. In the same way, we believe that nonlinear operators in
Approximation Theory may offer better properties compared to linear operators and
this paper gives a contribution in this direction.

2 Preliminaries and notations

For every p > 0, we denote by L p(a, b) the space of all measurable functions f :
[a, b] → R such that ‖ f ‖p :=

(∫ b

a
| f (x)|p dx

) 1
p

< ∞, by L∞(a, b) the space

of all (classes of) essentially bounded measurable functions f : [a, b] → R and by
‖ f ‖∞ := supx∈[a,b] | f (x)| < ∞. In this paper, the symbols sup and inf stand for
the essential supremum and infimum, respectively. Finally, C(a, b) is the space of all
continuous functions on [a, b].

Wewrite f ≥ 0, as usual, to indicate that a function f : [a, b] → R is non-negative.
Any function f ∈ L p(a, b)with real values can be written as difference of two unique
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non-negative functions in L p(a, b), i.e. f = f+− f−. The functions f+, f− are called
the non-negative and the non-positive part of f , respectively.

As known, when the usual identification of measurable functions is made, ‖ · ‖p is
a norm if p ≥ 1 and a quasi-norm if 0 < p < 1. In particular, in the latter case the
triangle inequality is lost. However, for any 0 < p ≤ 1 and f , g ∈ L p(a, b), it results
that

‖ f + g‖p
p ≤ ‖ f ‖p

p + ‖g‖p
p, (2.1)

and Jensen’s inequality in concave version entails the flipped triangle inequality for
non-negative functions

‖ f ‖p + ‖g‖p ≤ ‖ f + g‖p, f , g ≥ 0. (2.2)

The properties of ‖ · ‖p and Holder’s inequality imply that the p-averages Ap, defined
by (1.2), verify the following statements:

(i) For any p > 0, Ap is positively homogeneous, i.e. Ap(λ f ) = λAp( f ), for all
λ ≥ 0 and f ∈ L p(a, b), f ≥ 0.

(ii) For any p ≥ 1, Ap is subadditive, i.e. Ap( f + g) ≤ Ap( f ) + Ap(g) for all
f , g ∈ L p(a, b), f , g ≥ 0.

(iii) For any 0 < p ≤ 1, Ap is superadditive, i.e. Ap( f ) + Ap(g) ≤ Ap( f + g) for
all f , g ∈ L p(a, b), f , g ≥ 0.

(iv) For any p > 0, Ap is monotone, i.e. Ap( f ) ≤ Ap(g) for all f , g ∈ L p(a, b),
0 ≤ f ≤ g.

(v) For any f ∈ L∞(a, b) such that f ≥ 0, Ap( f ) is increasing w.r.t. the parameter,
i.e. Ap( f ) ≤ Aq( f ) for all 0 < p < q.

Finally, we recall some properties of the Bernstein basis that we will apply through-
out the paper [26]: for every x ∈ [0, 1] and n ≥ 1, we have

n∑

k=0

Bk,n(x) = 1, (2.3)

n∑

k=0

kBk,n(x) = nx,
n∑

k=0

k2Bk,n(x) = nx(1 − x + nx), (2.4)

(n + 1)
∫ 1

0
Bk,n(x)dx = 1. (2.5)

3 Definition and basic properties

In this section we define the nonlinear version of the Kantorovich operators, quoted
in the introduction, and give some elementary properties.
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Definition 3.1 Let p > 0 and n ≥ 1. For a non-negative function f ∈ L p(0, 1), we
define

(Kp,n f )(x) =
n∑

k=0

(
(n + 1)

∫ k+1
n+1

k
n+1

f (t)p dt

) 1
p

Bk,n(x), x ∈ [0, 1]. (3.1)

If f ∈ L p(0, 1) has an arbitrary sign, then we set

Kp,n f = Kp,n( f+) − Kp,n( f−). (3.2)

We will refer to Kp,n as a Kantorovich operator with p-averages.

Explicitly, in (3.2) we have

(Kp,n f )(x) =
n∑

k=0

(n + 1)
1
p

⎡

⎣
(∫ k+1

n+1

k
n+1

f+(t)p dt

) 1
p

−
(∫ k+1

n+1

k
n+1

f−(t)p dt

) 1
p
⎤

⎦Bk,n(x),

for x ∈ [0, 1]. Obviously, when p = 1 we recover the Kantorovich operator [23]

(Kn f )(x) =
n∑

k=0

(n + 1)
∫ k+1

n+1

k
n+1

f (t)dt Bk,n(x), x ∈ [0, 1],

for any f ∈ L1(0, 1). Other remarks that are immediate consequences of the definition
of Kp,n and the properties of the p-averages listed in Section 2 are stated below (and
hold for any n ≥ 1).

Remarks 3.2 (i) For any p > 0 and p �= 1, Kp,n is a nonlinear operator.
(ii) For any p > 0, Kp,n is a positive operator, i.e. it maps non-negative functions

into non-negative functions.
(iii) For any p > 0, Kp,n preserves the constant functions.
(iv) For any p > 0, Kp,n is a homogeneous operator, i.e. Kp,n(λ f ) = λKp,n f , for

all λ ∈ R (not necessarily positive) and f ∈ L p(0, 1).
(v) For any p ≥ 1, Kp,n is subadditive on the subspace of non-negative functions,

i.e. for every f , g ∈ L p(0, 1) such that f , g ≥ 0 we have Kp,n( f + g) ≤
Kp,n f + Kp,ng.

(vi) For any 0 < p ≤ 1, Kp,n is superadditive on the subspace of non-negative
functions, i.e. for every f , g ∈ L p(0, 1) such that f , g ≥ 0 we have Kp,n f +
Kp,ng ≤ Kp,n( f + g).

(vii) For any p > 0, Kp,n is monotone on the subspace of non-negative functions,
i.e. for every f , g ∈ L p(0, 1) such that 0 ≤ f ≤ g we have Kp,n f ≤ Kp,ng.

(viii) For any p > 0, f ∈ L∞(a, b) such that f ≥ 0, Kp,n f is increasing w.r.t. to the
parameter, i.e. Kp,n f ≤ Kq,n f , for every 0 < p < q.

In the next proposition we give some bounds for Kp,n f .
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Proposition 3.3 The following statements hold for any p > 0 and n ≥ 1.

(i) K p,n : L∞(0, 1) → L∞(0, 1) is a well-defined bounded operator. In particular,
for any f ∈ L∞(0, 1), we have that

inf[0,1] f ≤ Kp,n f (x) ≤ sup
[0,1]

f

for all x ∈ [0, 1] and ‖Kp,n f ‖∞ ≤ ‖ f ‖∞.

(ii) K p,n : L p(0, 1) → L p(0, 1) is a well-defined bounded operator. In particular,

(a) if p ≥ 1, then for any f ∈ L p(0, 1) we have that

‖Kp,n f ‖p ≤ ‖ f ‖p;

(b) if 0 < p < 1, then for any f ∈ L p(0, 1) such that f ≥ 0, we have that

‖Kp,n f ‖p ≥ ‖ f ‖p.

Proof (i) The statements are a direct consequence of the fact that

inf
[ k
n+1 , k+1

n+1 ]
f ≤ (n + 1)

1
p

⎡

⎣
(∫ k+1

n+1

k
n+1

f+(t)p dt

) 1
p

−
(∫ k+1

n+1

k
n+1

f−(t)p dt

) 1
p
⎤

⎦ ≤ sup
[ k
n+1 , k+1

n+1 ]
f ,

for all f ∈ L∞(0, 1), n ≥ 1 and 0 ≤ k ≤ n.
(ii) We start with the case p ≥ 1. By using the convexity of the function y 	→ y p,
equations (2.3) and (2.5), the reverse triangle inequality, we obtain, for f ∈ L p(0, 1),

‖Kp,n f ‖pp ≤
∫ 1

0

n∑

k=0

(n + 1)

∣∣∣∣∣∣∣

(∫ k+1
n+1

k
n+1

f+(t)p dt

) 1
p

−
(∫ k+1

n+1

k
n+1

f−(t)p dt

) 1
p

∣∣∣∣∣∣∣

p

Bk,n(x)dx

≤
∫ 1

0

n∑

k=0

(n + 1)

∣∣∣∣∣∣∣

(∫ k+1
n+1

k
n+1

| f+(t) − f−(t)|p dt
) 1

p

∣∣∣∣∣∣∣

p

Bk,n(x)dx

≤
∫ 1

0

n∑

k=0

(n + 1)
∫ k+1

n+1

k
n+1

| f (t)|p dt Bk,n(x)dx =
n∑

k=0

∫ k+1
n+1

k
n+1

| f (t)|p dt = ‖ f ‖pp,

which proves the boundedness of the operator and (a).
Now, let 0 < p < 1. Thanks to (2.1) we get, for f ∈ L p(0, 1),

‖Kp,n f ‖p
p ≤

∫ 1

0

n∑

k=0

(n + 1)

(∫ k+1
n+1

k
n+1

f+(t)p dt

)
Bk,n(x)

p dx

+
∫ 1

0

n∑

k=0

(n + 1)

(∫ k+1
n+1

k
n+1

f−(t)p dt

)
Bk,n(x)

p dx
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≤ (n + 1)

(
n∑

k=0

∫ k+1
n+1

k
n+1

(
f+(t)p + f−(t)p

)
dt

)
max

k=0,...,n

∫ 1

0
Bk,n(x)

p dx

= ‖ f ‖p
p (n + 1) max

k=0,...,n

∫ 1

0
Bk,n(x)

p dx,

so the operator is bounded. The inequality in (b) can be proved with similar steps as
for (a) and taking into account that the function y 	→ y p is concave. 
�

Fromnumerical experimentswe observed that the inequality in Proposition 3.3(ii.b)
does not necessarily hold when f has a variable sign.

