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Abstract

We investigate punctured maximum rank distance codes in cyclic models
for bilinear forms of finite vector spaces. In each of these models we consider an
infinite family of linear maximum rank distance codes obtained by puncturing
generalized twisted Gabidulin codes. We calculate the automorphism group
of such codes and we prove that this family contains many codes which are not
equivalent to any generalized Gabidulin code. This solves a problem posed
recently by Sheekey in [30].

Keywords: Maximum rank distance code, circulant matrix, Singer cycle

1 Introduction

Let My, »(F,), m < n, be the rank metric space of all the m xn matrices with entries
in the finite field F, with ¢ elements, ¢ = p", p a prime. The distance between two
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matrices by definition is the rank of their difference. An (m,n,q; s)-rank distance
code (also rank metric code) is any subset X of M, ,(F,) such that the distance
between two of its distinct elements is at least s. An (m,n, ¢; s)-rank distance code
is said to be linear if it is an F -linear subspace of M,, ,(F,).

It is known [10] that the size of an (m,n, ¢; s)-rank distance code X" is bounded
by the Singleton-like bound:
‘X| < qn(mfs+1)'

When this bound is achieved, X is called an (m,n,q; s)-maximum rank distance
code, or (m,n,q;s)-MRD code for short.

Although MRD codes are very interesting by their own and they caught the atten-
tion of many researchers in recent years [1, 5, 29, 30], such codes also have practical
applications in error-correction for random network coding [16, 25, 32|, space-time
coding [33] and cryptography [15, 31].

Obviously, investigations of MRD codes can be carried out in any rank metric
space isomorphic to M, ,(F,). In his pioneering paper [10], Ph. Delsarte constructed
linear MRD codes for all the possible values of the parameters m, n, ¢ and s by using
the framework of bilinear forms on two finite-dimensional vector spaces over a finite
field. Delsarte called such sets Singleton systems instead of maximum rank distance
codes. Few years later, Gabidulin [14] independently constructed Delsarte’s linear
MRD codes as evaluation codes of linearized polynomials over a finite field [20].
Although originally discovered by Delsarte, these codes are now called Gabidulin
codes. In [24] Gabidulin’s construction was generalized to get different MRD codes.
These codes are now known as Generalized Gabidulin codes. For m = n a different
construction of Delsarte’s MRD codes was given by Cooperstein [6] in the framework
of the tensor product of a vector space over F, by itself.

Recently, Sheekey [30] presented a new family of linear MRD codes by using lin-
earized polynomials over F,». These codes are now known as generalized twisted
Gabidulin codes. The equivalence classes of these codes were determined by Lu-
nardon, Trombetti and Zhou in [23]. In [28] a further generalization was considered
giving new MRD codes when m < n; the authors call these codes generalized twisted
Gabidulin codes as well. In this paper the term ”generalized twisted Gabidulin code”
will be used for codes defined in [30, Remark 8]. For different relations between lin-
ear MRD codes and linear sets see [9, 22|, [30, Section 5], [7, Section 5]. To the
extent of our knowledge, these are the only infinite families of linear MRD codes
with m < n appearing in the literature.

In [12] infinite families of non-linear (n,n,q;n — 1)-MRD codes, for ¢ > 3 and
n > 3 have been constructed. These families contain the non-linear MRD codes



provided by Cossidente, Marino and Pavese in [7]. These codes have been afterwards
generalized in [11] by using a more geometric approach. A generalization of Sheekey’s
example which yields additive but not F-linear codes can be found in [27].

Let X be a rank distance code in M, ,,(F,). For any given m x n matrix A over I,
of rank m < n, the set AX = {AM : M € X} is a rank distance code in M,, ,(F,).
The code AX is said to be obtained by puncturing X with A and AX is called a
punctured code. The reason of this definition is that if A = (1,,]0,,_,), where I,
and 0,,_,, is the m x m identity and m x (n —m) null matrix, respectively, then the
matrices of AX are obtained by deleting the last n —m rows from the matrices in X.
Punctured rank metric codes have been studied before in [3, 26] but the equivalence
problem among these codes have not been dealt with in these papers.

In [30, Remark 9] Sheekey posed the following problem:

Are the MRD codes obtained by puncturing generalized twisted Gabidulin codes equiv-
alent to the codes obtained by puncturing generalized Gabidulin codes?

Here we investigate punctured codes and study the above problem in the frame-
work of bilinear forms. We point out that the very recent preprint [35] deals with the
same problem by using g-linearized polynomials. In [35] the authors investigate the
middle nucleus and the right nucleus of punctured generalized twisted Gabidulin
codes, for m < n. By exploiting these nuclei, they derive necessary conditions
on the automorphisms of these codes which depend on certain restrictions for the
parameters.

Let V and V' be two vector spaces over F, of dimensions m and n, respectively.
Since the rank is invariant under matrix transposition, we may assume m < n.

A bilinear form on V and V' is a function f : V x V' — F, that satisfies the

identity
f (z z) =S i),
i j 1,5

for all scalars ;, 2, € Fy and all vectors v; € V, v} € V'. The set Q,,, = Q(V, V')
of all bilinear forms on V and V' is an mn-dimensional vector space over F,.

The left radical Rad (f) of any f € Q,,, is by definition the subspace of V/
consisting of all vectors v satisfying f(v,v") = 0 for every v € V'. The rank of f is
the codimension of Rad (f), i.e.

rank(f) = m — dimg,(Rad (f)). (1)

Then the F,-vector space (2,,, equipped with the above rank function is a rank
metric space over F,.



/

Let {ug, ..., um—1} and {ug,...,u,_;} be a basis for V' and V’, respectively. For

’ Un—1
any f € Qpn, the m x n F-matrix My = (f(uy,u})), is called the matriz of f in
the bases {ug, ..., Um—1} and {uf,...,ul,_,}. It turns out that the map
Viug,..., U — 15U Ul 1 } : Qm,n — Mm,n(Fq) (2)
fo= M

is an isomorphism of rank metric spaces with rank(f) = rank(M;).

Let I'L(€2,,,.,) denote the general semilinear group of the mn-dimensional F-vector
space {2y, ,, that is, the group of all invertible semilinear transformations of €2, .
Let {wy,...,wn,} be a basis for €, ,, and recall that Aut(F,) = (¢,), where ¢, :
F, — I, is the Frobenius map A — AP. Using ¢,, we define the map ¢ : 2, , = QO 5,

by

Then ¢ is an invertible semilinear transformation of €2, ,,, and for (a;;) € GL(mn, q)
we have (a;;)? = (aj;). Therefore ¢ normalizes the general linear group GL(mn, q)
and we have I'L(£2,,,,) = GL(Qy,,) X Aut(F,).

An automorphism of the rank metric space 2, ,, is any transformation 7 € I'L(Q,,,.,)
such that rank(f7) = rank(f), for all f € €2, ,,. The automorphism group Aut(2,,,)
of 2, is the group of all automorphisms of €2,, ,, i.e.

Aut(Q, ) = {7 € TL(Qy,,) : rank(f7) = rank(f), for all f € Q,,}.

By [36, Theorem 3.4],
Aut(Q,,,) = (GL(V) x GL(V’)) x Aut(F,) for m < n,
and
Aut(Q,,) = (GL(V") x GL(V')) x (T) x Aut(F,) for m = n,

where T is an involutorial operator. In details, any given (g, ¢’) € GL(V) x GL(V’)
defines the linear automorphism of €2, ,, given by

99 (v,0") = f(gv, g'v"),

for any f € Q,,,. If A and B are the matrices of g € GL(V) and ¢ € GL(V’)
in the given bases for V and V', then the matrix of f@9) is A'M;B, where t
denotes transposition. Additionally, the semilinear transformation ¢ of €2, ,, is the
automorphism given by

—1

f¢(U7vl) = [f(vdrlﬂ/q5 )]p
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If My = (a;;) is the matrix of f in the given bases for V' and V’, then the matrix
of f?is M?¢ = (a;). Therefore ¢ normalizes the group GL(V) x GL(V'). If m < n,
the above automorphisms are all the elements in Aut(£2,,,,).

If m = n, one may assume, and we do, V' =V = (ug, ..., u,_1). The involutorial
operator T : €, , — €}, , is defined by setting

fT(U7UI) = f(vl’v)'

If My = (aj) is the matrix of f in the given bases for V' and V", then the matrix of
fT is the transpose matrix M} of My. The operator T acts on GL(V) x GL(V) by

mapping (g,4") to (¢', ).
For a given subset X" of Q,,,, the automorphism group of X is the subgroup of

Aut(§,,,) fixing X. Two subsets X}, X of €2, are said to be equivalent if there
exists ¢ € Aut(2,,) such that X, = A7 .

