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1 Introduction

In the last years, there has been a renewed interest for boundary value
problems for the Moisil-Theodorescu system (see, e.g., [1, 2, 3, 4, 21, 23, 24,
26, 27, 28, 29]):

Vu = curlv, dive =0. (1)

It is well known that this system provides an example of multidimen-
sional generalized Cauchy-Riemann system.

In [6, 7] a new approach hinging on the concept of self-conjugate dif-
ferential form was proposed to study such systems. A non homogeneous
differential form U is said to be self-conjugate if dU = 6U, where d e
are the differential and the codifferential, respectively. Such forms provide
a generalization in R™ of holomorphic functions. For instance, solutions of
Moisil-Theodorescu system in R? and of Fueter or Cimmino system in R*,
harmonic vectors (i.e. vectors u such that divu = 0, curlu = 0), harmonic
forms (i.e. homogeneous differential forms u such that du = 0, éu = 0), con-
jugate forms (i.e. differential forms u,v such that du = dv, du = 0, dv = 0)
can be seen as self-conjugate differential forms.

In particular, the non homogeneous form U = uy + us is self conjugate
in a domain © C R? if and only if Moisil-Theodorescu system (1) is satisfied
in €2, where the scalar function u is ug and the components of the vector v
are the coefficients of the form wus.

A comprehensive treatment of self-conjugate forms is given in [7].

The aim of the present paper is twofold.
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Firstly, we present an existence theorem for the Dirichlet problem for the
Moisil-Theodorescu system. We also observe that a Brothers Riesz theorem
holds for this system. These results are essentially contained in [6] and [7].
However, we believe it is worthwhile to write them down explicitly, also
because - thanks to the Lemma 3 we give here - we are able to simplify
the general result in the particular case of Moisil-Theodorescu system. We
remark that the Brothers Riesz theorem for the Moisil-Theodorescu system
states that, if the boundary values of a solution of this system are measures,
then these measures have to be absolutely continuous. We prove also that,
if A\g, A1, A2, A3 are Borel measures defined on the boundary ¥ of a domain
such that

/(divw dXo + (curlw); dX\;) =0
>

for any harmonic vector polynomial w = (wy,ws,ws), then Ag, A1, A2, A3
are absolutely continuous with respect to the two-dimensional Lebesgue
measure on .

Secondly, we prove the completeness property on the boundary for poly-
nomial solutions of the Moisil-Theodorescu system. This result falls within
the field of boundary completeness problems. For an introduction to this
topic and a review of several known results, see Section 2 of [9]. The latter
contains a fairly complete list of references, to which we add the more recent
references [10, 11, 12, 13]. It should be noted that in all previous results, the
completeness theorems are proved for BVPs that are index problems. This
implies that the completeness property holds in spaces with finite codimen-
sion. In the present paper the completeness property on the boundary is
considered for a problem with infinite compatibility conditions, which leads
to results that hold in spaces of infinite codimension.

The paper is organized as follows

After some preliminaries given in Section 2, we prove existence and
uniqueness theorem for the Dirichlet problem in Section 3, by rewriting and
completing some general results obtained in [7].

Section 4 is devoted to completeness theorems. In particular it is proved
that, if Q is a bounded domain such that R*\ 2 is connected, then the system
{(0w}, = * dw}, —dw})} is complete in the L” norm in a certain subspace
of L(X) x LY(X) x L5(X) (I < p < oo). Here {w}} is a sequence of
harmonic polynomial 1-forms such that any harmonic polynomial 1-form
can be written as a finite linear combination of forms in {w}}.

In Section 5, the Brothers Riesz theorem proved in [6] for general self-
conjugate differential forms has been refined in the particular case of forms
corresponding to the Moisil-Theodorescu system. As a consequence, the
completeness in the uniform norm has been obtained.

In the last section all the results obtained in the present paper have been
reformulated without using differential forms.
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2 Preliminaries

Throughout the paper, unless stated otherwise, we will assume that €2 is a
bounded domain in R? with a C'! boundary .

We recall here some definitions and properties of differential forms and
self-conjugate differential forms. For the reader’s convenience, we are going
to consider them only in R3, but the theory can be developed in R" (see
[7])-

Let 0 < k < 3; a differential form of degree k, briefly a k-form, defined
in a domain 2 C R? is represented as

1 J1 Jk
uk = oy Wjy.j da?t - - da’® (2)
where u;,...;, are the components of a skew-symmetric covariant tensor de-
fined in 2. We adopt the standard summation convention on repeated
indices. We shall use the generalized Kronecker delta

+1 if ji,...,J, is an even permutation of ¢y, ...,1%,

0" =14 —1 ifji,...,jpis an odd permutation of iy, ...,

0 otherwise.
and the Levi-Civita symbol &;,,5, = 6; > 2 .
Let z = £(t) be a local parametric equation of ¥ and let (2) be a k-form
defined and continuous in an open set A O X. We write uk}z for the k-form
on Y which locally is given by

1 0&; 0¢;
€= g €] - S

ot,, ot

dtsr -t (3)

Sk

If u is a 0 -form, we put £ u = u[£(t)]. We call “k‘z the restriction of u; on
3.