Remarks 3.4 As in the proof of Proposition 3.3(ii) it follows that, for any p ≥ 1 and
f , g ∈ L p(0, 1), f , g ≥ 0,

‖Kp,n f − Kp,ng‖p ≤ ‖ f − g‖p. (3.3)

Indeed,

‖Kp,n f − Kp,ng‖p
p ≤

∫ 1

0

n∑

k=0

(n + 1)

∣∣∣∣∣∣

(∫ k+1
n+1

k
n+1

f (t)p dt

) 1
p

−
(∫ k+1

n+1

k
n+1

g(t)p dt

) 1
p

∣∣∣∣∣∣

p

Bk,n(x)dx

≤
∫ 1

0

n∑

k=0

(n + 1)
∫ k+1

n+1

k
n+1

| f (t) − g(t)|p dt Bk,n(x)dx = ‖ f − g‖p
p.

In general, if f , g ∈ L p(0, 1), p ≥ 1, then, by using the properties | f+−g+| ≤ | f −g|
and | f− − g−| ≤ | f − g|, which hold true in every Riesz space, we get that

‖Kp,n f − Kp,ng‖p ≤ 2‖ f − g‖p,

so that Kp,n : L p(0, 1) → L p(0, 1) is a continuous operator.
Analogously, for any p > 0, f , g ∈ L∞(0, 1)

‖Kp,n f − Kp,ng‖∞ ≤ M‖ f − g‖∞,

where M = 1 if f , g ≥ 0 and M = 2 otherwise.

4 Convergence theorems

In this section we study the convergence of the operators Kp,n as n → +∞, in the
sense of pointwise/uniform convergence or in L p-norm, as it was classically done for
Kantorovich operators [26]. We begin the section with some asymptotic estimates that
will be needed throughout the paper.
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Lemma 4.1 For any real number j ≥ 1, we have

n∑

k=0

max

(∣∣∣∣
k

n + 1
− x

∣∣∣∣
j

,

∣∣∣∣
k + 1

n + 1
− x

∣∣∣∣
j
)
Bk,n(x) = O(n− j

2 ) (4.1)

as n → +∞ and uniformly w.r.t. x ∈ [0, 1].
Proof The left hand side in (4.1) can be bounded by

2 j−1
n∑

k=0

∣∣∣∣
k

n
− x

∣∣∣∣
j

Bk,n(x) + 2 j−1

(n + 1) j
,

in view of the triangular and Jensen’s inequalities and of (2.3). Hence, the conclu-

sion follows by the fact that
n∑

k=0

∣∣∣∣
k

n
− x

∣∣∣∣
j

Bk,n(x) = O(n− j
2 ) as n → +∞ (see [2,

Theorem 1]). 
�
In what follows, we present a result about the pointwise and uniform convergence

for the operators Kp,n .

Theorem 4.2 Let f ∈ L∞(0, 1) and p > 0. Then, lim
n→+∞(Kp,n f )(x) = f (x) at any

point x of continuity of f . Moreover, if f ∈ C(0, 1), then lim
n→+∞ ‖Kp,n f − f ‖∞ = 0.

Proof We first consider f to be non-negative. Let ε > 0. There exists δ > 0 such that
| f (t) − f (x)| < ε for all t ∈ [0, 1] with |t − x | < δ. Then

|(Kp,n f )(x) − f (x)| =
∣∣∣∣∣∣

n∑

k=0

(
(n + 1)

∫ k+1
n+1

k
n+1

f (t)p dt

) 1
p

Bk,n(x) − f (x)

∣∣∣∣∣∣

≤
n∑

k=0

∣∣∣∣∣∣

(
(n + 1)

∫ k+1
n+1

k
n+1

f (t)p dt

) 1
p

− f (x)

∣∣∣∣∣∣
Bk,n(x) ≤

∑

J1

+
∑

J2

,

where

J1 =
{
k = 0, . . . , n : max

(∣∣∣∣
k

n + 1
− x

∣∣∣∣ ,
∣∣∣∣
k + 1

n + 1
− x

∣∣∣∣

)
< δ

}

and

J2 =
{
k = 0, . . . , n : max

(∣∣∣∣
k

n + 1
− x

∣∣∣∣ ,
∣∣∣∣
k + 1

n + 1
− x

∣∣∣∣

)
≥ δ

}
.

Let us estimate the first sum. Since f is essentially bounded and continuous at x
we obtain

∑

J1

∣∣∣∣∣∣

(
(n + 1)

∫ k+1
n+1

k
n+1

f (t)p dt

) 1
p

− f (x)

∣∣∣∣∣∣
Bk,n(x)
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≤
∑

J1

max(|ik,n( f ) − f (x)|, |sk,n( f ) − f (x)|)Bk,n(x) ≤ ε

where, in particular, we set ik,n( f ) = inf [ k
n+1 , k+1

n+1 ] f and sk,n( f ) = sup[ k
n+1 , k+1

n+1 ] f .

Regarding the second sum, by Lemma 4.1, there exists C independent of n, x such
that

∑

J2

∣∣∣∣∣∣

(
(n + 1)

∫ k+1
n+1

k
n+1

f (t)p dt

) 1
p

− f (x)

∣∣∣∣∣∣
Bk,n(x)

≤
∑

J2

⎛

⎝
(

(n + 1)
∫ k+1

n+1

k
n+1

f (t)p dt

) 1
p

+ f (x)

⎞

⎠Bk,n(x) ≤ 2‖ f ‖∞
∑

J2

Bk,n(x)

≤ 2‖ f ‖∞
1

δ2

∑

J2

max

(∣∣∣∣
k

n + 1
− x

∣∣∣∣
2

,

∣∣∣∣
k + 1

n + 1
− x

∣∣∣∣
2
)
Bk,n(x) ≤ C

‖ f ‖∞
δ2n

.

This completes the proof of the case where f is non-negative. The general case follows
by the inequality

|(Kp,n f )(x) − f (x)| ≤ |(Kp,n( f+))(x) − f+(x)| + |(Kp,n( f−))(x) − f−(x)|.

If f ∈ C(0, 1), reasoning in a similar way we get the second statement. 
�
About the convergence in L p-spaces, we have the following theorem.

Theorem 4.3 Let n ≥ 1 and suppose that one of the following conditions hold

(i) p ≥ 1 and f ∈ L p(0, 1),
(ii) p > 0 and f ∈ C(0, 1).

Then lim
n→+∞ ‖Kp,n f − f ‖p = 0.

Proof (i) We start by considering f ∈ L p(0, 1), f ≥ 0, and ε > 0; then, there exists
g ∈ C(0, 1), g ≥ 0, such that ‖ f − g‖p < ε/3.

From Theorem 4.2, there exists n ∈ N such that, for any n ∈ N, n ≥ n,

‖Kp,ng − g‖p ≤ ‖Kp,ng − g‖∞ < ε/3. (4.2)

Hence, for n ≥ n, taking (4.2) and (3.3) into account,

‖Kp,n f − f ‖p ≤ ‖Kp,n f − Kp,ng‖p + ‖Kp,ng − g‖p + ‖ f − g‖p < ε.

Now let assume f ∈ L p(0, 1). By what proved in the first part and by the inequality

‖Kp,n f − f ‖p ≤ ‖Kp,n( f+) − Kp,n( f−) − ( f+ − f−)‖p

≤ ‖Kp,n( f+) − f+‖p + ‖Kp,n( f−) − f−‖p,
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the proof is complete.
(ii) In this case the statement follows by the inequality ‖Kp,n f − f ‖p ≤ ‖Kp,n f −

f ‖∞ and from Theorem 4.2. 
�

5 Asymptotic formula

In this section we will state and prove an asymptotic formula of Voronovskaya type
for the operators Kp,n covering any case of p > 0, x ∈ [0, 1] and sign of f (x). The
result is the following.

Theorem 5.1 Let f ∈ L∞(0, 1), x ∈ [0, 1] such that f is two times differentiable at
x, and p > 0. Then

V f (x) := lim
n→+∞ n((Kp,n f )(x) − f (x)) (5.1)

exists. Moreover,

(i) if 0 < x < 1, or if x = 0, 1 and f (x) �= 0, then

V f (x) = f ′(x)1 − 2x

2
+ f ′′(x) x(1 − x)

2
; (5.2)

(ii) if x = 0 and f (0) = 0, then

V f (0) = f ′(0)

(p + 1)
1
p

; (5.3)

(iii) if x = 1 and f (1) = 0, then

V f (1) = − f ′(1)

(p + 1)
1
p

. (5.4)

Before attacking the proof of Theorem 5.1, we want to highlight some curious
and unexpected features of the above mentioned asymptotic formula for the operators
Kp,n .
Let f be two times differentiable at x ∈ [0, 1]. First, restricting on the interval ]0, 1[,
V f does not depend on p (in other words, (5.1) coincides with the corresponding
formula of the Kantorovich operator). In particular, V is linear on f on the interval
]0, 1[, even though the operator Kp,n is nonlinear for p �= 1.