The main tool we use in this paper is the k-cyclic model in V(r,¢") for an r-
dimensional vector space V (r,q) over F,, where k is any positive integer such that
ged(r, k) = 1. This model generalizes the cyclic model introduced in [6, 13, 18] and
it is studied in Section 2. In particular, the endomorphisms of the k-cyclic model
are represented by r x r ¢*-circulant matrices over .

For any k such that ged(m, k) = 1 = ged(n, k), the elements of 2, , acting on the
k-cyclic model of V and V' are represented by ¢*-circulant m x n matrices over Foa,
where d = lem(m,n). We then have a description of the elements in Aut(€2,,,) in
terms of ¢*-circulant matrices.

In Section 3 we prove that the code obtained by puncturing an (n,n,q;s)-MRD
code is an (m,n,q; s + m — n)-MRD code, where n — s < m < n. In particular,
the code in €2, ,, obtained by puncturing a generalized Gabidulin code in (2, is a
generalized Gabidulin code. Conversely, every generalized Gabidulin code in €2, ,
can be obtained by puncturing a generalized Gabidulin code in €2,, ,,.

By using the representation by ¢*-circulant matrices of the elements of €2, ,, acting
on the k-cyclic model for V' and V', we calculate the automorphism group of some
generalized Gabidulin code. In Section 3 we also construct an infinite family of MRD
codes by puncturing generalized twisted Gabidulin codes [30, 23]. We calculate the
automorphism group of these codes in Section 4. By using a recent result by Liebhold
and Nebe [21], we prove in Section 5 that the above family contains many MRD
codes which are inequivalent to the MRD codes obtained by puncturing generalized
Gabidulin codes. This solves the problem posed by Sheekey in [30, Remark 9].



2 Cyclic models for bilinear forms on finite vector
spaces

Let V(r,q) = (uo,-.-,u—1)r,, 7 = 2, be an r-dimensional vector space over
the finite field F,r. We denote the set of all linear transformations of V (r,q) by
End(V (r.q)).

Embed V (r,q) in V(r,q") by extending the scalars. Concretely this can be done
by defining V (7, ¢") = {321—g Nt = \; € Fyr }.

Let & : V(r,q") — V(r,q") be the F -semilinear transformation with associated
automorphism 0 : x € Fr — 27 € Fyr such that {(u;) = u,. Clearly, V(r, q) consists
of all the vectors in V(r,¢") which are fixed by &.

In the paper [6], the cyclic model of V(r,q) was introduced by taking the eigen-
vectors Sg, ..., S.—1 in V(r,q") of a Singer cycle o of V(r,q); here a Singer cycle of
V(r,q) is an element o of GL(V(r,q)) of order ¢" — 1. The cyclic group S = (o) is
called a Singer cyclic group of GL(V (1, q)).

Since sg, ..., s,—1 have distinct eigenvalues in [Fy-, they form a basis of the exten-
sion V(r,q") of V(r,q).
In this basis the matrix of ¢ is the diagonal matrix diag(w,w?, ... ,wqrfl), where

w is a primitive element of F,» over F, and w? is the eigenvalue of s;. The action
of the linear part ¢¢ of the [F r-semilinear transformation ¢ is given by ¢(s;) = si41,
where the indices are considered modulo r [6]. It follows that

Vi(r,q) = {Z 19 x € qu} : (3)

We call {so, ..., s,—1} a Singer basis for V(r, q) and the representation (3) for V(r, q),
or equivalently the set {(z,z9,... ,a:qrfl) rx € Fpr} C Ty, is the cyclic model for
V(r,q) [13, 18].

We point out that the Fyr-semilinear transformation ¢ : V(r,¢") — V(r,q¢") with
associated automorphism the Frobenius map ¢, : * € F,r — a7 € F, such that
¢(u;) = u; acts on the cyclic model (3) by mapping xsg + 2951 4 ... + 29 s,_; to
2P sy + sy + .. 4+ 2P s, .

Let £ be a positive integer such that ged(k,r) = 1. Set 35’“) = Skimodr, fOr
i =0,...,7 — 1. For brevity, we use [j] = ¢/ and aVl = a?, for any a € F,. It is
clear that the exponent j is taken mod r because of the field size. Then we may



write .
Vir,q) = {ZJEMSEH ‘X € qu} . (4)
i=0

We call the representation (4) for V(r, g), or equivalently the set {(z, 2, ..., 2Fr=DI)
x € Fyr} C Ty, the k-cyclic model for V(r,q).

It is easily seen that the linear part of the semilinear transformation &* acts on

the k-th cyclic model for V(r,q) by mapping 35’“’ to 35_1?1, with indices considered
modulo 7.

An r x r ¢*-circulant matriz over F- is a matrix of the form

aO al e arfl
k k k
(k) _ a[rll ag] e au2
(a0,at,.ar—1) — : : - :
a[lk(rq)] a[2k(r71)] o a({)k(rfl)]

with a; € F,». We say that the above matrix is generated by the array (ao, ..., a,—1).

Let D) (F,-) denote the matrix algebra formed by all  x r ¢*-circulant matrices
over [F,r and B (F,r) the set of all invertible ¢*-circulant r x r matrices. When
k =1, an r x r g-circulant matrix over F, is also known as a Dickson matriz,
D, (Fyr) = D,(ﬂl)(qu) is the Dickson matriz algebra and B, (F,) = BV (Fyr) is the
Betti-Mathieu group [2, 4]. It is known that End(V(r,q)) ~ D,(F,r) and B, (Fy) ~
GL(V(r,q)) [20, 37].

Remark 2.1. In terms of matrix representation, the above isomorphisms are de-

scribed as follows. Let V(r,q) = (uo, ..., u,—1)r, and {so,...,s,_1} a Singer basis
for V(r, q) defined by the primitive element w of F, over F,. Up to a change of the
basis {ug,...,u,—1} in V(r,¢), we may assume

u; :wiso—i—...#—wiqrflsr_l, fori=0,...,r—1.

Notice that u; € V(r,q), for i =0,...,7 — 1. The non-singular Moore matrix

1 w .« wal
1 w? .. D
1 wq.’“‘1 . w(Tf‘l)qT‘1
is the matrix of the change of basis from {uy,...,u,_1} to {so,...,s._1}. Therefore,

the matrix map D € D,(F,) — E 'DE, € M, ,(F,) realizes the above isomorphism.
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Proposition 2.2. End(V(r,q)) ~ DP (Fyr) and GL(V (1, q)) ~ B" (Fyr).
Proof. For any a = (ay, ..., a,_1) over F -, the ¢"-circulant matrix D) acts on the
k-th cyclic model (4) for V/(r,q) by mapping (z,z, ... z*0=) to (apz + a2 +
”+ar_1x[k(r71)]7a[ ] x_HL[k]x[k]Jr +a[k] k(=11 ,a[lk(”_l)]x+a[2k(7"—1)]x[k]+. 4+
a([)k(r_l)]x[k(r_l)]) giving D( ) is an endomorphism of (4). Let Du, Do € pP (Fyr)
such that Dox' = Dyx!, for every x = (x,zl ... 2FC=D) 2 € F,. Hence,
(ap — ab)x + (a1 — a})x¥! —|— oot (@ — anl)a:[k(T_l)] =0, for all z € Fr. As the
left hand side is a polynomial of degree at most ¢"~! with ¢" roots, we get a = a’.
Therefore, matrices in D) (F,~) represent q’”2 distinct endomorphisms of the k-th
cyclic model for V (r,q). As ¢" = |End(V (1, q))|, we get the result. O

Remark 2.3. Let K, be the (permutation) matrix of the change of basis from
{s(()k), 51 ™Y to {sg, ..., 8.1} As sz(-k) = Sikmodr, for i =0,...,7r — 1, then the
i-th column of K is the array (0,...,0,1,0,...,0)" where 1 is in position ik mod r,

fori=0,...,r—1.If 7 € End(V(r q)) has ¢~ c1rculant matrix Dga()) a1ar_ ;) i1 the
basis {s(()k), ..., 51"} then the matrix of 7 in the Singer basis {so, ..., Sr—l} is the
g-circulant matrix D, b, _,) = KTDEZ)) o _._ar_l)Kfl, for some array (by,...,b._1)

over Fr. Since ged(k,r) = 1, we can write 1 = Ir + hk, for some integers [, h, giving
bi = Gih modr, fori=0,...,r—1.
Therefore, DI (F,) = KD, (F)K, and BP (Fy) = K718, (F) K,

Remark 2.4. We explicitly describe the action of Aut(F,) on V(r,¢") in the Singer

basis {s(()k), VN r 1} By Remark 2.1 the invertible semilinear transformation ¢
of V(r,q") defined by the Frobenius map ¢p v € Fpr — 2P € Fy acts in the
basis {so, ..., s,_1} via the pair (E.(E 1)?; ¢,), where Er is the non—singular Moore

matrix (5) and (E71)P is the matrix obtamed by E, ! by applying ¢, to every entry.
By Remark 2.3 ¢ acts in the basis {s{", ... s, } via the pair (K- 'E,(E- 1)K, ¢,),
since K? = K.