More generally, if uj is defined in A and its coefficients u;,...;, admit a
trace on ¥ in some generalized sense (trace of Sobolev space, non tangential
trace, etc.) by writing Uk‘z we mean the form (3) in which wj,..;, [£(2)] is
the trace of u;,..;, in this generalized sense.

We remark that

da* dz®? |, = €550 do, (4)

b
where v = (14, 1o, 13) is the outward unit normal on ¥ and do is the standard
surface element.

By *uy we denote the dual Hodge form, i.e. the (3 — k)-form

b
k(3= k)

_ i1 i3k
*U = Esymspin-ig_p Usps, AT - - dx=F

A direct computation shows that



50 Cialdea A., Lanzara F., Mare C.S.

As usual, by duy and duy, we denote the differential and the co-differential
of uy, respectively:

1 0 , .
duk = Ha—xhuj'l...jkdiﬂhd.’ﬂh <o daxlk s
Sup = (—1)% % d * uy,. (6)

We note that (5) and (6) lead to
w0y, = (—1)%d * uy,. (7)

It is well known that d?u; = 0 and 6w, = 0 for any sufficiently smooth
k-form. If u; and v, are a k-form and a h-form, respectively, we have

we Ao = (=1)" vy Ay, (8)
d(uk N Uh) = dui N\ vy, + (—l)kuk A duy, . (9)

We have also
ug A\ ¥y, = v, A *uy, . (10)

The Laplacian of the k-form uy is defined as

and we say that uy is harmonic in  if Au, = 0 in . We note that

Auy = %Ausl...skdmsl e dat (11)
and then the form wy is harmonic if and only if all the coefficients us,...s,
are harmonic functions.

A non homogeneous differential form U = ug + u; + us + ug is said to be
self-conjugate if
dU = U . (12)

In particular, if U = ug+us, where uy = vidz?da® +vodaddat +vgdatda?,
equation (12) is satisfied if, and only if,

dUQ = 5'&2, dU2 =0.
We can write these conditions as
Vug = curl(vy, vg,v3), div(vy,ve,v3) = 0.

This means that the non homogeneous form U = wug+usy is self-conjugate
if and only if the vector (ug, vy, va, v3) satisfies the Moisil-Theodorescu sys-
tem.

Let us consider now the double form introduced by Hodge

se(@,y) = > solz,y)dat - dady* - dy™

51<-<5p,



On the Dirichlet Problem for the Moisil-Theodorescu System 51

where so(z,y) is the fundamental solution of the Laplace equation

1 _
so(w,y) = —— |z —y| ™,
w3

w3 being the hypersurface measure of the unit sphere of R3. The Hodge
double form satisfies the following identities (for the proof, see COLAUTTI
(15, p.309))

isk(% y) = ;‘;Ss—k(% y),

6I8k+1 (.CE, y) = dysk(‘(lj? y)>
:dzsk(%y) = (—1)k+1 Z dy337k71(377 9)7

sy 2 o (020) =~y ia(0.0),

We will use the following notations:

LP(§2) (LP(X)) is the vector space of all measurable real valued functions
u such that |ul? is integrable over Q (over ).

LY () is the vector space of k-forms defined in € such that their coeffi-
cients belong to LP(£2).

LF(X) is the vector space of k-forms defined on ¥ such that their co-
efficients are LP functions in a coordinate system of class C' (and then in
every coordinate system of class C1).

If m € N, by C{*(2) (C}*(X)) we denote the space of k-forms such that
their coefficients belong to C™(§2) (C™(X) in a coordinate system of class
C™*1 and then in every coordinate system of class C™*1).

COO(Q) is the space of C'"* functions with compact support contained in
Q and C2°(Q) is the space of k-forms whose coefficients belong to C™°(€).

By means of the double Hodge form we have that if uy is a k-form in
CHOQ)NCZ(Q) with Auy, € LL(9), the following “Stokes formula” holds (see
[15, p.308])

/Q sk(@,y) A xQuy(y) + /+E[uk(y) Ak dysi (@, y) = Oysi(@, y) A *uk(y)

ug(x) ifx e,

+oug(y) A zsk(x, y) — sk(z,y) A xdug(y)] = {0 freq

As a consequence of this representation formula, we have that, if ¢, €
C*(A), A being a domain in R?, then

() = /A selm,y) A +DU(y), Vo € RE.