Asymptotically, the nonlinearity is preserved at x = 0 and x = 1. Indeed, if for
instance f , g : [0, 1] → R are given by f (x) = 2x + 1 and g(x) = −x − 1 for
x ∈ [0, 1], then f (0) �= 0, g(0) �= 0, ( f + g)(0) = 0 and ( f + g)′(0) �= 0, so

V ( f + g)(0) �= V f (0) + Vg(0).
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Moreover, V is linear on the space of two times differentiable functions on [0, 1]which
vanish at the endpoints.

Finally, when f is two times differentiable in a neighborhood of x0 = 0 or 1,
f (x0) = 0 and f ′(x0) �= 0, then the function V f is discontinuous at x0 and exactly

lim
x→x0

V f (x) = 2

(p + 1)
1
p

V f (x0).

This implies that the convergence in (5.1) is not necessarily uniform with respect to x .
Furthermore, as it will be shown in Corollary 6.5, the discontinuity has some indirect
positive implications about values of p for better approximations. More generally, we
will discuss some consequences of Theorem 5.1 in Section 6.

As one can see, the statement of Theorem 5.1 is very simple. Nevertheless, the non-
linearity of the operators Kp,n makes the proof decisively more difficult in comparison
to the case of the linear operators Kn . This is why we formulate some preparatory lem-
mas and we organize the section into different parts, to facilitate the understanding of
the proof, which is in Subsection 5.3.

5.1 A recurrent Taylor’s formula and the remainder estimate

In many parts of the proof we will use the following Taylor’s formula and the corre-
sponding estimate of the remainder, in order to approximate a recurrent function with
a polynomial of a certain degree. As usual, we denote by

(
α

i

)
=

{
1 i = 0
α(α−1)···(α−i+1)

i ! i > 0,

for any α ∈ ]0,+∞[ and any non-negative integer i .

Lemma 5.2 Let α ∈ ]0,+∞[ and q ∈ N such that β ≥ max(α, q + 1). Then

(1 + y)α =
q∑

i=0

(
α

i

)
yi + Rq(y), ∀y ≥ −1, (5.5)

where
|Rq(y)| ≤ r(|y|β + |y|q+1), ∀y ≥ −1, (5.6)

and r depends only of α, β, and q.

Proof Let α ∈ ]0,+∞[ and q ∈ N. By Taylor’s formula centered at 0, it is possible
to write (5.5) with Lagrange form remainder

Rq(y) =
(

α

q + 1

)
(1 + z(y))α−q−1yq+1
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for any y > −1, z(y) being a number satisfying

y < z(y) < 0, if − 1 < y < 0, z(0) = 0, 0 < z(y) < y, if y > 0. (5.7)

Taking (5.7) into account, in the case where α > q + 1, we have

(1 + z(y))α−q−1 ≤
{

(1 + y)α−q−1 if y ≥ 0

1 if − 1 ≤ y < 0.

Now, for any β ≥ max(α, q + 1) we can further write by Jensen’s inequality

(1 + y)α−q−1 ≤ (1 + y)β−q−1 ≤ 2β−q−2(1 + yβ−q−1), ∀y ≥ 0,

so the estimate

|(1 + z(y))α−q−1yq+1| ≤ 2β−q−2|y|β + 2β−q−2|y|q+1

holds for all y > −1, which implies (5.6). Moreover, the statement is true also for
y = −1 by continuity.

Finally, in the case that 0 < α ≤ q + 1, the function y 	→ (1 + z(y))α−q−1 is
bounded in the interval ] − 1, 0] since the function y 	→ (1 + y)α is so, and it is
bounded in the interval [0,+∞[ because (1 + z(y))α−q−1 ≤ 1 by (5.7). Therefore,
(5.6) is true for y > −1 and by continuity also for y = −1, even in the case where
0 < α ≤ q + 1. 
�
Remarks 5.3 Actually, a careful reading of the proof of Lemma 5.2 shows that a
stronger estimate than (5.6) holds, i.e. there exist r1, r2 depending only on α, q such
that

|Rq(y)| ≤
{
r1(|y|α + |y|q+1), if α > q + 1

r2|y|q+1, if 0 < α ≤ q + 1

for all y ≥ −1. However, we prefer to state Lemma 5.2 with (5.6) to uniform the proof
of Theorem 5.1, with respect to any p > 0.

5.2 Asymptotic behavior of suitable moments

In the proof of Theorem 5.1 we will manage the asymptotic behavior of certain func-
tions, which are combinations of particular coefficients (in form of integral of suitable
powers of ψx (t) = t − x , where x is fixed) and of the Bernstein basis. Those func-
tions are sometimes (but not always) moments or absolute moments of the operators
Kp,n , so we generally call them, by an abuse of terminology, "moments". The type of
moments required for the proof is determined according to the fact the approximating
function and some of its derivatives vanish or not at a certain point x . In what follows,
n ≥ 1 and k = 0, . . . , n, as usual.
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First of all, in the case f (x) �= 0, the terms

ak,n(x) = (n + 1)
∫ k+1

n+1

k
n+1

(t − x)dt = 2k + 1

2(n + 1)
− x, (5.8)

bk,n(x) = (n + 1)
∫ k+1

n+1

k
n+1

(t − x)2 dt = 3k2 + 3k + 1

3(n + 1)2
− 2k + 1

n + 1
x + x2 (5.9)

are needed, while in the case f (x) = f ′(x) = 0 and f ′′(x) �= 0 only the coefficient

dp,k,n(x) =
(

(n + 1)
∫ k+1

n+1

k
n+1

|t − x |2p dt
) 1

p

(5.10)

is involved. The following lemma gives the expressions of the moment limit with these
coefficients.

Lemma 5.4 Uniformly w.r.t x ∈ [0, 1], it holds that

lim
n→+∞ n

(
n∑

k=0

ak,n(x)Bk,n(x)

)
= 1 − 2x

2
, (5.11)

lim
n→+∞ n

(
n∑

k=0

bk,n(x)Bk,n(x)

)
= x(1 − x), (5.12)

lim
n→+∞ n

(
n∑

k=0

ak,n(x)
2Bk,n(x)

)
= x(1 − x), (5.13)

lim
n→+∞ n

(
n∑

k=0

dp,k,n(x)Bk,n(x)

)
= x(1 − x). (5.14)

Proof Equations (5.11) and (5.12) are well-known [26], while (5.13) follows from

ak,n(x)
2 = 4k2 + 4k + 1

4(n + 1)2
− 2k + 1

n + 1
x + x2

and the identities (2.4).
To prove (5.14), we observe that, by mean value theorem for integrals, for every

k = 0, . . . , n there exists ξk,n ∈
]

k
n+1 ,

k+1
n+1

[
such that

dp,k,n(x) =
(

(n + 1)
∫ k+1

n+1

k
n+1

|t − x |2p dt
) 1

p

= (ξk,n − x)2.
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Hence,

∣∣∣∣∣dp,k,n(x) −
(
k

n
− x

)2
∣∣∣∣∣ =

∣∣∣∣ξk,n − k

n

∣∣∣∣

∣∣∣∣ξk,n + k

n
− 2x

∣∣∣∣ =
∣∣∣∣ξk,n − k

n

∣∣∣∣

∣∣∣∣ξk,n − k

n
+ 2

k

n
− 2x

∣∣∣∣

≤
∣∣∣∣ξk,n − k

n

∣∣∣∣
2

+ 2

∣∣∣∣ξk,n − k

n

∣∣∣∣

∣∣∣∣
k

n
− x

∣∣∣∣ ≤ 1

(n + 1)2
+ 1

n + 1

∣∣∣∣
k

n
− x

∣∣∣∣ .

Therefore,

∣∣∣∣∣∣

n∑

k=0

dp,k,n(x)Bk,n(x) −
n∑

k=0

(
k

n
− x

)2
Bk,n(x)

∣∣∣∣∣∣
≤ 1

(n + 1)2
+ 1

n + 1

n∑

k=0

∣∣∣∣
k

n
− x

∣∣∣∣ Bk,n(x).

Since lim
n→+∞

n∑

k=0

∣∣∣∣
k

n
− x

∣∣∣∣ Bk,n(x) = 0 and lim
n→+∞ n

(
n∑

k=0

(
k

n
− x

)2

Bk,n(x)

)
=

x(1− x) both uniformly w.r.t. to x (see, for instance [26, Sect. 1.5]), the last inequality
implies (5.14). 
�

We remark that d1,k,n = bk,n for all n, k, and

n∑

k=0

ak,n(x)Bk,n(x) = K1,n(ψx ),

n∑

k=0

bk,n(x)Bk,n(x) = K1,n(ψ
2
x ),

n∑

k=0

dp,k,n(x)Bk,n(x) = Kp,n(ψ
2
x ).