Let V = (uo,...,um—1)r, and V' = (ug, ..., u,_1)5,, with m < n. If m =n
we take V' = V = (ug,...,Un-1)r,- Let o and ¢’ be Singer cycles of GL(V)
and GL(V’), respectively, With associated semilinear transformations £ and &'. Let
{s0,.--,Sm—1} and {s(,...,s,,_,} be a Singer basis for V and V’, defined by ¢ and ¢’,
respectively For any given positive integer k such that ged(k,n) = ged(k,m) = 1, let

(s 8™ Yand {7, ..., 5™} be the bases of V(m,¢™) and V(n,¢") defined

»Sn—1
as above. Therefore, we may consider (2, ,, as the set of all bilinear forms acting on
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the k-th cyclic model for V and V’. In addition, any element in GL(V) x GL(V’) is
represented by a pair (A, B) € BY (Fym) x B (Fyn).

Set e = ged(m, n) and d = lem(m, n), the greatest common divisor and the least
common multiple of m and n, respectively.

Let Trya/, denote the trace function from [« onto F,:
-1
Troasg 1y € Fga — Tryas,(y) = qu eF,.
i=0
Since ged(k, d) = 1, we may write Trya/, as

d-1
T®  y e Fpa — TH (y) = Zy[k] e,
i=0

For0<j<e—1landagivena € F.a and v = xs(()k) +... —i—:L’[k(m_l)]sf,f)_l € V and

v = :E’sg(k) +...+ x’[k(”_l)]SSﬁ)l, the map

(k) _ ok kj
Jay (0, 0') = T (aza™) (6)
is a bilinear form on the k-cyclic model for V" and V’. We set
Q;k):{féf?IaEqu}, for0<j<e—1 (7)

The following result gives the decomposition of €2,,,, as sum of the subspaces Qg-k).

Theorem 2.5.

e—1
_ (k)
Qpn = Q5. (8)
j=0
Proof. Let first assume k = 1. For any e-tuple a = (ao, . . ., Ge—1) over Fa we define
an m x n matrix D, = DS = (d; ;) over F,a as follows. We will use indices from 0 for

both rows and columns of D. Let dy; = a;, for 0 < j <e—1, and let d; ; = d;—1 -1,
where the row index is taken modulo m and the column index is taken modulo n.
Notice that the above rule determines every entry of D,. In fact, d; ; = a?s, where
l=j5—iv (mode), 0 <l <e—1ands=pm+i, where 3 is the unique integer in
{0,1,...,n/e — 1} such that j —i =1+ fm (mod n).

Now let f,; € €2;. Then the matrix of f,; in the Singer bases {so,...,sy,_1} and
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{84, -..,s,_1} is the matrix obtained by applying the above construction to the array
a=1(0,...,0,a,0,...,0), with a in the j-th position. It is now easy to see that the
F,-spaces €2, for j = 0,...,e— 1 intersect trivially. By consideration on dimensions
we may write €, , = @;é Q;.

The k-cyclic model for V' and V' is obtained from the 1-cyclic model by applying
the changing of basis described in Remark 2.3. Therefore the F,-spaces Qg-k), k>1,

are pairwise skew and €, , = @;;3 ng). O

Example 1. Let m =2, n =6 and k = 1, so that d = 6 and e = 2. For any array
a = (ag,a;) over F s, we have

2 2 4 4
ap a; af al af df
Dy = e 9 a ¢ 3 F$ ]
ap Gy a1 Gy G Gy

Example 2. Let m =4, n =6 and k = 5, so that d = 12 and e = 2. For any array
a = (ag,a) over Fp 2, we have

8k 8k 4k 4k 4 4 8
ap  ar  al® B UM gl a  a; af a af df
[5K] (K] (%] [9K] [9k] [5K] q q° q° q° q° q
a 6] (6k]  [2k]  [2k]  [10k]  [10K] - q° q° N L LR o
a[?lk} a[17k] a[[)7k] a[13k} ao[sk] a[lnk] ao? a111 aou i 3 %3 a17
q q q q q q
ay Qg ay Qg ay Qg ap Gy G Qg ap Qg

We call a matrix of type Dz(f) an m x n ¢*-circulant matriz over 4, where d =

lem(m,n). We say that D s generated by the array a = (ag, a1, . .., a.—1), where
e = ged(m,n). We will denote the set of all m x n ¢*-circulant matrices over F s by

k
DY) (F ).
The next result gives a description of €, , and Aut(€2,,,) in terms of q"-circulant

matrices.
Proposition 2.6. Let m < n. Then Qy,,, ~ Dﬁ,ﬁ)n(Iqu).
If m <n, then
Aut(Qp) = (BB (Fym) x B® (Fyn)) 3 Aut(F,);

if m =n, then

Aut(Q) = (BE(Fym) x BE(Fn)) % (T) x Aut(F,).

10



Proof. For any a = (ao, . . ., Ge—1) over Fa we consider the bilinear form fék) = (EO )0+

f a1, e 1 Straightforward calculation shows that the matrix of fak in the bases

(k)

{80 e m 1} and {sok), ey Sy 1} is the m x n ¢*-circulant matrix Da~’ generated

by a. Now assume that fa is the null bilinear form. Let V' = (uq, ..., tup_1)r, and
V' = (ug,...,u,_1)r,- By Remarks 2.1 and 2.3 the matrix of F in the bases
{ug, ..., um—1} and {ug,...,u,_,} is (K;LIEm)thk)(KglEn), which is clearly the
zero matrix. As K.'E,, and K 'E, are both non singular we get DY) is the

zero matrix giving a is the zero array. Therefore, matrices in fof)n(lﬁ‘qr) represent
qde = ¢ distinct bilinear forms acting on the k-th cyclic models for V and V’. As

= |Qunl, we get Qpp >~ Dfﬁn(F a).

To prove the second part of the Proposition we first note that Proposition 2.2
implies that the group of all F,-linear automorphisms of (2,,, is isomorphic to

(BY (Fygn) x B (Fyn)), if m < n, and to (B (Fyn) x BYY (Fyn)) » (T), if m = n.
1f D

(@0, Ge—1)

V and V' respectively, then f? is Dg:,), ) by Remark 2.4. This concludes the
0 e—1

proof. O

is the matrix of f in the bases {sg,...,Sm_1} and {sg,...,s,_1} for

Remark 2.7. The isomorphism v = Vil ) g )y Qo — Dgf,)n(qu) is

0 o Sm—1350 o n—

described as follows. Let V' = (ug, ..., Un_1)F, and V' = (ug, ..., up,_1)r, and let
f € Q,, with matrix My over [, in the bases {uo, ..., up_1} and {ug,...,u),_,}
of V and V'. Since {uo, Ui, ..., Um_1} is a basis for V(m,¢?) and {u},uy,...,u),_,}
is a basis for V(n,q%), we can extend the action of fonV x V' to an action on
V(m, q?) x V(n,q%) in the natural way. Let f(s0 , j(k)) =a;€Fu,j=0,...,e—1.
By Remarks 2.1 and 2.3, the matrix of the change of basis from {ug,...,u,_1} to
(s, .. 8} is E-'K,. Therefore, v(f) = DY = (B Ky ™My(EPK,), with
a = (ag,...,a._1). Since change of bases in V(m,q?) x V(n, q?) preserves the rank
of bilinear forms, we have rank(f) = rank(M;) = rank(De(lk)).

3 Puncturing generalized Gabidulin codes

Let X be a rank distance code in M,, ,(F,) and A any given m x n matrix of rank
m, m < n. It is clear that the set AX = {AM : M € X} is a rank distance code in
My, o (F,). We say that the code AX, which we will denote by P4(X), is obtained

by puncturing X with A and P4(X) is known as a punctured code.
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Theorem 3.1 (Sylvester’s rank inequality). [17, p.66] Let A be an m x n matriz
and M an n x n' matriz. Then

rank(AM) > rank(A) + rank(M) — n.