In the present paper we are going to consider also k-measures on X.
Roughly speaking, a k-measure is a k-form whose coefficients are Borel
measures. We denote by My (X) the space of k-measures defined on . It

can be shown that M;(X) can be identified with the dual of C2(X). We
refer to [17] for a complete treatment of this subject.
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3 Existence and uniqueness theorem for the
Dirichlet problem

In [7] a very general existence theorem for the Dirichlet problem for self-
conjugate differential forms is given. Here we describe this result in the
particular case of forms corresponding to the Moisil-Theodorescu system in
R? and refer to [7] for the general theory.

Let U be the space defined as

{w+u € LYQDLYQ) : 3 = g0+, & = 3 € LY(D) @ LI(T) 0 LY(T)
such that

/(dv1 N *Ugy — (SUI VAN *Ug — 51)3 A *UQ) (13)
Q

:/ (v1 A Pa 4+ o A *v1 + g A *v3),
42
YV =uv +us € CHRY) @ 0;(R3)}.

Lemma 1. If U € U then U € C*(Q2) and dU = 6U in .

Proof. Note that we have in particular

/(dvl A *Ug — 0vy A xug — dvg A *kug) = 0 (14)
Q

for any V e C(Q) @ C°(Q). Taking v; = —duvy, v3 = dvy, where vy belongs

to C5°(Q), we get
/ AUQ N *Ug = 0
Q

for any vy € C§°(Q) From the classic Caccioppoli-Weyl Lemma we deduce
that up € C3°(2) and Auy = 0 in Q. Analogously, taking in (14) v; =
dvg,v3 = 0, v being in C§°(2), we find

/Avo/\*ugzo
Q

for any vy € C3°(€) and then ug € C°(Q) and Aug = 0 in €.
In view of (7) and (10) we get

ov1 A xug = ug A\ %0v; = —ug A d * vy,

O3 A *Uy = Uy N\ %0U3 = —Ug A d * U3

and we can write (14) as

/(dvlA*u2+u0/\d*vl+u2/\d*vg):O
Q
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for any V € C°(Q) & C°(Q).
Since ug + uy is C'*° in €2, we can apply Stoke’s theorem to the integral

n (14) and find
/ﬂ(vl/\d*m—duo/\*vl — dug N\ xv3) =0,
i.e.
/Q(vl/\(d*UQ—*duo) —dug A *v3) = 0.
Because of the arbitrariness of V in C2°(Q) & C5°(Q), we get
d*uy —xdug =0, dus =0 in .
This shows that U is self-conjugate. [

Let us introduce now the space V defined as
{u0+u2 € LN OLYUQ) : 3B = gyt m, & = B € L) O LID) B LL(Y)

such that

[m(%(y) N zdyso(x,y) + dyso(w,y) A p2(y)) = {’go(ﬂf) Iii ; % ,

/ (@2(y) A xddysa(2,y) = dysa(w,y) A @2(y) = woly) A *dysa(z,y))  (15)
+3
~Jus(z) ifzeQ,
o if v ¢ Q.
Roughly speaking, we can say that U/ is the space self-conjugate differ-
ential forms of the type ug + us which have traces on ¥ in some weak sense,
given by formula (13), while in the space V there are self-conjugate differ-

ential forms in L'(2) for which the “Cauchy formula” (15) holds. Actually
these two spaces coincide.

Theorem 1. U =V .

Proof. For the proof we refer to [7, Th. III], where the result is proved for
general self-conjugate differential forms in any number of variables. We
remark that, looking at the proof of this theorem, we see that ® and ® in
(13) and (15) coincide. O

Thanks to Theorems 3.2 and 3.3 in [14], we have that, if U = ug + ug €
U =V, then there exist the interior non—tangential traces of ug, us and *uy
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a.e. on X, and they are given by g, @2 and g, respectively. This shows
that U can be considered solution of the Dirichlet problem

Uel,
dU — 6U =0 in Q, (16)
U=®, +U=®& onX.

Let us denote by w;' "™ the k-form wyda™ - - - dz™, where {wy,} is a com-

plete system of homogeneous harmonic polynomials. Such a system can be
obtained by ordering in one sequence the polynomials:

|ﬂﬁf(%0,s:lwujk+Lk:0JJw“;
xXr

where Y¥,... Y} | is a complete system of (surface) spherical harmonics
of degree k.