Further moments will appear in the proof of Theorem 5.1 when f (x) = 0 and f ′(x) �=
0 for 0 < x < 1, namely

n∑

k=0

ap,k,n(x)Bk,n(x),
n∑

k=0

bp,k,n(x)Bk,n(x), (5.15)

where

ap,k,n(x) =
(

(n + 1)
∫ k+1

n+1

k
n+1

(t − x)+ p dt

) 1
p

−
(

(n + 1)
∫ k+1

n+1

k
n+1

(t − x)− p dt

) 1
p

,

(5.16)
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and

bp,k,n(x) =
(

(n + 1)
∫ k+1

n+1

k
n+1

(t − x)+ p dt

) 1
p −1

(n + 1)
∫ k+1

n+1

k
n+1

(t − x)+ p+1 dt

+
(

(n + 1)
∫ k+1

n+1

k
n+1

(t − x)− p dt

) 1
p −1

(n + 1)
∫ k+1

n+1

k
n+1

(t − x)− p+1 dt .

(5.17)
Note that

n∑

k=0

ap,k,n(x)Bk,n(x) = Kp,n(ψx ),

and in (5.17) we mean that

(
(n + 1)

∫ k+1
n+1

k
n+1

(t − x)+ p dt

) 1
p −1

= 0 if x ≥ k+1
n+1 , and

similarly

(
(n + 1)

∫ k+1
n+1

k
n+1

(t − x)− p dt

) 1
p −1

= 0 if x ≤ k
n+1 , even when p ≥ 1

(situations where the standard meanings are lost). Furthermore, a1,k,n = ak,n and
b1,k,n = bk,n for all n, k.

The following lemma allows us to evaluate the asymptotic behavior of the moments
(5.15). The proof, which is rather difficult, is based on Lemma 5.2.

Lemma 5.5 For any p > 0 and 0 < x < 1 we have

lim
n→+∞ n

n∑

k=0

ap,k,n(x)Bk,n(x) = 1 − 2x

2
, (5.18)

lim
n→+∞ n

n∑

k=0

bp,k,n(x)Bk,n(x) = x(1 − x). (5.19)

Proof We start to prove (5.18). Let 0 < x < 1, n ≥ 1 and k = 0, . . . , n be fixed.
There are different possibilities about the respective positions of x , k

n+1 and k+1
n+1 , so

we need to consider different cases.
Firstly, let us suppose that x ≤ k

n+1 . Then, a direct calculation from (5.16) leads to

ap,k,n(x) =
(
n + 1

p + 1

) 1
p
[(

k + 1

n + 1
− x

)p+1

−
(

k

n + 1
− x

)p+1
] 1

p

.

Since

(
k + 1

n + 1
− x

)p+1

=
(

2k + 1

2(n + 1)
− x

)p+1
⎛

⎝1 + 1

2(n + 1)
(

2k+1
2(n+1) − x

)

⎞

⎠
p+1

,
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by applying Lemma 5.2 with

yk,n = 1

2(n + 1)
(

2k+1
2(n+1) − x

) , (5.20)

α = p + 1 and q = 2, we get

(
k + 1

n + 1
− x

)p+1

=
(

2k + 1

2(n + 1)
− x

)p+1

+ p + 1

2(n + 1)

(
2k + 1

2(n + 1)
− x

)p

+ (p + 1)p

8(n + 1)2

(
2k + 1

2(n + 1)
− x

)p−1

+
(

2k + 1

2(n + 1)
− x

)p+1

R2(yk,n),

where
|R2(yk,n)| ≤ r1(|yk,n|β + |yk,n|3), (5.21)

β ≥ max(p + 1, 3) and r1 depends only on p, β. Similarly,

(
k

n + 1
− x

)p+1

=
(

2k + 1

2(n + 1)
− x

)p+1

− p + 1

2(n + 1)

(
2k + 1

2(n + 1)
− x

)p

+ (p + 1)p

8(n + 1)2

(
2k + 1

2(n + 1)
− x

)p−1

+
(

2k + 1

2(n + 1)
− x

)p+1

R2(ỹk,n),

where ỹk,n = − 1

2(n+1)
(

2k+1
2(n+1) −x

) . Therefore,

ap,k,n(x) =
[(

2k + 1

2(n + 1)
− x

)p
+ n + 1

p + 1

(
2k + 1

2(n + 1)
− x

)p+1
(R2(yk,n) − R2(ỹk,n))

] 1
p

=
(

2k + 1

2(n + 1)
− x

)[
1 + n + 1

p + 1

(
2k + 1

2(n + 1)
− x

)
(R2(yk,n) − R2(ỹk,n))

] 1
p

=
(

2k + 1

2(n + 1)
− x

)
+

(
2k + 1

2(n + 1)
− x

)
R0(Yk,n),

(5.22)
where in the last row we applied again Lemma 5.2 with α = 1

p , q = 0 and

Yk,n = n + 1

p + 1

(
2k + 1

2(n + 1)
− x

)
(R2(yk,n) − R2(ỹk,n)). (5.23)

We now estimate the last term in (5.22). Firstly, we note that for any γ ≥ max( 1p , 1)
and some r2 depending only on p, γ ,

|R0(Yk,n)| ≤ r2(|Yk,n|γ + |Yk,n|).
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Hence, taking also (5.23), (5.21) and (5.20) into account, by Jensen’s inequality there
exists c1 independent of k, n, x such that

∣∣∣∣

(
2k + 1

2(n + 1)
− x

)
R0(Yk,n)

∣∣∣∣

≤ c1

(
(n + 1)−(β−1)γ

∣∣∣∣
2k + 1

2(n + 1)
− x

∣∣∣∣
1−(β−1)γ

+ (n + 1)−2γ
∣∣∣∣
2k + 1

2(n + 1)
− x

∣∣∣∣
1−2γ

+ (n + 1)1−β

∣∣∣∣
2k + 1

2(n + 1)
− x

∣∣∣∣
2−β

+ (n + 1)−2
∣∣∣∣
2k + 1

2(n + 1)
− x

∣∣∣∣
−1 )

.

(5.24)
In the case x ≥ k+1

n+1 similar arguments lead to

ap,k,n(x) = −
(

(n + 1)
∫ k+1

n+1

k
n+1

(x − t)p dt

) 1
p

=
(

2k + 1

2(n + 1)
− x

)
+

(
2k + 1

2(n + 1)
− x

)
R0(Ỹk,n),

where
(

2k+1
2(n+1) − x

)
R0(Ỹk,n) satisfies an estimate similar to (5.24). Therefore, for any

0 < x < 1,

lim
n→+∞ n

( n∑

k=0

ap,k,n(x)Bk,n(x)

)
= lim

n→+∞ n

(
n∑

k=0

(
2k + 1

2(n + 1)
− x

)
Bk,n(x)

)

+ lim
n→+∞ n

⎛

⎝
∑

k �=k̃

(
2k + 1

2(n + 1)
− x

)
R0(Yk,n)Bk,n(x)

⎞

⎠

+ lim
n→+∞ n

(
ap,̃k,n(x) −

(
2̃k + 1

2(n + 1)
− x

))
Bk̃,n(x),

(5.25)
where k̃ is the unique integer (depending on n) satisfying k̃

n+1 < x < k̃+1
n+1 .

Now, we prove that the second and third limits after the equality sign of (5.25) are
null.
In particular, for the second one we use the inequality (5.24), in which the right hand

side is a sum of terms of the form (n + 1)−m
∣∣∣∣
2k + 1

2(n + 1)
− x

∣∣∣∣
1−m

Bk,n(x), for suitable

m > 1. This enables us to evaluate the general terms of that type. Let 1
2 < α < 1 and

define

I1 =
{
k = 0, . . . , n : k �= k̃,

∣∣∣∣
2k + 1

2(n + 1)
− x

∣∣∣∣ ≤ n−α

}
,

I2 =
{
k = 0, . . . , n : k �= k̃,

∣∣∣∣
2k + 1

2(n + 1)
− x

∣∣∣∣ > n−α

}
.

Since ∣∣∣∣
2k + 1

2(n + 1)
− x

∣∣∣∣ ≥ 1

2(n + 1)
for k �= k̃
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and 1 − m < 0, we have

(n + 1)−m
∑

k �=k̃

∣∣∣∣
2k + 1

2(n + 1)
− x

∣∣∣∣
1−m

Bk,n(x)

= (n + 1)−m
∑

k∈I1

∣∣∣∣
2k + 1

2(n + 1)
− x

∣∣∣∣
1−m

Bk,n(x) + (n + 1)−m
∑

k∈I2

∣∣∣∣
2k + 1

2(n + 1)
− x

∣∣∣∣
1−m

Bk,n(x)

≤ 2m−1

n + 1

∑

k∈I1
Bk,n(x) + (n + 1)m(α−1)−α.

Therefore, for some C independent of k, n, x ,

n
∑

k �=k̃

∣∣∣∣

(
2k + 1

2(n + 1)
− x

)
R0(Yk,n)

∣∣∣∣Bk,n(x) ≤ C
n

n + 1

∑

k∈I1
Bk,n(x) + C(n + 1)(m−1)(α−1).

Now, by a result that can be found in [26] (after Theorem 1.5.2, page 18),

lim
n→+∞

∑

k∈I1
Bk,n(x) = 0.

Hence, recalling that m > 1 and α < 1,

lim
n→+∞ n

∑

k �=k̃

∣∣∣∣

(
2k + 1

2(n + 1)
− x

)
R0(Yk,n)

∣∣∣∣Bk,n(x) = 0.

Finally, about the last limit in (5.25), we note that k̃
n+1 − x ≤ ap,k,n(x) ≤ k̃+1

n+1 − x ,
i.e. ∣∣∣∣ap,̃k,n(x) −

(
2̃k + 1

2(n + 1)
− x

)∣∣∣∣ ≤ 1

2(n + 1)
.