Theorem 3.2. (see also [3, Corollary 35]) Let X be an (n,n,q;s)-MRD code. Let
A be any m x n matriz over F, of rank m, withn —s < m <n. Then the punctured
code Pa(X) is an (m,n,q;s')-MRD code, with s' = s+ m — n.

Proof. We first show that the map M — AM is injective. Assume AM; = AM, for
some distinct matrices My, My € X. Then A(M; — My) = 0, giving dim(ker A) >
rank (M; — My) > s > 0, thus rank A = m — dim(ker A) < m, a contradiction.
Therefore, |[AX| = |X| = ¢*("—s+D) = gn(m=s"+1)

By the Sylvester’s rank inequality, we have
rank(AM; — AMs,) > rank(A) +rank(M; — My) —n>m+s—n=3s > 0.
It follows that AX is an (m,n,q;s')-MRD code. O

Remark 3.3. Let B be matrix in M,, ,(F,) of rank m. It is known that there exist
S € GL(m,q) and T € GL(n, q) such that B = SAT [17, p.62]. Therefore

Pp(X) = Psar(X) = SPA(TX),

giving Pp(X) is equivalent to the punctured code P4(TX). Note that T X is equiv-
alent to X.

We recall the construction of the generalized Gabidulin codes as given in [14]. For
any positive integers ¢, k with ¢ < n and ged(k,n) = 1, set £ (Fn) to be the set of
all ¢*-polynomials over F» of ¢*-degree at most t — 1, i.e.

Egk) (Fgn) = {ao + arz™ + . a2, € Fon}.

We note that by reordering the powers of z in any f € P (F,n) we actually find
a g-polynomial. However, to study the generalized Gabidulin codes in terms of
¢"-polynomials we need to keep the original order for the powers in f.

Let go,...,9m—1 € Fgn, m < n, be linearly independent over F,. Let G be the
matrix

90 9 T Im—1
(K] (k] L (k]
GIF — 9 91 Im—1
1)k -1k -1k
g([)(t )K] gg(t DL 97[211) ]

12



We consider the matrix G*! as a generator matrix of a subset (jfk) of arrays over
. 5k 5(k k
Foy e G =G oy = {(F(00)s s F(gm-1)) : ] € LI ()}
Let V' = Fgn = (uo, . .., Un—1)r,- The map

6 = 8{u07...,un71} . Fqn _> FZ,
t
Z Tiu; > (xg, - ,xn_l)

maps the set Qt(k) to the matrix set
5(k m— k
(@) = (MO MO M) f € LV (Fy)} © M (Fy),

where M@ = ¢(f(g;)). Since the rank is invariant under matrix transposition and
in this paper we consider matrix codes in M, ,(F,) with m < n, we may take
the matrix code Qt(k) obtained by taking the transpose of the elements in S(QNt(k)).
Therefore gf’“) is a (m,n,q;m —t + 1)-MRD code. These MRD codes are called
generalized Gabidulin codes [24].

By Proposition 2.2, we may identify the elements in End(V’) with elements in
£ (Fgn) via the map D(q,..q,_,) — G0 + arz® + .+ a,_1 2 =V Therefore, gt(’“)
consists of the matrices of the restriction over the subspace V' = (go, ..., gm-1)F,
of V! =T of all the endomorhisms of V’. These matrices act on the set Fy* of all
row vectors as v — vM. As we are working in the framework of bilinear forms, we
consider any matrix in Qt(k) as a matrix of the restriction on V' x V’ of the bilinear
form acting on V' x V' whose n X n matrix is the matrix of an element in £ (Fyn).
By Proposition 2.6 the elements in Qt(k) can be represented by ¢*-circulant matrices
over F 4, where d = ged(m,n).

he following result seems to be known, but we include a proof for the sake of

completness.

Theorem 3.4. Let G be any generalized Gabidulin (n,n,q;n—t+1)-code and let A
be any given m X n matriz over Fy of rank m, with t < m < n. Then the punctured
code P4(G) is a generalized Gabidulin (m,n,q;m —t + 1)-code. Conversely, every
generalized Gabidulin (m,n,q;m —t + 1)-code, with 1 < t < m, is obtained by
puncturing a generalized Gabidulin (n,n,q;n —t + 1)-code.

Proof. Let V' = Fgn = (uo, ..., Un—1)r,- By the argument above, G is considered
as the set of all bilinear forms acting on V' x V' whose matrix corresponds to a
¢*-polynomial in £ (Fpn) = {ag + arz™ + ... + a1 a*EV g, € Frn )

The given matrix A = (a;;) corresponds to the linear transformation

. n—1 .
Toou ijoaijuj, 1=0,...,m—1.

13



As rank A = m, the subspace V = (7(ug),...,7(uy,_1)) is an m-dimensional sub-
space of V. It follows that P4(G) consists of the matrices of the bilinear forms on
V' x V" in the bases {¢; = 7(u;) : i =0,...,m — 1} and {ug,...,u,—1} of V and V",

respectively. Therefore P4(G) is the generalized Gabidulin code g((jo).__gm_l) .- By
Theorem 3.2 g((;“g’_“’gmfl)’t is an (m,n,q; s + m —n)-MRD code.
For the converse, let Qt(k) = g((jgv_gmfl);t be a generalized Gabidulin code. Set

V= (90:-- -+ 9m-1)r, and extend go, ..., gm—1 With gn,...,g,—1 to form a basis of
V' =Fm = V(n,q). Then, elements in Qt(k) are the restriction on V' x V' of the
bilinear forms acting on V’ x V' whose matrix is the matrix of elements in £\ (Fyn)

in the basis go,...,gn-1. The set Gik) = g((gg gn1)it of such bilinear forms is a

generalized Gabidulin (n,n,q;n — t + 1)-code. In addition, matrices in g}’“) are
obtained from the matrices of ?Ek) by deleting the last n —m rows, i.e. g§’“> = Adk)
with A = (1,,,|Op—m). Therefore, the generalized Gabidulin code Qt(k) is obtained by

puncturing the generalized Gabidulin code ng) with A. m

From the proof of the previous result we get the following description for the
generalized Gabidulin codes.

Corollary 3.5. Let go,...,Gm—1 € Fgn, m < n, be linearly independent over IF.

Then the generalized Gabidulin code g((jg,...,gm_l);t 15 the set of all the bilinear forms

acting on V- x V' with V- = (go, - . ., gm-1)w, and V' =TF4n.

Remark 3.6. Let e = gcd(m,n) and d = lem(m, n). From the arguments contained
in Section 2 there exists a (Singer) basis of V' = (go, ..., gm—-1)r, and a (Singer) basis
of V' = F;n such that the elements in Q((;)) - gm_1)x may be represented as m X n

¢*-circulant matrices over Fya.

Remark 3.7. By the isomorphism €, ,, ~ Dﬁrlb?n(qu) stated by Proposition 2.6, the
Gabidulin code g((” is actually the Delsarte code defined by (6.1) in [10]

. gOan-yganl)’t
with V' = (g0, ., Gm—1)F,-

In the rest of the paper, m will be a divisor of n. We set r = n/m. Let V =
(s - -« s Um—1) and V' = (ug, ..., ul,_;) be two vector spaces over [F, of dimension m

and n, respectively. If m =n we take V' =V = (ug, ..., up_1)-

In the light of the isomorphism vy, .,y described by (2), every bilinear
form acting on V' x V' may be identified with an m x n matrix over F,. In other
words, if we assume V' is an m-dimensional subspace of V' after a vector-space

14



isomorphism, then the bilinear forms in €2, , are the restrictions on V' x V' of the
bilinear form in €, ,. Thus, €,,, is the puncturing of €2, , by a suitable m x n
matrix of rank m.

In this paper we work with cyclic models for vector spaces over F,. Let {so, ..., s,-1}
be a Singer basis for /. We note that not all m-dimensional subspaces of V' can
be represented With a cyclic model over Fym. Therefore, we need to choose suitable
vectors {s(,...,s,,_;} in V' such that the projection of the vectors in the cyclic
model for V' on the subspace spanned by {sp,..., s, ;} gives a cyclic model for
V' = V(m,q). This is what we do in the rest of this section.