Theorem 2. Let Q be a bounded domain such that R®\ Q) is connected. Let
® = g+, D=3y € LX) @ LX) ® LL(X) be given forms on . There
exists a non homogeneous form U = ug + uy solution of the boundary value
problem (16) if and only if the following infinite compatibility conditions are
satisfied:

/ (po A *dwy, + dwp, A $2) =0,
+3 (17)

/ (2 A xdw)™ — W™ A @y — o A *6w;™?) = 0,
+

for any h =1,2,... and for any choice of 1 < iy < iy < 3. The solution U
1S UNLque.

Proof. Uniqueness. Suppose there are two self-conjugate differential forms

Uy, U, in U such that their traces on ¥ are equal to ¢ and the traces of xU;
and U, are equal to ¢. Let U = U; — U,. Conditions (13) lead to

/(dvl/\*ug—évl/\*uo—évg/\*uz) =0, VYV =uv+uv3€ CHR)DC;(RY).
Q
Reasoning as before, we find
/(Avg A ¥y + Avg A ¥ug) = 0,V vg + vp € C°(R?) @ C5°(R?).
Q

It is easy to deduce that this implies U = ug + us = 0.
Existence. If a solution does exist, (17) follows from (13). Indeed, the
first relations are obtained taking v; = dwy, vs3 = 0 and observing that
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ov; = ddwy, = —Awy, = 0. For the other ones, take v, = —(5w21i2, Vg = dwfjiz
n (13). We get

/ (2 A *dwi*™ — W A By — g A %6w;'™?)

+5

= /(—dcsw,ili? — 0dwM™) A kuy = / AWt A xug = 0.
Q Q

Conversely, let us suppose that (17) are satisfied. It is known that there
exists 0 > 0 such that if 0 < r < R, with r < 0 R, the development

oo 2k+1

)P,
sola =) = > > L) 1s)

k=0 h=1

holds uniformly for |y| < r and || > R, where Py, and Qpy are homogeneous
harmonic polynomials of degree k (see [5, Lemma 3.2]). Therefore, taking
r = max,q ||, we can say that we can find R such that (18) holds uniformly
for y € ¥ and |z| > R. Thanks to (17) we deduce that the potentials

(o) = [ (o) sl ) + ol ) A Bl
us(r) = /+ (Pe(y) Ardysaly) = 0ysa(w,y) A 2aly) = poly) A xoysa(@,y))

vanish for |x| > R. Since they are analytic in R® \ ¥, we have
up(r) =0, wuy(z)=0, Va¢gQ.

This shows that U = ug+ us is in V and then, in view of Theorem 1, U € U
and the boundary value problem (16) is satisfied. O

Actually the two conditions in (17) are not independent. This is a con-
sequence of the following Lemma. Saying that w is a polynomial differential
form, we mean that all its coefficients are polynomials.

Lemma 2. Let w be a scalar harmonic polynomial. There exists a polyno-
mial 2-form wy such that

dwy = dw, dwy = 0. (19)

Proof. We recall that, by the classical homotopy formula, given a closed C*
2-form a = oydx?dz® + cpdxddr! + asdxtdz?, the 1-form

I(a) = ( /0 1 al(tx)tdt) (zod2® — w3dz?) (20)
+ (/01 Ozg(t:v)tdt) (zsdx’ — z1da®) + (/01 ag(tx)tdt) (z1dx? — zodat)
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is such that dI(a) = « (see, e.g., [20, pp.29-30]).

Let now w be a scalar harmonic polynomial. Since d * dw = 0, the 2-
form w) = *I(xdw) is such that d x w) = dI(xdw) = xdw, i.e. dwd = dw.
We remark that, in view of the expression (20), the coefficients of w) are
polynomials.

Let now 6 be a 2-form with polynomial coefficients such that Af = w?).
Thanks to (11), the existence of # follows immediately from the analogous
result for scalar functions (see [30, Th.1]). We have

—d6d0 = —d(6d + do)0 = dAD = du.

This implies d(w3 + 6df) = 0 and, since §(w + 6df) = dw) = dw, the form
wy = wY + ddf satisfies (19) and its coefficients are polynomials. ]

Lemma 3. If ® = g+ ¢y, ® = &y € LY(X) ® LY(X) & LY(X) are such that
/ (2 A *dw'™ — SWit™ A By — o A *6wit?) = 0 (21)
+3

for any h = 1,2,... and for any choice of 1 < iy < iy < 3, then we have
also

/ (90 A *dwy, + dwp A $2) =0 (22)
+3
forany h=1,2,....