Moreover, ∣∣∣∣
k̃

n
− x

∣∣∣∣ <
1

n
. (5.26)

By [26, Theorem 1.5.2], we obtain Bk̃,n(x) = O(n− 1
2 ) as n → +∞ uniformly w.r.t. k̃

satisfying (5.26). These remarks imply that

lim
n→+∞ n

(
ap,̃k,n(x) −

(
2̃k + 1

2(n + 1)
− x

))
Bk̃,n(x) = 0.

In conclusion, taking formula (5.11) into account, (5.25) reduces to (5.18).
Now we move to (5.19). For x ≤ k

n+1 , the quantity

(∫ k+1
n+1

k
n+1

(t − x)p+1 dt

)(∫ k+1
n+1

k
n+1

(t − x)p dt

)−1

=
(∫ k+1

n+1

k
n+1

(t − x)p(t − x)dt

)(∫ k+1
n+1

k
n+1

(t − x)p dt

)−1



   47 Page 20 of 36 M. Cappelletti Montano et al.

is between k
n+1 − x and k+1

n+1 − x . The same holds for

(
(n + 1)

∫ k+1
n+1

k
n+1

(t − x)p dt

) 1
p

and hence (
k

n + 1
− x

)2

≤ bp,k,n(x) ≤
(
k + 1

n + 1
− x

)2

,

so that bp,k,n(x) = (ξk,n−x)2 for some ξk,n ∈ ] k
n+1 ,

k+1
n+1 [. This also holds if x ≥ k+1

n+1 ,
since analogous steps can be done in that case. With the calculation in Lemma 5.4,
one can see that

∣∣∣∣∣bp,k,n(x) −
(
k

n
− x

)2
∣∣∣∣∣ ≤ 1

(n + 1)2
+ 1

n + 1

∣∣∣∣
k

n
− x

∣∣∣∣ <
3

(n + 1)2
.

Finally, if k
n+1 < x < k+1

n+1 ,

∣∣∣∣∣bp,k,n(x) −
(
k

n
− x

)2
∣∣∣∣∣ ≤ ∣∣bp,k,n(x)

∣∣ +
(
k

n
− x

)2

≤
(

k

n + 1
− x

)2

+
(
k + 1

n + 1
− x

)2

+
(
k

n
− x

)2

≤ 3

(n + 1)2
.

In conclusion,

∣∣∣∣∣

n∑

k=0

bp,k,n(x)Bk,n(x) −
n∑

k=0

(
k

n
− x

)2

Bk,n(x)

∣∣∣∣∣ ≤ 3

(n + 1)2
,

which proves (5.19). 
�
Finally, other moments that will appear in the proof of Theorem 5.1 have a decay

faster than 1
n as n → +∞. Therefore, we collect here some useful results.

Lemma 5.6 Let � ∈ L∞(0, 1) be such that lim
s→0

�(s) = 0. For any j ≥ 0 and p > 0,

we define

θ j,k,n(x) = max

(∣∣∣∣
k

n + 1
− x

∣∣∣∣
j

,

∣∣∣∣
k + 1

n + 1
− x

∣∣∣∣
j
)

(n + 1)
∫ k+1

n+1

k
n+1

�(t − x)(t − x)2 dt,

νp,k,n(x) = max

(∣∣∣∣
k

n + 1
− x

∣∣∣∣
2

,

∣∣∣∣
k + 1

n + 1
− x

∣∣∣∣
2
)

∫ k+1
n+1

k
n+1

�(t − x)|t − x |p dt
∫ k+1

n+1

k
n+1

|t − x |p dt
,

(5.27)
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σp,k,n(x) =
(

(n + 1)
∫ k+1

n+1

k
n+1

|�(t − x)||t − x |2p dt
) 1

p

.

Then,

lim
n→+∞ n

n∑

k=0

θ j,k,n(x)Bk,n(x) = 0, lim
n→+∞ n

n∑

k=0

νp,k,n(x)Bk,n(x) = 0,

lim
n→+∞ n

n∑

k=0

σp,k,n(x)Bk,n(x) = 0,

uniformly w.r.t. x ∈ [0, 1].
Proof We prove the result only for θ j,k,n because of the similarity of arguments.
Moreover, note that it is sufficient to prove the statement for j = 0.
For every ε > 0, there exists δ > 0 such that |�(s)| < ε for |s| < δ. We define
J1 = {k = 0, . . . , n : max(| k

n+1 − x |, | k+1
n+1 − x |) < δ} and J2 = {k = 0, . . . , n :

max(| k
n+1 − x |, | k+1

n+1 − x |) ≥ δ}. By splitting the sum for k ∈ J1 and k ∈ J2, applying
the estimate

|bk,n(x)| ≤ max

(∣∣∣∣
k

n + 1
− x

∣∣∣∣
2

,

∣∣∣∣
k + 1

n + 1
− x

∣∣∣∣
2
)

,

and Lemma 4.1, we obtain

∣∣∣∣∣

n∑

k=0

θ0,k,n(x)Bk,n(x)

∣∣∣∣∣ ≤ ε
∑

k∈J1

bk,n Bk,n(x) + ‖�‖∞
∑

k∈J2

bk,n Bk,n(x)

≤ ε
x(1 − x)

n
+ ‖�‖∞

∑

k∈J2

max

(∣∣∣∣
k

n + 1
− x

∣∣∣∣
2

,

∣∣∣∣
k + 1

n + 1
− x

∣∣∣∣
2
)
Bk,n(x)

≤ ε
x(1 − x)

n
+ ‖�‖∞

δ2

∑

k∈J2

max

(∣∣∣∣
k

n + 1
− x

∣∣∣∣
4

,

∣∣∣∣
k + 1

n + 1
− x

∣∣∣∣
4
)
Bk,n(x)

≤ ε
x(1 − x)

n
+ C

n2

for some C independent of n. Hence, for n → +∞ and given the arbitrariness of ε,
we get the conclusion. 
�

5.3 The proof of the asymptotic formula

After the previous preparatory results, we are now able to prove the asymptotic formula
for the operators Kp,n .
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Proof of Theorem 5.1 Let f ∈ L∞(0, 1) and x ∈ [0, 1] such that f is two times
differentiable at x . As a preliminary fact, the following Taylor’s formula,

f (t) = f (x) + f ′(x)(t − x) + 1

2
f ′′(x)(t − x)2 + h(t − x)(t − x)2, (5.28)

holds for all t ∈ [0, 1], where h is an essentially bounded function such that h(s) → 0
as s → 0. When x = 0 or 1, clearly we mean the derivatives on one side only.
In the first part we assume that f is non-negative and we divide the proof according
to these cases:

1) x ∈ [0, 1] and f (x) �= 0;
2) x = 0 or x = 1, f (x) = 0 and f ′(x) �= 0;
3) x ∈ [0, 1], f (x) = f ′(x) = 0 and f ′′(x) > 0;
4) x ∈ [0, 1] and f (x) = f ′(x) = f ′′(x) = 0.

Note that the above conditions cover any possibility for a non-negative function.
Indeed, if 0 < x < 1 and f (x) = 0, then f ′(x) = 0; if x ∈ [0, 1] and
f (x) = f ′(x) = 0 then f ′′(x) ≥ 0.
Let us start with case 1). From (5.28) it follows that

f (t)p = f (x)p
(
1 + f ′(x)

f (x)
(t − x) + 1

2

f ′′(x)
f (x)

(t − x)2 + h(t − x)

f (x)
(t − x)2

)p

.

By applying Lemma 5.2 with α = p, q = 2 and

y = y(t, x) = f ′(x)
f (x)

(t − x) + 1

2

f ′′(x)
f (x)

(t − x)2 + h(t − x)

f (x)
(t − x)2, (5.29)

we obtain

f (t)p = f (x)p
(
1 + p

f ′(x)
f (x)

(t − x) + p

2

f ′′(x)
f (x)

(t − x)2 + p
h(t − x)

f (x)
(t − x)2

)

+ p(p − 1)

2
f (x)p

(
f ′(x)
f (x)

(t − x)+ 1

2

f ′′(x)
f (x)

(t − x)2+ h(t − x)

f (x)
(t − x)2

)2

+ f (x)p R2(y(t, x)).

Therefore,
(

(n + 1)
∫ k+1

n+1

k
n+1

f (t)p dt

) 1
p

= f (x)(1 + Yk,n(x))
1
p , (5.30)

putting

Yk,n(x) = p
f ′(x)
f (x)

ak,n(x) +
(
p(p − 1)

2

f ′(x)2

f (x)2
+ p

2

f ′′(x)
f (x)

)
bk,n(x) + ck,n(x),

(5.31)
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where ak,n and bk,n are defined by (5.8) and (5.9), respectively, and ck,n is a combina-
tion of integrals of the functions (t − x)3, (t − x)4, h(t − x)(t − x)2, h(t − x)(t − x)3,
h(t − x)(t − x)4, h(t − x)2(t − x)4 and R2(y(t, x)). Using, in particular, the estimate
for the reminder R2 in Lemma 5.2, we note that

|ck,n(x)| ≤ (n + 1)
∫ k+1

n+1

k
n+1

�(t − x)(t − x)2 dt (5.32)

for some essentially bounded non-negative function � such that �(s) → 0. By applying
again Lemma 5.2 with α = 1

p , q = 2, and y = Yk,n(x), we find that

(1 + Yk,n(x))
1
p = 1 + f ′(x)

f (x)
ak,n(x) +

(
p − 1

2

f ′(x)2

f (x)2
+ 1

2

f ′′(x)
f (x)

)
bk,n(x) + 1

p
ck,n(x)

+ 1 − p

2

(
f ′(x)
f (x)

ak,n(x) +
(
p − 1

2

f ′(x)2

f (x)2
+ 1

2

f ′′(x)
f (x)

)
bk,n(x) + 1

p
ck,n(x)

)2

+ R2(Yk,n(x)).