Let o’ be a Singer cycle of V' with associated primitive element w’. Let {s{,...,s/, ;}
be the Singer basis for V' defined by ¢’. Note that s, € V(n,q¢"), fori =0...,n —
L. Set s; = >0~ (1) Sipjm for i = 0,1,....m -1, 0 = o\ =D/ =D and w =
w'(@"=D/(@"=1) " Then ¢ has order ¢™ — 1 and w is a primitive element of Fym
over [F,. It is easily seen that s; is an eigenvector for o with eigenvalue wi', for
i =0,...,m— 1. Since m divides n, the F m-span V(m,q¢™) of {s¢,...,Sm-1} is
contained in V'(n,¢"). Let £ be the semilinear transformation on V(m,¢™) whose
linear part is defined by l¢(s;) = s;41, where the indices are considered modulo m,
and whose companion automorphism is 0 : € Fgm +— 29 € Fym. Since the subset
{zso+ ...+ 2" s x € F,m} of V(m,q™) is fixed pointwise by &, it is a cyclic
model for V. By Proposition 2.6, every bilinear form on V' x V' can be represented
by m X n g-circulant matrices over Fn

Lemma 3.8. Let k be a positive integer such that ged(k,n) = 1. Then sgk) =

Z; é ;f])m7 fOTZ_O,l,-..,m—l,

Proof. For i = 0, 1, ...,m — 1 we have sgk) = Skimodm = Z;;(l) 8/(ki mod ) jm- On

the other hand, Sz+]m = Sk(i+jm) mod n- Lherefore we need to prove
{(kimodm)+jm:5=0,....,r =1} ={k(i+Iim)modn:1=0,...,r —1}.

Let ki =tm + s with 0 < s < m — 1. For each j € {0,1,...,r — 1} we need to find
1€{0,1,...,7—1} such that s+ jm = (tm+ s+ klm) mod n. This is equivalent to

j = (t+ kl) mod r, 9)

as r = n/m. Since ged(k,n) = 1, we also have ged(k,r) = 1. Let k~! denote the
inverse of £ modulo r. With [ = k71(j — t) mod r equation (9) is satisfied and

{k"'(j —t)modr: j€{0,1,...,r —1}} ={0,1,...,r — 1}.

Hence the assertion is proved. O
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The above Lemma implies the following result.

Proposition 3.9. Let k be a positive integer such that ged(k,n) = 1 and m a
divisor of n. Let {sy,...,sl,_1} be a Singer basis for V'. Set 3 (k) =) :é H—]m? for
t=0,1,...,m —1. Then the F,-subspace {Z 0 :E['“] } of V 18

a k-cyclic model for V.

Proof. By Remark 2.3 the k-cyclic model for V' is obtained from the cyclic model V' =
5o Yad's;x e F,m} by applying the change of ba81s say /<; from {sg,...,Sm-1}

with s; = > 77" 08 Sirim fori=0,1,...,m —1, to (s sy We recall that
is represented by the permutation matrix K'. By Lemma 3.8, sz- = Z;:é s;(fj)-m,
for « = 0,1,...,m — 1. This implies that the image under s of the cyclic model
(S tat's; x € Fym }1s{zzfolx[’“}() z € Fym } O

Let f be any glven bilinear form actmg on the k-th cyclic model of V/ with ¢*-
circulant matrix DS in the basis {SO R 1} As the matrix of the coordinates
of the vectors s(k) ...,si,’fll in this basis is the 1 x r block matrix A = (I,,, | I, |

L), the restrlction f|va/ of fonV x V' has matrix D = ADY in the bases
{s(()k),..., s™ 1 and {s KRICRY

To make notation easier, we index the rows and columns of an m x n matrix M
by elements in {0,...,m—1} and {0,...,n—1}. Further, M; and M) will denote
the i-th row and j-th column of M, respectively.

For i =0,...,m — 1, we have A —(0 .,0,1,0,...,0,1,0.. 0,1,0 ), with
1 at position ¢ + km, for k = 0,.. — 1, and 0 elsewhere. Let D be generated
by the array a = (ag,...,an_1). Then, [Dé1 NG = (q, agk]l, . ,ayﬁl N for j =
0,...,n — 1. Therefore, the (i, j)-entry of D is

(k1]

a;_; +

[k(i+m)] [k (r—1) m)] [k (i+hm)]
@j—(iem) o T Z 2+hm

where indices are taken modulo n. It turns out that D i 1s the m x n ¢"-circulant ma-

trix over F» generated by the array (3°7_¢ fzz], Sz [kh,ﬂ, U ayfbfiql]_ ) -
In particular, if a = (ao,...,a;-1,0,...,0) for some ¢ E {1,...,m}, then D is gen-
erated by the m-array (ao,...,a;-1,0,...,0) giving D to be the matrix of a bilinear
form in the rank distance code
t—1
k k
=0
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where the F,-subspaces ng) are given in (7). Note that the dimension of ®,,, ,,; over
[F, is nt. The above arguments together with Theorem 3.4 prove the following result.

Theorem 3.10. Let m > 1 be any divisor of n. For any t € {1,...,m}, the subset
CID(k) + 0f Q. is a generalized Gabidulin (m,n,q;m —t + 1)-code.

We now describe the generalized twisted Gabidulin codes as provided by Sheekey
in the recent paper [30] by using the framework of ¢*-polynomials over F,.. In [23]
the equivalence between different generalized twisted Gabidulin codes was addressed.

Let Ngn/, denote the norm map from Fg» onto [Fg:
Ngwjg: 4 € B Ngwj(y) = [ [ v* € Fo

Theorem 3.11. [23, 30] For any t € {1,...,n — 1} and p € Fon with Ngn/q(p) #
(—1)", define the subset

k)

FgLnt,us {fa aqsk7t:aEFqn}
of Q. and put

k k k k

Hgm)@,t,,u,s = F7(’L,'I)7,,t,p,,s D Qg ) S...D Qz(f—)l
Then Hnntus is an (n,n,q;n —t+ 1)-MRD code which is not equivalent to @;]f,)l’t
ift#1,n—1.
Let A be the 1 x r block matrix (I,, | I, | ... | Im). By Theorem 3.2, for any

te{l,...,m—1}, the punctured code PA(H,ngL ts) 18 an MRD code with the same

mnt defined by (10). We denote such (m,n,q;m —t+ 1)-

By using the decomposition (8) of ng)n with e = m, we

parameters as the code Pk

MRD code by H*

mntus
get
k (k k k
Hgn,)n,t,us = Pm)nt,us @ Qg ) EB T @ ng)l (11)
where Fg,’f)m“s = {f(ﬁ)) + fli]:?ZSkt ca € Fpn} and f (k € Q( is defined by (6). It

turns out that H is an linear MRD code of dlmensmn nt.

mntus

Remark 3.12. It is easy to see that the MRD code ”H,mntus has the same pa-
rameters as the (m,rm/2,¢;m — 1)-MRD codes provided in [9] only for ¢ = 2 and
n=m.
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4 The automorphism group of some punctured
generalized Gabidulin codes

Very recently, Liebhold and Nebe calculated the group of all linear automorphisms
of any generalized Gabidulin code. Here we give the finite fields version of Theorem
4.9 in [21].

Theorem 4.1. [21] Let g = Q k) be a generalized Gabidulin code. Let
Fy < Fpw < Fon be the mammal subﬁeld OfIF n such that (go, ..., gm-1)F, S an
qu/—subspace Let F,a be the minimal subfield of Fgn such that (go,. .., gm—-1)F,
15 contained in a one—dz’mensional ¥ a-subspace. Then there is a subgroup G of

Gal(F,a/F,) such that the group of all linear automorphisms of Qt(k) is isomorphic
to
(F., x GL(n/d,q")) x G.

Remark 4.2. The generalized Gabidulin code @mnt defined by (10) corresponds
to the case (go, ..., gm-1)r, = Fgm in the previous theorem.

In spite of Theorem 4.1, we believe that it is useful to have an explicit description
of the full automorphism group of an MRD code to compare MRD codes among
each other; see [30, 34].