Proof. Tt is clear that condition (21) implies that

/ ((,02 N *dwg — 511}2 VAN @2 — Yo VAN *511]2) =0 (23)
+2

for any harmonic polynomial 2-form ws. Now, let us consider the harmonic
polynomial wy,. By Lemma 2, there exists a polynomial 2-form wy such that
dwy = dwy, dwy = 0. Note that this implies that Awy = 0, and then (23)
holds. This means that (22) is true, proving the Lemma. O

Theorem 3. Let Q be a bounded domain such that R*\ Q is connected. Let
® = g+ 2, D=y € LLX) @ L) ® LL(X) be given forms on . There
exists a non homogeneous form U = ug + uz solution of the boundary value
problem (16) if and only if the following infinite compatibility conditions are
satisfied:

/ (2 A xdw™ + §g A Swil™® — g A *6wjl™?) = 0, (24)
+3

for any h =1,2,... and for any choice of 1 < 11 < iy < 3. The solution U
1S UNique.

Proof. This follows immediately from Theorem 2 and Lemma 3. ]
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4 Completeness theorems

Theorem 4. Let 1 < p < 0o. Let Q be a bounded domain such that R3 \ﬁ
18 connected. The system

{(6w!, — % dw!, —dwl), j=1,2,...,i=1,2,3} (25)
is complete in the subspace of Ly(X) x LY(X) x LE(X) defined as

AP = {(g&o,gol, 0s) € LE(S) x LP(S) x LA(X) such that

/ (o A *0wit ™ — o1 A Swit™ — g A xdwj™) = 0, (26)
>

forany h =1,2,... and for any choice of 1 < iy < iy <3 }

Proof. We first observe that system (25) is contained in AP. Indeed, if we
set ug = 0w}, uy = —dw!, we have dug = dow; = —ddw} = duy, duy =
—d’w} = 0. This shows that dw}, — * dw! and —dw} are the traces on 3 of
Ug, *us and us, respectively, with ug + uy self-conjugate. Thus conditions
(24), and then (26), are satisfied.

Let 1 < p < co. In order to prove the completeness of system (25) in
AP, we have to show that, if (¢g,1)1,10) in (LE(X) x LY(X) x LE(X))* =
Li(X) x LI(X) x L{(X) is such that

LE(% A Sw! — 1 Akdw! — by Adw') =0 (27)
forany j =1,2,...,i=1,2,3, then
LE(¢2A@0+¢1A¢1+¢0A@2):0 (28)
for any (o, @1, 2) € AP. Tt is clear that (27) is equivalent to say that
/ (g A dwy — 1 A *dwy — 1hg A dwy) =0
+%

for any polynomial harmonic 1-form w;. Setting wy = *w; (which implies
w1 = *wsq), we have dwy = — x d * w; = — * dws, *dw; = *d * Wy = dws and
dwi = d * wy. Therefore we may write

/ (1/12/\*dw2+¢1/\5w2+w0/\d*w2):0 (29)
+3

for any polynomial harmonic 2-form w,. By Theorem 3 there exists a self-
conjugate differential form V' € U such that V = —g + 1), *V = 1)y on X.
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Thanks to Theorem 1, we have also V' = vy 4 v, where

/m(%(y) A ;‘;dy52(x7 y) — Oysa(,y) A1(y) + Yo(y) A ;;5;,82(9:, y))

~Jwa(x) ifz e,
o if v ¢ Q.

Analogously, (26) leads to

LE(%(ZJ) A a;dySO(x,y) + dyso(z,y) N ei(y)) = {go(x) ii ; % ,
/+ E(s@(y) A j;dySz(w, Yy) — 0ysa2(z,y) A p1(y) — poly) A §5y82(93, y)) (30)

us(x) ifz e,
0 if v ¢ Q,

U = ug + us being in U.
Let us consider now a harmonic simple layer potential

o(z) = / F() ol ) do,

with density f belonging to LP().
Given 0 < a < 1, consider the non tangential maximal function

(V) () = sup {[Vg(©)] : € € © [€—a] <3, (=, v(2) > ale—sl}. (31)

By a fundamental result by FABES, JODEIT and RIVIERE [16, Th.1.10],
there exists a constant § = dg, such that the function (31) belongs to
LP(X) and

IV llzrmy < Clifllzees) (32)

with C independent of f.

Let us introduce a family of surfaces which are “parallel” to ¥ = 0f2 in
some sense. Let A(z) be a unit vector defined and continuously differentiable
on ¥ such that —A(z) - v(xz) > By > 0. Let £, be the surface z, = = +
oA(z),z € X, where |g| < go. We can choose gy > 0 such that the surface
¥, is the boundary of a domain contained in €2 (containing Q) if 0 < ¢ < g
(if —go < 0 < 0). One can prove that if 3 € C', then such a vector does
exist (see [19, pp.273-275], [22, p.40-41]). It is clear that we can choose
the constants (3, and gy in such a way the point z, belongs to the cone
considered in the definition (31). Then we have the inequality