(5.33)
Hence, by (5.30) and (5.33), the expression of (Kp,n f )(x) − f (x) is a linear combi-
nation of terms of the form

n∑

k=0

ak,n(x)
i1bk,n(x)

i2ck,n(x)
i3Bk,n(x), (5.34)

for integers i1, i2, i3 ≥ 0 such that i1 + i2 + i3 ≤ 2, and of
n∑

k=0

R2(Yk,n(x))Bk,n(x).

Now, formula (5.32), the estimates

|ak,n(x)| ≤ max

(∣∣∣∣
k

n + 1
− x

∣∣∣∣ ,
∣∣∣∣
k + 1

n + 1
− x

∣∣∣∣

)
,

|bk,n(x)| ≤ max

(∣∣∣∣
k

n + 1
− x

∣∣∣∣
2

,

∣∣∣∣
k + 1

n + 1
− x

∣∣∣∣
2
)

,

|ck,n(x)| ≤ ‖�‖∞ max

(∣∣∣∣
k

n + 1
− x

∣∣∣∣
2

,

∣∣∣∣
k + 1

n + 1
− x

∣∣∣∣
2
)

,

together with Lemmas 4.1 and 5.6, imply that all terms of the form (5.34) are o
( 1
n

)
as

n → +∞, except for

n∑

k=0

ak,n(x)Bk,n(x),
n∑

k=0

ak,n(x)
2Bk,n(x),

n∑

k=0

bk,n(x)Bk,n(x).
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Moreover, also
n∑

k=0

R2(Yk,n(x))Bk,n(x) = o

(
1

n

)
as n → +∞, by (5.31), the estimate

for R2 of Lemma 5.2, Jensen’s inequality, the estimates for ak,n, bk,n, ck,n above and
Lemma 4.1. In conclusion, making use of (5.11)-(5.13), we have that

(V f )(x)

= lim
n→+∞ n

n∑

k=0

(
f ′(x)ak,n(x) +

(
p−1

2

f ′(x)2

f (x)
+ 1

2
f ′′(x)

)
bk,n(x)+ 1− p

2

f ′(x)2

f (x)
ak,n(x)

2
)
Bk,n(x)

= f ′(x)1 − 2x

2
+

(
p − 1

2

f ′(x)2

f (x)
+ 1

2
f ′′(x)

)
x(1 − x) + 1 − p

2

f ′(x)2

f (x)
x(1 − x)

= f ′(x)1 − 2x

2
+ f ′′(x) x(1 − x)

2
.

In case 2), let x = 0. We first note that

Kp,n f (0) =
(

(n + 1)
∫ 1

n+1

0
f (t)p dt

) 1
p

.

Moreover, by hypothesis, f is non-negative, so f ′(0) > 0. From (5.28) we get

f (t)p = f ′(0)pt p
(
1 + f ′′(0)

2 f ′(0)
t + h(t)

f ′(0)
t

)p

, t ∈ [0, 1].

By Lemma 5.2 with α = p and q = 0, we can write

(n + 1)
∫ 1

n+1

0
f (t)p dt = (n + 1) f ′(0)p

∫ 1
n+1

0
t p (1 + R0(y(t))) dt

= f ′(0)p

(p + 1)(n + 1)p
+ (n + 1) f ′(0)p

∫ 1
n+1

0
t p R0 (y(t)) dt,

where y(t) = f ′′(0)
2 f ′(0) t + h(t)

f ′(0) t . By the estimate |R0(y(t))| ≤ r(|y(t)|β + |y(t)|), for
some r depending only on p and β ≥ max(p, 1), it is possible to see that there exists
C independent of n such that

(n + 1) f ′(0)p
∫ 1

n+1

0
t p R0 (y(t)) dt ≤ C

(
1

(n + 1)p+β
+ 1

(n + 1)p+1

)
.

All these considerations prove (5.3). The arguments when x = 1 are similar (note that
in this case f ′(1) < 0).

Now we move to case 3), where Taylor’s formula (5.28) reduces to

f (t) = 1

2
f ′′(x)(t − x)2 + h(t − x)(t − x)2.
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Therefore,

f (t)p = f ′′(x)p

2p

(
1 + 2h(t − x)

f ′′(x)

)p

|t − x |2p,
and, by Lemma 5.2 with α = p,

f (t)p = f ′′(x)p

2p

(
1 + R0

(
2h(t − x)

f ′′(x)

))
|t − x |2p,

where R0 is a function satisfying |R0(y)| ≤ r(|y|β + |y|) for some β ≥ max(p, 1), r
(depending only on p, β) and all y ≥ −1. Hence

(
(n + 1)

∫ k+1
n+1

k
n+1

f (t)p dt

) 1
p

= f ′′(x)
2

dp,k,n(x)(1 + Yk,n(x))
1
p ,

where dp,k,n is defined by (5.10) and

Yk,n(x) =
(∫ k+1

n+1

k
n+1

R0

(
2h(t − x)

f ′′(x)

)
|t − x |2p dt

) (∫ k+1
n+1

k
n+1

|t − x |2p dt
)−1

.

Another use of Lemma 5.2, with α = 1
p and q = 0, yields to

(
(n + 1)

∫ k+1
n+1

k
n+1

f (t)p dt

) 1
p

= f ′′(x)
2

dp,k,n(x) + f ′′(x)
2

dp,k,n(x)R0(Yk,n(x)).

Therefore, (V f )(x) is the sum of two terms. The first one is

lim
n→+∞

(
n
f ′′(x)
2

n∑

k=0

dp,k,n(x)Bk,n(x)

)
= f ′′(x) x(1 − x)

2
,

by Lemma 5.4, while the second contribution is null by Lemma 5.6 (see (5.27)).
In conclusion, (5.2) holds true, i.e., (V f )(x) = f ′′(x) x(1−x)

2 .

Finally, the case 4). Since (Kp,n f )(x) =
n∑

k=0

σp,k,n Bk,n(x), where

σp,k,n(x) =
(

(n + 1)
∫ k+1

n+1

k
n+1

h(t − x)p|t − x |2p dt
) 1

p

,

Lemma 5.6 gives (V f )(x) = 0, hence (5.2) holds true.
This concludes the proof when f is non-negative, so we now move to a function f

with an arbitrary sign (possibly changing in the interval). Continuing the enumeration
started earlier in the proof, we may fall into one of the following cases:
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5) x ∈ [0, 1] and f (x) �= 0;
6) x = 0 or x = 1, f (x) = 0 and f ′(x) �= 0;
7) 0 < x < 1, f (x) = 0 and f ′(x) �= 0;
8) x ∈ [0, 1], f (x) = f ′(x) = 0 and f ′′(x) �= 0;
9) x ∈ [0, 1] and f (x) = f ′(x) = f ′′(x) = 0.

About cases 5), 6) and 8), we first note that f+ and f− are two times differentiable
at x (actually, a function between f+ and f− is null in a neighborhood of x and the
other one coincides with f in the same neighborhood). Then, the asymptotic formula
simply follows by the identity

(Kp,n f )(x) − f (x) = (Kp,n f+)(x) − f+(x) − (Kp,n f−)(x) + f−(x)

and by the case proved for non-negative functions.
As far as case 9) is concerned, we observe that from (5.28)

f+(t) = h+(t − x)(t − x)2, f−(t) = h−(t − x)(t − x)2, t ∈ [0, 1],
and |h+(t − x)|, |h−(t − x)| ≤ |h(t − x)|, so it is sufficient to apply Lemma 5.6,

|(Kp,n f )(x) − f (x)| = |(Kp,n f )(x)| ≤ 2
n∑

k=0

(
(n + 1)

∫ k+1
n+1

k
n+1

|h(t − x)|p|t − x |2p dt
) 1

p

Bk,n(x).

Finally, the proof of case 7) needs a significant elaboration, because the asymptotic
formula cannot be derived from the non-negative case (indeed f+ and f− are not
differentiable at x). We start by pointing out that in the last steps of the proof we
will make use of the rapid decay of the series

∑

k∈J2

Bk,n(x) as n → +∞, where

J2 = {k = 0, . . . , n : max(| k
n+1 − x |, | k+1

n+1 − x |) ≥ δ} and δ is fixed. This allows us
to confine our arguments on a neighborhood ]x − δ, x + δ[ of x . In particular, without
loss of generality, we may suppose that f ′(x) > 0 and then we can choose δ so that
f (t) ≥ 0 for x < t < x + δ, while f (t) ≤ 0 for x − δ < t < x .
Now, if k ∈ J1 = {k = 0, . . . , n : max(| k

n+1 − x |, | k+1
n+1 − x |) < δ}, then three

instances may occur:

A) x ≤ k

n + 1
, B)

k

n + 1
< x <

k + 1

n + 1
, C)

k + 1

n + 1
≥ x .