Let S" = (o) be a Singer cyclic group of GL(V’) with associated semilinear trans-
formation £ as described in Section 2. In the basis {sg(k), c ;fk 1} the matrix of ¢
is the diagonal matrix diag(w,w, ... w*®=Y) Therefore, (¢%,0"7) acts on .,
by mapping the bilinear form with ¢*-circulant matrix D((k)

(k)
(wiaow? ..., wian—wilk(n=11)

the permutation matrix Déo,)...,o,l)‘ Then (l¢, ler) acts on 2, , by mapping the bilin-

ear form with ¢*-circulant DEZ)) ) to the bilinear form with matrix D((k[)k] o
- ag ey a

) to the bilinear

form with matrix D . The matrix of the linear part f¢ of &' is

n—1

Set ¢ = ({1, ber) and C be the cyclic subgroup of Aut(€2,,,,) generated by . It turns

out that any element in (S’ x S’) x C' x Aut(F,) fixes every component Qg.k) of Q.
In the paper [30], Sheekey gave a complete description of the automorphism group
of the MRD codes @ )tandH for any t € {1,...,n — 2}

n,n,t,u,s’

Theorem 4.3. [30] Let ¢ = p", p a prime.

i) For any given t € {1,...,n — 2}, the automorphism group of <I) t is the
semidirect product (S" X S’) x C' x Aut(F,).
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ii) For any given t € {1, .. — 2}, the automorphism group of Hnnt“s is the
subgroup of (S" x S') x C X Aut(IFq) whose elements correspond to the triples
((Da, Dy); 05 p°), with a = (a,0,...,0), b = (b,0,...,0) and a® b7 "¢ =

€qt—1

,Lqu

}/\ge now give more informations on the automorphism group of the MRD code
HE
n,n,t,u,s

Corollary 4.4. |Aut(H nnws)| = 1(q" — 1)(goedlmst) — 1), for some divisor | of nh.
If Fa is the smallest subfield of Fyn which contains u, then = ]l In particular, if
p € Fy, then I = nh.

Proof. Let G, = {qu*: x € F;n}. Note that G, is a subgroup of the multiplica-

tive group of Fy.. To calculate |G k| it is enough to observe that gl = qu*1 for
some x,y € ]F*n if and only if z/y € Fo, and hence z/y € F*gcdm,k)- It follows that

|G| = W Also, the size of the subgroup G, NG, ; is

Cn,k,j — 8C qgcd(n,k) -1’ qgcd(n,j) -1/

Note that for each ¢ € Fyn we have |G, N cG, | € {0, ¢}
Let d,, x,; denote the number of pairs (z,y) € F;. x F}. such that

k_lyqj_l =1.

If 2717 =1 = 1, then 2! = (1/y)? " and hence 27! € G,; N G,,. It
follows that we can choose g = 271

Yo = ¥y« 1. We have

in ¢, 1 ; different ways, and it uniquely defines

|{x: 24 = o} = [{z: 27 = =1} = ¢&dh _q

and | | |
{y: oy =yodl = [{y: y” ' =1} = =) — 1,
thus

ooy = (q" — 1) (B4R — 1),

If 29"~ 1y¥ =1 = ¢, then 29" = ¢(1/y)? !, thus 27" € G, 4 N ¢G, . From the
above arguments, we get that for each ¢ € ., the number of pairs (x,y) € Fon xFpn

such that :L“lk*ly‘]j*1 = c is either 0, or d,, 1 ;.
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Now, let u be a given element in .., ¢ = p", and let H denote the set of integers
r, such that

xq’“—lyqj—l _ Iup"—l
has a solution in Fj. X Fy.. By the above arguments, we have 0 € H. If xgk_lyg]_l =
pP 1 and x‘{kflyffl = P!, then

S

S\ k__ j_ r4+s__ .8
(a6 )" h )T =

and .
s _ S j T+s _
(2 z)T Nyl ) =,

thus r, s € H yields r + s € H giving H is an additive subgroup in Z,;. Therefore,
[ = |H| divides nh.

By the above arguments, the number of triples (a,b,4) € F}. X Fy. X Zyy, such that
a? 171 = ' s 1(g" — 1) (g — 1), for some divisor I of nh. If Fa is the
smallest subfield of Fy» which contains p, then H contains the additive subgroup of
Zy, generated by d, giving 2| 1.

If yo € F%, then p# 1 =1 for all i € Zy,. O

Let m > 1 be any divisor of n and k any positive integer such that ged(k,n) =
1. Let S = (o) and S’ = (0’) be Singer cyclic groups of GL(V) and GL(V"),
respectively, and {sq,...,Sm-1} and {sy,...,s,,_;} the Singer bases defined by o
and o’

Set ¢ = (l¢, ) and let C be the cyclic subgroup of Aut(2,,) generated by /.
Then C' ~ Aut(F,m /F,).

Remark 4.5. To make notation easier, in all the arguments used in the actual and
in the next section we assume k£ = 1. We put 2; = le) and @, 1 = (I);i?n,t—l‘ By
Lemma 3.8, the same arguments work perfectly well for any & with ged(k,n) = 1 if
the cyclic model of vector spaces and g¢-circulant matrices involved are replaced by

the k-th cyclic model and ¢*-circulant matrices. The details are left to the reader.

Both the Singer cyclic groups S = (o) and S’ = (¢’), as well as the cyclic group
C, fix every component €2; of €, ,, giving that every element in (S x S’) x C is an
automorphism of ®@,, ,,,, for any ¢t € {1,...,m}.

Theorem 4.6. Let T be the subset of End(V") whose elements correspond to q-
circulant matrices defined by an array of type

(co, 0,...,0,¢1,0,...,0,¢.-1,0,...,0)
—— —— ——
m—1 times m—1 times m—1 times
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over Fyn, and set T' = TN GL(V'). Then, for any given t € {1,...,m — 1}, the
automorphism group of @, 1 s the semidirect product (S x T") x C' x Aut(F,).

Proof. Straightforward calculations show that the given group is a subgroup of

Aut ((I)mm,t) .

Let ¢ = (A, B;0) € Aut(®y, ), with A € GL(V) and B € GL(V'). As ®,, 1
is fixed by the semilinear automorphism ¢ defined by the Frobenius map x — 2P,
we may assume # = 1. We identify the elements A and B with their Dickson
matrices in B, (F,m) and B, (F), respectively. To suit our present needs, we set

At = D((Zo,alw.’amil) and B = bembl,m,bn—l)'

Let f be any given element in ®,,, ,, ; with g-circulant matrix D,. Then, the Dickson
matrix of f# is defined by the m-tuple formed by the first m entries of (A'DaB) o).

The I-th entry, with 0 < I < m — 1, in (A*D,B) ) is given by the inner prod-
uct (A'Dyp) oy - BY, with B = (bq_ll, bq_ll+1, . b(illJrn_l) where subscripts are taken
modulo n.

We recall that M® and My denotes the i-th column and the j-th row of M,
respectively.

Let f = fo; with @ € Fpn and 0 < j < m — 1. Then D, has only n non-zero
entries, one in each column. More precisely, the non-zero entry of the h-th column
of Dy is a?" ™ at position (h — j) mod m. It follows that the h-th entry of

(A'Da) o) = (Al DY, Aly) DD, ..., Aly DY)

is ah_joﬂhfj, where the subscript h — j is taken modulo m. Hence, the [-th entry of

(At DaB) (0) iS

n—1 m—1 r—1
h—j gt h—j+km gl
§ ( A" — E : q q
ap—jat by = E :ah—J @ Oh— 14 ko (12)
h=0 h=0 k=0

Since we are assuming that ¢ fixes @, ,; = @;;E 2, we must have (by putting
h—j=i)

m—1 r—1
i+km l
@i o bg—l—j—l—l—km =0 (13)
i=0 k=0
for0<j<t—1,t<I<m-—1.
Since equation (13) holds for all a € Fn, we get
aibi+j—l = aibi—I—j—l—i—m == aibi-i-j—l-i-(r—l)m =0,
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for0<i<m-landt<IlI<m-1.

As A € B, (Fym), (ag,a1,...,am-1) # (0,...,0). By applying a suitable element
in C, we may assume ag # 0. Therefore, we get

bj—l = bj—l+m = = Uil (r—-1)m = Oa

for0<j<t—1landt <1l <m—1. By considering subscripts modulo n, we see
that the possible non-zero entries in (by,...,b,_1) are those in position km, with
0 <k <r—1, with at least one of them non-zero.

In BY, the only non-zero entries are bzlm in (I + km)-th positions, for 0 <
k < r —1. Then the expression (12) for the I-th entry in (A'D,B)(), reduces

to a;—; 22;5 aqlfﬁkmbzlm, which must be zero for 0 < j <t—1,t <l <m—1 and

all @ € Fyn. In addition, 1 <1 —j <m — 1 gives (ag,a1,...,am-1) = (ao,0,...,0),
ag # 0, and therefore Aut(®,, ;) has the prescribed form. O

Remark 4.7. Statement i) in Theorem 4.3 is obtained by taking m = n in the
previous Theorem.