[Vy(z,)|l < [(Vg)* ()], (33)
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for any € ¥ and for any 0 < o < gg, with (Vg)*(x) satisfying the estimate
(32).
We claim that

lim (UQ/\UO+*UQ/\*U2_UO/\U2) :/ (1[12/\@0—1—@/)1/\901—1—2#0/\@2). (34)
0—0t +3, +2

Indeed, from (30) we see that the components of ug + uy can be written
as linear combinations of first derivatives of simple layer potentials having
LP densities. Thanks to inequalities (32) and (33), we have that there exists
a function H € LP(X) such that

\U(z,)| < H(z),  ae z€%,0<p< gy,

where by |U(z,)| we denote the sum of the modulus of all the coefficients
of ug and uy. Analogously, there exists a function K € L?(X) such that

|V (z,)| < K(z), a.e. € X,0 < p < .
Therefore
|vg A ug + *vg A xug — vg A us| < H(z) K(x)
a.e. on ,. Since H K is in L'(X), and

lim uy = g, lim ug = @9, lim xuy = ¢y,
0—0t 0+

0—0* o—
lim Vo = 1/)0, lim Vg = 1/)2, lim *Vg = 2/)1
Q—>0+ g—>0+ g_>0+

a.e. on X, Lebesgue’s dominated convergence theorem shows that (34) holds.
By the Stokes Theorem (see also (9)), we get

/ (V2 A ug + *vg A kg — vg A ug) —/ (dvy N ug + v A dug
5, Q,

+d(xvg) A xug — xvy A d(*ug) — dvg A ug — vg A dus) .
Recalling (6), (8) and (10) we find

d(*?]z) N *Ug = Uy N *d(*vg) = Uy N\ (5’02 = 5’112 AUy = dUO A Ua,
«Vg A\ d(*ug) = *d(xug) A vy = dug A vy = Vg A dug = vy A duy,

which, together with dus = dvy = 0, lead to
/ (Vg A ug + *vg A xug — vg A ug) = 0.
+3,

In view of (34), we have that (28) holds for any (yg, p1,p2) € AP and
the proof is complete when 1 < p < co. The result for p = 1 easily follows
from the completeness for p > 1. O
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5 The Brothers Riesz Theorem and the com-
pleteness in the uniform norm

The classical theorem of F. and M. Riesz [25] states that if u is a complex
measure defined on the circle T’ = {z € C | |z| = 1} which satisfies

/emﬁduﬁzo n=12,3,...
T

then p is absolutely continuous, i.e. there exists a function f € L*(T') such
that

u(B) = / F(0)dv

for any Borel set B C T'. This theorem has inspired many generalizations
and for a survey of the more “concrete” ones we refer to [8]. In particular,
a Brothers Riesz theorem for conjugate differential forms in any dimension
was proved in [6].

In this section we suppose that ¥ is a Lyapunov boundary. This is be-
cause we are going to use the results proven in [6], in which this assumption
was made.

Theorem 5. Let Q be a bounded domain such that R®\ Q is connected. If
(o, i1, o) € Mo(3) x My (X) x My(X) is such that
/ (110 A *¥0WiH™ — piy A Swit™ — g A *dwi™) = 0, (35)

+3
for any h =1,2,... and for any choice of 1 < iy <19 < 3, then g, 11 and
e are absolutely continuous k-measures.
Proof. This theorem was essentially proved in [6, Th. XI|, where it is shown
that if (uo, p1, po) € Mo(X) x My(X) x My(X) is such that

/ (o A\ *dwp, + dwp A py) =0, h=1,2,... (36)

+3

and (35) holds, then pg, uy and pg are absolutely continuous. On the
other hand, as in Lemma 3, conditions (35) imply conditions (36) and this
concludes the proof. ]

Remark 1. Conditions (35) are equivalent to

/ (o N\ *0w — g A\ dw — pg A *dw) = 0, (37)
+5

for any polynomial harmonic 2-form w.

We are now in a position to prove the completeness of system (25) in
the uniform norm.
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Theorem 6. Let ) be a bounded domain such that R\ Q is connected. The
system (25) is complete in the subspace A° of CJ(X) x CY(X) x CY(X) defined
as the class of (po, ¢1,02) € CY(X) x CY(X) x CY(X) such that conditions
(26) hold for any h =1,2,... and for any choice of 1 < iy < iy < 3.

Proof. As in Theorem 4, one can see that the system (25) is contained in
A°. We have to show that if (ua, 1, po) € Ma(X) x M;1(Z) X My(X) is such
that

/Z(ug A &u;. — 1 A *dw§ — o A dw;-) =0 (38)
+

for y=1,2,...7=1,2,3, then
/ (12 A oo+ 11 A pr + g A pa) = 0
45

for any (yo, ¢1,42) € A°.
Conditions (38) mean that

/ (2 A dwy — pg A xdwy — g A dwy) =0
+X

for any polynomial harmonic 1-form w;. As in (29), setting ws = *w;, we
may rewrite this conditions as

/ (2 A *dwg + g A dwe + g A *0wsy) = 0 (39)
)

for any polynomial harmonic 2-form ws.