From now on, we set

Fk,n =
(

(n + 1)
∫ k+1

n+1

k
n+1

f+(t)p dt

) 1
p

−
(

(n + 1)
∫ k+1

n+1

k
n+1

f−(t)p dt

) 1
p

.

We will prove that, for k ∈ J1 and in any of cases A),B) and C),

Fk,n = f ′(x)ap,k,n(x) + f ′′(x)
2

bp,k,n(x) + cp,k,n(x), (5.35)
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where ap,k,n and bp,k,n are defined in (5.16)-(5.17) and cp,k,n gives a negligible con-
tribution. We make again use of Taylor’s formula (5.28) of f which can be written
as

f (t) = f ′(x)(t − x) + 1

2
f ′′(x)(t − x)2 + h(t − x)(t − x)2.

Let us start by case A). First of all, it follows that

Fk,n =
(

(n + 1)
∫ k+1

n+1

k
n+1

f (t)p dt

) 1
p

.

Moreover, by applying Lemma 5.2 with α = p and q = 1,

f (t)p = f ′(x)p(t − x)p
(
1 + f ′′(x)

2 f ′(x)
(t − x) + h(t − x)

f ′(x)
(t − x)

)p

= f ′(x)p(t − x)p
(
1 + p

f ′′(x)
2 f ′(x)

(t − x) + p
h(t − x)

f ′(x)
(t − x) + R1(y(t, x))

)
,

where y = y(t, x) = f ′′(x)
2 f ′(x)

(t − x) + h(t − x)

f ′(x)
(t − x) and |R1(y)| ≤ r(|y|β + |y|2)

for some β ≥ max(p, 2). Thus, we obtain

Fk,n = f ′(x)
(

(n + 1)
∫ k+1

n+1

k
n+1

(t − x)p dt + p
f ′′(x)
2 f ′(x)

(n + 1)
∫ k+1

n+1

k
n+1

(t − x)p+1 dt

+ p
n + 1

f ′(x)

∫ k+1
n+1

k
n+1

h(t − x)(t − x)p+1 dt + (n + 1)
∫ k+1

n+1

k
n+1

R1(y(t, x))(t − x)p dt

) 1
p

= f ′(x)ap,k,n(x)
(
1 + p

f ′′(x)
2 f ′(x)

bp,k,n(x)

ap,k,n(x)
+ p

f ′(x)
cp,k,n(x)

ap,k,n(x)

) 1
p

,

where ap,k,n and bp,k,n are given by (5.16)-(5.17) and

cp,k,n(x) =
(

(n + 1)
∫ k+1

n+1

k
n+1

(t − x)p dt

) 1
p −1

(n + 1)
∫ k+1

n+1

k
n+1

h(t − x)(t − x)p+1 dt

+ 1

p

(
(n + 1)

∫ k+1
n+1

k
n+1

(t − x)p dt

) 1
p −1

(n + 1)
∫ k+1

n+1

k
n+1

R1(y(t, x))(t − x)p dt .

By applying again Lemma 5.2 with α = 1
p and q = 1, we get

Fk,n = f ′(x)ap,k,n(x) + f ′′(x)
2

bp,k,n(x) + cp,k,n(x) + f ′(x)ap,k,n(x)R1(Yk,n),
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where

Yk,n = p
f ′′(x)
2 f ′(x)

bp,k,n(x)

ap,k,n(x)
+ p

f ′(x)
cp,k,n(x)

ap,k,n(x)

and |R1(Yk,n)| ≤ r2(|Yk,n|γ + |Yk,n|2) for some γ ≥ max( 1p , 2). Thus, we
have proved (5.35). We further make a remark about c̃p,k,n(x) := cp,k,n(x) +
f ′(x)ap,k,n(x)R1(Yk,n). The term cp,k,n(x) can be bounded by a linear combina-
tion of elements of the form (5.27). For this step it is useful to write the terms in cp,k,n
in a suitable way: for instance

(
(n + 1)

∫ k+1
n+1

k
n+1

(t − x)p dt

) 1
p −1

(n + 1)
∫ k+1

n+1

k
n+1

h(t − x)(t − x)p+1 dt

=
(

(n + 1)
∫ k+1

n+1

k
n+1

(t − x)p dt

) 1
p

(∫ k+1
n+1

k
n+1

h(t − x)(t − x)p+1 dt

)(∫ k+1
n+1

k
n+1

(t − x)p dt

)−1

≤ max

(∣∣∣∣
k

n + 1
− x

∣∣∣∣
2
,

∣∣∣∣
k + 1

n + 1
− x

∣∣∣∣
2
)(∫ k+1

n+1

k
n+1

h(t − x)(t − x)p dt

)(∫ k+1
n+1

k
n+1

(t − x)p dt

)−1

,

and so on. In addition, |ap,k,n(x)R1(Yk,n)| ≤ C( k+1
n+1 − x)3 for some C independent

of k, n, x . Moving to case C), we get

Fk,n = −
(

(n + 1)
∫ k+1

n+1

k
n+1

(− f (t))p dt

) 1
p

;

then from (5.28) writing

− f (t) = f ′(x)(x − t) − 1

2
f ′′(x)(x − t)2 − h(t − x)(x − t)2,

we have by Lemma 5.2 that

(− f (t))p = f ′(x)p(x − t)p
(
1 − f ′′(x)

2 f ′(x)
(x − t) − h(t − x)

f ′(x)
(x − t)

)p

= f ′(x)p(x − t)p
(
1 − p

f ′′(x)
2 f ′(x)

(x − t) − p
h(t − x)

f ′(x)
(x − t) + R1(y(t, x))

)
,

where y = y(t, x) = f ′′(x)
2 f ′(x)

(t − x)+ h(t − x)

f ′(x)
(t − x) and |R1(y)| ≤ r1(|y|β +|y|2)

for some β ≥ max(p, 2). Proceeding with similar steps as in the previous case, we
arrive to

Fk,n = f ′(x)ap,k,n(x) + f ′′(x)
2

bp,k,n(x) + cp,k,n(x) + f ′(x)ap,k,n(x)R1(Yk,n),
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where ap,k,n and bp,k,n are given by (5.16)-(5.17),

cp,k,n(x) =
(

(n + 1)
∫ k+1

n+1

k
n+1

(x − t)p dt

) 1
p −1

(n + 1)
∫ k+1

n+1

k
n+1

h(t − x)(x − t)p+1 dt

+ 1

p

(
(n + 1)

∫ k+1
n+1

k
n+1

(x − t)p dt

) 1
p −1

(n + 1)
∫ k+1

n+1

k
n+1

R1(y(t, x))(x − t)p dt,

and c̃p,k,n(x) := cp,k,n(x) + f ′(x)ap,k,n(x)R1(Yk,n) can be bounded following a
similar argument as before. Finally, reasoning as above and gathering the similar
terms, (5.35) and a corresponding bound for c̃p,k,n(x) hold also in case B).

Once we have proved that (5.35) is always true, we note that by Lemma 4.1

lim
n→+∞ n

∣∣∣∣∣∣

∑

k∈J2

Fk,n Bk,n(x)

∣∣∣∣∣∣
≤ ‖ f ‖∞ lim

n→+∞ n
∑

k∈J2

Bk,n(x)

≤ ‖ f ‖∞
δ4

lim
n→+∞ n

∑

k∈J2

max

(∣∣∣∣
k

n + 1
− x

∣∣∣∣
4

,

∣∣∣∣
k + 1

n + 1
− x

∣∣∣∣
4
)
Bk,n(x) = 0,

and

lim
n→+∞ n

∣∣∣∣∣∣

∑

k∈J2

(
f ′(x)ap,k,n(x) + f ′′(x)

2
bp,k,n(x)

)
Bk,n(x)

∣∣∣∣∣∣

≤
( | f ′(x)|

δ
+ | f ′′(x)|

2

)
lim

n→+∞ n
∑

k∈J2

max

(∣∣∣∣
k

n + 1
− x

∣∣∣∣
2
,

∣∣∣∣
k + 1

n + 1
− x

∣∣∣∣
2
)
Bk,n(x)

≤
( | f ′(x)|

δ3
+ | f ′′(x)|

2δ2

)
lim

n→+∞ n
∑

k∈J2

max

(∣∣∣∣
k

n + 1
− x

∣∣∣∣
4
,

∣∣∣∣
k + 1

n + 1
− x

∣∣∣∣
4
)
Bk,n(x) = 0.

Moreover, by the property of c̃p,k,n(x) and Lemma 5.6,

lim
n→+∞ n

∑

k∈J1

c̃p,k,n(x)Bk,n(x) = 0. (5.36)

Therefore, taking (5.35) and (5.36) into account, by means of Lemma 4.1 with j = 3
and Lemma 5.5, we have

(V f )(x) = lim
n→+∞ n(Kp,n f )(x) = lim

n→+∞ n

(
n∑

k=0

Fk,n Bk,n(x)

)

= lim
n→+∞ n

⎛

⎝
∑

k∈J1

Fk,n Bk,n(x) +
∑

k∈J2

Fk,n Bk,n(x)

⎞

⎠ = lim
n→+∞ n

⎛

⎝
∑

k∈J1

Fk,n Bk,n(x)

⎞

⎠
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= lim
n→+∞ n

⎛

⎝
∑

k∈J1

(
f ′(x)ap,k,n(x) + f ′′(x)

2
bp,k,n(x)

)
Bk,n(x)

⎞

⎠

= lim
n→+∞ n

(
n∑

k=0

(
f ′(x)ap,k,n(x)+ f ′′(x)

2
bp,k,n(x)

)
Bk,n(x)

)
= f ′(x)1 − 2x

2

+ f ′′(x) x(1 − x)

2
.