Remark 4.8. By Remark 4.5, Theorem 4.6 provides also the description of the
automorphism group of the generalized Gabidulin code ®*  We notice that the

m,n,t*
codes %)

mnt are defined in different cyclic models for €2, ,,, for different values of k.

Proposition 4.9. Let T be defined as in Theorem 4.6. ThenT' ~ End(V (n/m,q™))
and T' =T N GL(V') ~ GL(n/m, ™).

Proof. Set r = n/m. By Proposition 2.2 we have End(V(r,¢™)) = D,(F), where
D, (F,») is the Dickson matrix algebra of all the ¢"-circulant r x r matrices acting

on the cyclic model W = {(z,29",...,29" ") : x € Fpu} for V(r,q™). Both W and
V' = {(x,29,...,29"): x € Fn} are n-dimensional vector spaces over F, and the
map
T: w — %4
(2,27 .. 29 ") = (x4, ,anfl)

is an isomorphism of vector spaces.

A straightforward computation shows that 7 induces the group isomorphism

T:  Dy(Fp) o T
Dicyerrner—) = Dico,0,-0,1,0,0,60-1,0,,0)

That is enough to get the result. O
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Corollary 4.10. For any givent € {1,...,m — 1},
Aut(@py ) = (Frm x GL(n/m, ¢™)) 3 Aut(Fgm /Fy) x Aut(F,).

Proof. Since the Singer cyclic group S of GL(V) is isomorphic to the multiplica-
tive group Fj» and the cyclic group C' generated by ¢ = ({¢, ) is isomorphic to
Aut(F,m /F,), the result follows from Theorem 4.6 and Proposition 4.9. O

5 The automorphism group of some punctured
generalized twisted Gabidulin code

The following result gives information on the geometry of the punctured code
’Hgi)n,t%s and it will be used to calculate the automorphism group of this MRD
code. We apply arguments similar to those used by Shekeey in [30]. As we did
in the previous Section, we consider only the case £k = 1 to make notation easier.

The arguments below work perfectly well in the general case. We put Q; = le),

—_ oD e
(I)mﬂ%t*l - (I)m,n,t—l and Hm,n,t,,u,s - Hm,n,t,u,s'

Theorem 5.1. Let m > 1 be any divisor of n and p € Fgn such that Ngn/q(p) #
(—=1)™. For any given t € {1,...,m — 2} and s # 0,£1,£2 (mod m), @3;11 Q; is
the unique subspace of Hy, gyt s Which is equivalent to @, 1.

Proof. Let ¢ = (A, B;0) € Aut(,,) such that &7 . | is contained in Hyy s
Here, § = ¢°. As every component (); is fixed by the semilinear automorphism
¢, we may assume ¢ = 1. We identify the elements A and B with their Dickson

matrices in B, (F,m) and B, (F), respectively. To suit our present needs, we set
At = D(QO’alv""amfl) and B = Dt

(b(]vbla“-»bnfl)'
Let f = fo; with a € Fgn and 0 < j <t — 2. Let D, be the Dickson matrix of
f in the Singer bases s, ..., Sy,—1 and i, ...,s, ;. Set r = n/m. By arguing as in

the proof of Theorem 4.6, we get that the I-th entry in (A'DaB) o) is given by

m—1 r—1
h—j+km 4l
, q q
E :ah—y E :a b1k (14)
h=0 k=0

where the indices of the entries of A and B are taken modulo m and n, respectively.
Since we are assuming that ¥ | is contained in Hp p s, we must have (after
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substituting h — j with 7)

m—1 r—1
i+km 1
‘ q q _
E :az E :0‘ bitjiikm | =0,
i=0 k=0

for0<j<t—-2,t+1<01<m~—1andall « € Fjn. Therefore,

a;ibiti—i4km =0, for0<7<m—1.

As B € B,(F;»), some of the b;’s are non-zero. On the other hand, the cyclic
group C' = (¢) fixes every component §2;. Hence, we can assume by # 0 and get
a_;=0,for0<j<t—2andt+1<I<m-—1,ie.

al:al_lz...:al_t+220

fort+1<1<m-—1, giving (ag,...,an_1) = (ag,ar,as,0...,0). Whenever a; # 0,
we get
bz‘+j—l+km = 0,

for0<j<t—2,0<k<r-—1,ie.

bitkms1 = - = biy(k+1ym—3 =0 (15)

for i =0,1,2 and 0 < k < r — 1 since j — [ can take all integers from {1 —m,2 —
m,...,—4,—3}. We now compare the 0-th and ¢-th entries of (A'DaB)(g). From
(14) we can see that the 0-th entry of (AD,B") () is

r—1
i+km
E a; g al bi+j+km
1=0,1,2 k=0

and the t-th entry is

r—1
' qi+km qt
E , a; E :O‘ bz’+j—t+km .

i=0,1,2 k=0

Since we are assuming that ®; . ; is contained in Hy, ¢ ,s, We must have

r—1 @ r—1
i+km i+km o ot
q — q d
2 E a; E «Q bitjvkm = E a; E « bi+j_t+k;m )
k=0

i=0,1,2 i=0,1,2 k=0
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for all v € Fyn, i.e.

r—1 r—1
i+km ot s i+km+s g8
. q 4d _ q q q _
E , a; E :O‘ bisj—trkm H E : a; E :O‘ biirkm | =0,
k=0 ) k=0

i=0,1,2 i=0,1,2
for all o € Fyn. Since s # +i 4+ km, for t =0,1,2 and 0 < k <r — 1, we get
{km+i:i=0,1,2,0<k<r—1}n{km+s+i:i=0,1,2,0<k<r—1} =10

and hence

paibitjikm =0
aibi+j—t+km =0,

for 0 <j<t—2and 0 <k <r—1. Thus, whenever a; # 0, we get
bitjrkm =0
{ bitj—t4im = 0.
The first equation with j = 0, the second with j =t — 2 and (15) give us
bivkm = -+ = bix(k+1ym—2 = 0,

fori=0,1,2and 0 <k <r—1.
For ay # 0 we get

bkm = -+ = by 1ym—2 = 0,
for a; # 0 we get

bems1 = - = Dpr1ym—1 =0
and for as # 0 we get

bemi2 = - . = brs1ym = 0,

with 0 <k <r—1

Hence, just one of the a;’s is non-zero. By choosing a suitable element in C' we
can assume ag 7 0 so that

(bos - 1) = (0, ..., 0,by1,0,...,0,bam_1,0,...,0,b,_1).

By recalling that B = Dl(tbo,...,bnfl)’ we can see that the action of ¢ = (A, B;1) on
QW is the following;:
j

qm+1 m—+1 q(r—l)m+1 /q(rfl)m+1>
xr

wi(0,0) = fajlaor, by 2" + b0y, 2"+ b

m m (r—1)m (r=1)m j+1
= Tr(aagz(bn—12" + by, 2" +.. .+ b5, " 1)
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giving f¥ ; € Qj41. By consideration on dimensions we have

QF = Qj+1

J

giving that @7, . | = @3;11 (15 is the unique subspace of H, s Which is equiva-

lent to @, ¢—1- O

We are now in position to calculate the automorphism group of the MRD code

Honntps:

Theorem 5.2. Let ¢ = p”, p a prime. Let m > 1 be any divisor of n and pu € Fon
such that Ngnjq(p) # (—=1)™. Set r = n/m. For any given t € {1,...,m — 2} and
s #0,£1,£2 (mod m), the automorphism group of Hpn 1. 15 the subgroup of (S x
T') x C x Aut(F,) whose elements correspond to triples ((Da, Dp); €%; p®), where a =

(a,0,...,0), with a € Fgm, and b = (by, 0,...,0,b,,, 0,...,0,b4_1)m, 0,...,0),
—1 ti —1 ti —1 ti

with by, € Fgn such that

qs_l (qS_qt)q*lm o peqiflm
a blm =

i

for 0 <1 <r —1 whenever by, is non-zero.