Thanks to Theorem 5, the k-measures p, 11 and po are absolutely con-
tinuous. This means that py = g, g1 = Y1, g = 19, where (Yo, 11, 19) €
Li(X) x Li(X) x Li(X). Conditions (39) show that (1, —11, —1b2) be-
longs to A'. Since the system (25) is complete in A' (see Theorem 4),
there exists a sequence of polynomial harmonic 1-forms {w!} such that
(bwl, — % dw}, —dwl) tends to (1o, —tb1, —tb2) in L{(X) x LI(X) x Li(D).
This implies that

/(M2A800+/L1/\901+M0/\902):/ (ha Ao + 101 A 1 + o A 2)
+% +%

= lim [ (dw} Ao+ *dwl A o1+ 6w A ps).

As before, we may write

/(dw}t/\goo—l—*dw}z/\gol—l—dwé/\gpg):/ (d*wi/\g@o+5wi/\gp1—*dwi/\goz),
+3 +3
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where w? = *w;. Therefore
/ (12 A oo + i1 A o1+ o A p2)
+3

= lim (d* w2 Ay + 6w A o1 — *dw? A @)

= lim (900 A *&ui — 1 A &ui — a2 A\ *dwi) =0,

because (g, @1, p2) belongs to A°. This completes the proof. ]

6 Reformulation of the main results

The aim of the present section is to reformulate the main results obtained

in this paper in terms of functions rather than differential forms. If v =

(v1,v2,v3) and w = (wy, wy, w3) are two vectors, v - w stands for their scalar

product in R3: Z?zl vjw;. Analogously, if (A1, A2, A3) is a vector whose

components are measures, we write v - d\ for the measure Z?Zl vidA;.
The cross product of v and w will be denoted by v X w.

Let U be the space defined as
{(w.v) € Q) x [LXQ)F 3 (f,9) € L{(Z) x [ (D)
such that

/(u divw + v - curlw + v - Vwyg) dx
Q

:/z(f (w-v)+ (g-v)wo + (g X v) - w)do,¥(wy, w) € CHR?) x [Cl(R3)]3}.

It is not difficult to verify that if we identify (u,v) with the non homo-
geneous differential form wug + uy, with ug = u, up = vida*da® + veda’da' +
vsdx'da?, then the space U can be identified with the space U.

Theorem 7. Let Q be a bounded domain such that R*\ Q) is connected. Let
f. g1, g2, g3 be L' scalar functions given on Y. There exists a solution u,
v = (v1,v2,v3) of the Dirichlet problem for the Moisil-Theodorescu system

(u,v) €U
Vu = curlv, dive =0, inQ (40)
u=f, v=g, on %

(where g = (g1, 92,93)) if and only if the following infinite compatibility
conditions are satisfied

/((divw)g + g x curlw — feurlw) -vdo =0, (41)
s

for any harmonic vector polynomial w = (w1, ws,ws). The solution (u, v) is
UNIQUE.
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Proof. This is nothing but Theorem 3. Indeed we already know that Vu =
curlv, dive = 0 is equivalent to dU = 06U, where U = ug + us = u +
(v1da?dx® + vodz®dz' + vzdz'dax?). Let us consider a polynomial harmonic
2-form w. We can write it as

w = widz?dx® + wydrddat + wydrtda?

where wy, wy and w3 are harmonic polynomials. Keeping in mind the defi-
nition (6), we have

dw = *d * w = xd(widz’ + woda?® + w3dr®) = *(Opw;da"dx?)
= x((curlw), dz*dr® + (curlw)y de’dz' + (curlw)z da'da®) = (curlw);da?

where (curlw); is the j- th component of the curl of the vector (w,ws, ws),
which we still denote by w. We have also

*0w = (curlw); dr’da® + (curlw), do’de® + (curlw)s daotde?
and
*dw = *d(wydr®da® + wodrdrt + wadr'dr?) = *(divw)de'dr?ds® = divw.

Let us suppose that (41) hold. Setting ¢y = f, po = gidz’da® +
Godxdxt + gsdxlda®, $s = g;da?, and keeping in mind (4), we find on
by

02 A *dw = (divw)(g1dr?dz® + godz’dx’ + gzda'da?) = (divw) g - v do,
Pa A dw = gp(curlw);da’"dz? = e, jgn(curlw) v, do = (g x curlw) - v,
0o A xdw = f ((curlw); dzdx® + (curlw)y dz’da’ + (curlw)sz da'da?)