The proof of 7) is concluded and this completes the entire proof of the asymptotic
formula. 
�

6 Comparisons between Kp,n and Kn

In this final section we establish some comparison results about the approximation
of functions on a given point by means of the operators Kp,n and Kn . We will make
use of the monotonicity property of the operators Kp,n with respect to the parameter
p stated in Remarks 3.2 and consequence of Holder’s inequality: for any n ≥ 1 and
f ∈ L∞(0, 1) such that f ≥ 0,

Kp,n f ≤ Kq,n f , 0 < p < q. (6.1)

Changing the sign and order, an analogous monotonicity result holds for non-
positive functions. This proposition implies a benefit in the use of Kp,n rather than Kn

in the pointwise approximation of a non-negative function in many situations. Before
stating the results, we specify the terminology. Let x ∈ [0, 1]; we say that Kp,n f
approximates f at x better than Kn f if the approximation error by Kp,n f is less than
the one by Kn f , i.e.

|(Kp,n f )(x) − f (x)| < |(Kn f )(x) − f (x)|.

Corollary 6.1 Let f ∈ L∞(0, 1), f ≥ 0, be such that it is not constant a.e. on [0,1]
and it is continuous at x ∈ [0, 1]. It results that
(i) if (Kn f )(x) < f (x), then K p,n f approximates f at x better than Kn f , for all

1 < p < p;
(ii) if (Kn f )(x) > f (x), then K p,n f approximates f at x better than Kn f , for all

p̃ < p < 1,

where p, p̃ are such that 1 < p ≤ +∞, 0 ≤ p̃ < 1 and are depending on f and x.
In particular,

(iii) if f (x) is the maximum of f , then K p,n f approximates f at x better than Kn f ,
for all n ≥ 1 and 1 ≤ p < ∞;

(iv) if f (x) is the minimum of f , then K p,n f approximates f at x better than Kn f ,
for all n ≥ 1 and 0 < p < 1.
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Fig. 1 Comparison between the graphs of the function f , given by f (x) = sin(πx), and its approximations
Kp,n f for different values of p ≥ 1 (and n = 10) in a neighborhood of the maximum point x = 1

2 . The
best approximation is a consequence of the monotonicity with respect to p

Proof Let us consider statement (i). Inequality (6.1) implies two possibilities about
the function E : [1,+∞[ → R, E(p) = |(Kp,n f )(x) − f (x)|, i.e.
(a) there exists p1 > 1 such that E is decreasing in [1, p1], E(p1) = 0, and E is

increasing in [p1,+∞[ or,
(b) E is decreasing in [1,+∞[.
In the first case, let p be the real number greater than p1 such that E(p) =
|(Kn f )(x) − f (x)| if this number exists, otherwise let p = +∞. Then, E(p) <

E(1) = |(Kn f )(x)− f (x)| for all 1 < p < p. In the second case we define p = +∞
and obtain the same conclusion.
Statement (ii) can be proved in analogous way. The final statements are direct conse-
quences of the previous ones and of Proposition 3.3. 
�

Figure 1 shows an application of this corollary for the function f (x) = sin(πx).
The following comparison result between the nonlinear and linear Kantorovich

operators is instead a consequence of inequality (6.1) and the asymptotic formula
(5.2).

Corollary 6.2 Let f ∈ L∞(0, 1) be a non-negative function such that f is two times
differentiable at x where 0 < x < 1 or x = 0, 1 and f (x) �= 0. Moreover, let p > 0.
If one of the following conditions is satisfied

(i) f ′(x) 1−2x
2 + f ′′(x) x(1−x)

2 > 0 and 0 < p < 1,

(ii) f ′(x) 1−2x
2 + f ′′(x) x(1−x)

2 < 0 and p > 1,

then K p,n f approximates f at x better than Kn f for n large enough. In particular, if
x is a relative extreme point and one of the following conditions is satisfied
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(iii) f is strictly convex in a neighborhood of x and 0 < p < 1,
(iv) f is strictly concave in a neighborhood of x and p > 1,

then K p,n f approximates f at x better than Kn f for n large enough.

Remarks 6.3 Theorem 5.1 and inequality 6.1 imply also the following consideration.
Let f ∈ L∞(0, 1) be a non-negative function such that f is two times differentiable
at x , where 0 < x < 1, or x = 0, 1 and f (x) �= 0.

(i) If f ′(x) 1−2x
2 + f ′′(x) x(1−x)

2 > 0, then the lower p is, the better (Kp,n f )(x)
approximates f (x) for n large enough.

(ii) If f ′(x) 1−2x
2 + f ′′(x) x(1−x)

2 < 0, then the higher p is, the better (Kp,n f )(x)
approximates f (x) for n large enough.

Example 6.4 Let us consider the function f : [0, 1] → R given by f (x) = xα with
α > 0 and its approximations Kp,n f for p > 0 which are given by

(Kp,n f )(x) =
n∑

k=0

(
(k + 1)α p+1 − kα p+1

) 1
p

(α p + 1)
1
p (n + 1)α

Bk,n(x) .

Since

f ′(x)1 − 2x

2
+ f ′′(x) x(1 − x)

2
= αxα−1

2
(α − (α + 1)x),

we can make the following consideration by Corollary 6.2:

(i) Kp,n f with 0 < p < 1, gives for n large enough, a better approximation than
Kn f at any point x such that 0 < x < α

α+1 ;
(ii) Kp,n f with p > 1, gives for n large enough, a better approximation than Kn f

at any point x such that α
α+1 < x < 1.

This result can be seen in Figures 2a and 2b for the function f (x) = x2. The
graphs of f and some approximations Kp,n f are plotted around the points x = 0.655
and x = 0.705. For x = 0.655 (which is less than α

α+1 = 2
3 ), the operator Kp,n

with p = 0.01, 0.1, 0.5 < 1 approximates f (x) better than Kn (Figure 2a), while for
x = 0.705 (which is greater than α

α+1 = 2
3 ), the operator Kp,n with p = 2, 5, 10 >

1 approximates f (x) better than Kn (Figure 2b). More generally, in Figure 2a the
best approximation is given by the lowest value of p, while in Figure 2b the best
approximation is given by the highest value of p, as observed by Remark 6.3.

Finally, concerning an interval endpoint and a function vanishing on it, with deriva-
tive not null on it, we find that the best values of p are those less than 1. This is stated
in the next result which is a consequence of Theorem 5.1 and the fact that the function

p 	→ 1

(p + 1)
1
p

is increasing. It gives additional interest to the case 0 < p < 1, that curiously is the
case of L p-spaces which are not normed.
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Fig. 2 Comparison between the graphs of the function f , given by f (x) = x2, and its approximations
Kp,n f for different values of p (and n = 20) in neighborhoods of x = 0.655 and x = 0.705, which are on

opposite sides with respect to α
α+1 = 2

3

Corollary 6.5 Let f ∈ L∞(0, 1) be two times differentiable at x = 0 or 1 and such
that f (x) = 0 and f ′(x) �= 0. Then, for any 0 < p < 1, K p,n f approximates f at x
better than Kn f for n large enough.

As an example of application, we consider the function f defined by f (x) =
−x + 2x2, for x ∈ [0, 1]. It satisfies the assumptions of Corollary 6.5 and Figure 3
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Fig. 3 Comparison between the graphs of the function f , given by f (x) = −x+2x2, and its approximations
Kp,n f for different values of p (and n = 20) in a neighborhood of x = 0. The best approximation is a
consequence of the asymptotic formula at x = 0

shows that the values of p less than 1 give approximations (Kp,n f )(0) of f (0) = 0
better than (Kn f )(0). Note that for this example Corollary 6.1 cannot be applied since,
first of all, f is not non-negative (actually, neither non-positive) and moreover f at
x = 0 has a local but not global maximum.

7 Conclusion

In this paper we studied operators of Kantorovich-type on [0, 1], denoted by Kp,n

involving new kind of averages (the p-averages) in their definitions. In other words,
these operators provide approximations in terms of L p-norms (or quasi-norms) of the
functions on subintervals. We did not confine ourselves to the case p ≥ 1, but we
actually considered p > 0, noting the universality of many results (like Theorems 4.2
and 5.1) and the duality of others (like Corollary 6.2) between the cases 0 < p < 1
and p > 1. Furthermore, we remark that the p-averages could be considered in
generalizing other classes of approximation processes, acting on spaces of functions
on unbounded intervals or on the real line.

As a crucial property, the operators under investigation in the present paper are
nonlinear for p �= 1 and consequently their study presents more challenges. Among
the results in this paper, the main one is an asymptotic formula covering the complete
setting and, to the best of our knowledge, it is the first one in its kind provided for
nonlinear operators in Approximation Theory. Finally, we would like to mention that
there are other topics to examine concerning the operators Kp,n (for instance, their
rate of convergence) and this will be the subject of a forthcoming paper.
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