Proof. From Theorem 5.1 every automorphism of H,, s must fix @;11 Q; giv-

ing Aut(Hmnips) is a subgroup of Aut(@;;ll ;) which in turn is conjugate to

Aut(®,, 5t-1). By Theorem 4.6, Aut(Py,pni—1) = (S x T7) x C x Aut(F,), and it
is easy to see that this group fixes every component ;. Let ¢ = ((4, B), (%;0) €
Aut(Hpntp,s) With 6 = ¢°. As  fixes every component €2;, then ¢ must fix I'yy, 1, ¢ . 5.
In addition, ¢ maps Lonntop,s tO Fm7n’t“uqi’s, thus the above condition holds if and
only if ¢ = ((A4, B),1;60) maps I' to Dponot s

t
Let D(q,,...,0) and D(bo,...,O,bm,O,.‘.,O,b”,l)m,O,...,
respectively. Let f = fo o0+ f“qiaqs , be any bilinear form in I'

m,n,t,;ﬂi,s
0) be the g-circulant matrix of A and B,
. Then, f? is

@
m,n,t,,uq »S
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the bilinear form defined by
fe(v,0') = fowe o(az, box" + bot'l 4.+ b(T_l)m:U'q(r_l)m)
m (r—1)m
+ fupeqiaqspe 7t(a27, b(ﬂ?, + meL‘/q + P _'_ b(r_l)mx,q ' )
— Tr(a? ax(box’ + bl 4+ .+ b(r,l)ma:’q(T_l)m))

+ Tr(p" o’ ax(boa! + b’ + ..+ b(rq)mﬂ?/q(ril)m)qt)

3 e (r—1)m, (r—1)m eqgm 1 q™ /
— p P q q p-q
= Tr(a(a? by + a b, +.o a0 )z
e i e s1qgt e (r—1)m-+s e (r—1)m+s,; (r—1)m+t
Tr(a(pP T o Tbd + pb1 af'l be, +...
e m+i e m+s, gmtt t
p°q p°q g 9
[ o b(—1ym)T").

For f# to lie in Iy, , 4 ,.,s We must have

g peqs q° peq(r—l)m+s q(r—l)m+s peqm+s qm+5 -
a® (o b + bd, +... o« b 1ym) =

peqi peqs qt peq(rfl)m+'i peq(rfl)m+s q(rfl)ert peqm+i peqm+5 qm+t
a(pP ol U + p o be, +.o. o b —1ym)

for all o € Fyn. This yields

(r—=l)m+s (r=U)m+i , g(r—m+t
uaqs b;]m _ aﬂpeq r—l)m lb?m
giving
s_1 qsfqt q—lm e i—Ilm
pad bl(m ) = e (16)
for 0 <1 <r — 1 whenever by, is non-zero. O

Remark 5.3. Statement ii) in Theorem 4.3 is obtained by taking m = n in the
previous Theorem.

Remark 5.4. By Lemma 3.8, the arguments used in the proof of Theorems 5.2
work perfectly well for any k& with ged(k,n) = 1 if the cyclic model of vector spaces
and g-circulant matrices involved are replaced by the k-th cyclic model and ¢*-
circulant matrices. This implies that the automorphism group of the punctured
code H® is the subgroup of (S x T") x C' x Aut(F,) whose elements corre-

m,n,t,u,s
spond to triples ((ng),Dék));Ei;pe), where a = (a,0,...,0), with ¢ € Fym, and
b= (by, 0,...,0,bm,0,...,0,b4—1ym, 0,...,0) with by, € Fgn such that
——— ——— ———
m—1 times m—1 times m—1 times
“aqsk_lbl(g:kiqt)qflm _ Iu/peqiflm’ (17)

for 0 <[ <r — 1 whenever by, is non-zero.
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Theorem 5.5. Let m > 1 be any divisor of n and p € Fgn, p # 0, such that
Ngn/q(p) # (=1)™. For any given t € {1,...,m — 2}, the punctured code Hfﬁ?mt%m
with s 20,41, +2 (mod m) and ged(n, sk —t) < m is not equivalent to any gener-
alized Gabidulin code.

Proof. In Section 3 we have seen that HW is an MRD (m,n,q¢;m — t + 1)-

m,n:taﬂ,s

code. Therefore Hﬁ,’j}mw has the same parameters as any generalized Gabidulin
code g((;()) ..... )it with go, ..., gm—1 € Fyn linearly independent over F,.
By Theorem 4.1 the subgroup Lg of all linear automorphisms of Q((;g gt is

isomorphic to

X
(%,

x GL(n/d,q%) x G,

for some divisors m’ and d of n and a subgroup G of Aut(F,./F,). Note that
m divides d. We represent the elements of Lg by pairs of type ((a, A);¢), with
a € ]F:m,, A € GL(n/d,q%) and ¢ € G. In particular the subgroup {(1, A);id)} of

Lg is isomorphic to GL(n/d, ¢%).

(k)

By way of contradiction, assume that H,,’,; , , is equivalent to g((;g for

~~~~~ Im—1);t’

(k)
mvnvtzl'L:S) mUSt

some go, ..., gm—1 € Fyn linearly independent over F,. Then, Aut(H

be isomorphic to Aut(g((;())

automorphisms of ’Hf,’f)m u,s Must be isomorphic to Lg.

Set r = n/m. By Theorem 5.2 and Remark 5.4, Ly is the subgroup of (S x T") %
C whose elements correspond to pairs ((ng),Dék));fi), where a = (a,0,...,0),
with a € Fgm, and b = (bo,0,...,0,b,,,0,...,0,b4—1ym,0,...,0), with b, € Fgn
satisfying Eq. (17) with e = 0.

For i =0 and a = (1,0,...,0), the pairs ((,, Dl(f)), id), with by, € Fyn such that

In particular the subgroup Ly of all linear

t)q*lm —lm

=pt (18)

for 0 <[ < r — 1 whenever by, is non-zero, form a subgroup B of Ly which should
be isomorphic to GL(n/d, ¢%). By raising to the ¢"™-th power both sides of Eq. (18),
it becomes

sk __
pbig,

lm

G (19)

It is clear that the elements by, € F,n that satisfy Eq. (19) corresponds to the
solutions of

lm

qukft—]. — ILL]_—q (20)
over [Fgn. If this equation has no solution in Fy» then b, = 0.
Set ;. = Fyr \ {0}. Let z,y € F}.. be solutions of Eq. (20). Then (z/y)?" L =1,
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or equivalently z/y € F}., with ¢ = ged(n, sk —t). Thus the solutions of Eq. (20)
over [Fyn are exactly the elements in {\z : x € F}.} where A € Fyn is a fixed solution
of (20). Therefore the number of solutions of (20) is either 0 or ¢° — 1. In any case
this number is strictly less than ¢™. It follows that

|B] < ¢ —1<¢"—1=]|GL(1,¢")| <|GL(n/d, ¢")].

From the above inequality it follows that the subgroup B is not 1som0rphlc to
GL(n/d,q%). This contradicts the assumption that H is equivalent to g(g gmt)it
The result then follows.

m,n,t,u,s

Corollary 5.6. Let m > 1 be any divisor ofn and pu,v € Fgn such that Ngnq(11) #

(=1)" # Ngnso(v). For any given t € {1,. —2} and s # 0,£1,£2 (mod m)
the punctured code Hg?m%s s equivalent to 'Hmnwu if and only if there exist j €
, an nteger v, a non-zero element a € Fym and bpym € Fyn, =
0,. — 1}, ' [ F, db Fen, R
0,...,r —1, Such that ap?” q(r h)m“bq(r e bq] h>m+u L for0 < h<r-—1
(with mdzces of b considered modulo n) and the q" czrculcmt matriz Dy defined by
b= (by, 0,...,0,bm,0,...,0,b4-1ym, 0,...,0) is non-singular.
—— —— ——
m—1 times m—1 times m—1 times

Proof. We argue with k = 1. By Theorem 5.1, Hypnt s and Hy, ot contains a
unique subspace equivalent to ®,, , ;1. Therefore, any isomorphism from H,, ,, ¢ .5
to Hummitpu is in Aut(®P,,,,—1). By using similar arguments as in the proof of
Theorem 5.2, we may consider isomorphisms of type ((A, B),1;0). Let f = fo0+

f'u‘qiaqs’ , be any bilinear form in I' bt e Then, f¥ lies in I'y, 5,4, if and only if

u e uq gt e (r—1)m+u, (r—1)m+u m—+u m+u
a® v(a? bt + af' be, oo ) =

i t — — — i m-t
et €qs1q e (r—1)m+i e (r—1)m-+s,; ,(r—1)m+t e m+i eqgm+syq
a(uP T ol Ty + P aPd b, o TP T )

for all & € Fyn. This yields s = jm + u for some j € {0,...,r — 1} giving
aupeq(r_h)mﬂbqwh)mﬂ bq(J s ,for 0 < h<r-—1. Stralghtforward calcula-

tions show that the latter condltlons 1mply that Hy, s 1S equivalent to Ho, pt 0
O
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