= f(curlw) - vdo.

In view of (41), conditions (24) hold and then, in view of Theorem 3, there
exists a self-conjugate non homogenous differential form U = ug + us such
that U}E = o + Y2, >x<U|Z = o, l.e€.

uols = f (42)
usly, = (qrdr?da® + goda’da’ + gsdatda?)|s = g - vdo (43)
*us|y = gnda”|s. (44)

Let us show that (43)—(44) hold if and only if vy|s = gn (h = 1,2,3).
Let us consider a chart on ¥ with local coordinates (s, t). Locally, equation
(44) mean

vpls (Osxpds + Oyxpdt) = gn(Oszpds + Opxpdt)

i.e.
Uh|z Osxp, = gn Osp, Uh|2 Oyxy, = gh Oxp,
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while equation (43) means

UhlEVh = gnlh.

Since the matrix
asxl 83132 asx3

8tx1 8tx2 8,5%'3 (45)

141 Vo Vs

is not singular, we have that (43)-(44) are equivalent to vs|x = gn (h =
1,2,3). Therefore the system (42)—(44) holds if and only if the boundary
conditions in BVP (40) are satisfied. We have proved that, if the orthog-
onality conditions (41) are satisfied, then the BVP (40) admits a solution.
The viceversa can be proved in a similar way. We omit the details. The
uniqueness follows immediately from Theorem 3. [

As far as the completeness results are concerned, let us denote by {w™}
a sequence of polynomial harmonic vectors such that any polynomial har-
monic vector can be written as a finite linear combination of w™.

Theorem 8. Let 1 < p < co. Let ) be a bounded domain such that R*\ Q
1s connected. The system

{(divw™, curl w™)} (46)

is complete in the subspace of LP(S) x [LP(2)]* defined as A* = {(f,g) €
LP(X) x [LP(X))® such that conditions (41) hold for any harmonic vector
polynomial w = (w1, ws,ws)}.

Proof. Let (f,g) € AP. Arguing as in Theorem 7, defining ¢y = —f,
o1 = —g;jdr?, py = —(gr1dr?da® + godaPda' + gsdx'dx?), we see that con-
ditions (26) are satisfied. In view of Theorem 4, we can find a sequence
of polynomial harmonic 1-forms {w'™} such that (dwb", — x dw'™, —dw'™)
tend to (o, p1,¢2) in LH(X) x LY(X) x LE(X). Let us denote by the same
symbol wb™ the vector whose components are the coefficients of the 1-form
wh™. If we consider a chart with local coordinates (s,t), we have in local
LP? norms

—divw!"™ — —f,

—curlw"” — —g; da?,
—((curlw™™) da?dx® + (curlw™™)oda*da’ + (curlw'™)sda' da?)

— —(g1d2?da® + godadat + gsda'da?).

The matrix (45) being non singular, the last two formulas imply that
(curlw'™); — g, locally.

This holding on any chart of ¥, we conclude that (divw!'™, curlw!™) —
(f,g) in LP(XZ) x [LP(X)]3. Since each w'™ can be written as a finite linear
combination of vectors of the system {w(™}, we have proved the complete-
ness of (46) in A?. O
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Thanks to Theorem 6, we have a completeness result for system (46) in
the uniform norm, too.

Theorem 9. Let Q be a bounded domain such that R3 \ Q is connected.
The system (46) is complete in the subspace of C°(X) x [CO(X)]* defined
as A° = {(f,g) € C°(X) x [C°(X)]? such that conditions (41) hold for any

harmonic vector polynomial w = (w1, ws,ws)}.

The proof is similar to the previous one. We omit the details.

As far as the Brother Riesz Theorem is concerned, we have

Theorem 10. Let 2 be a bounded domain with a Lyapunov boundary, such
that R® \ Q is connected. If a; are measures in M(XZ) (7 = 0,1,2,3) such
that

(—curlw - vdag +divwr - da + (curlw X v) - da) = 0, (47)
s

for any harmonic vector polynomial w = (w1, wq,ws), then ag, oy, g, ag are
absolutely continuous with respect to the two-dimensional Lebesque measure
on .

Proof. Setting
Ho = Qp, 1 = o5 A da’, Mo = a1 A\ dz?dx® + ag A dzddxt + ag A detda?,

we can rewrite conditions (47) as (37). By Theorem 5 (see Remark 1) the
k-measures o, 1, po are absolutely continuous. This means that «q, aq,
ap, i3 are absolutely continuous measures and the proof is complete. ]

Remark 2. Conditions (47) are necessary and sufficient for the existence of
a solution of the Dirichlet problem

{Vu =curlv, diveo =0, in

U=, v=_(a,aas), onx

where the boundary conditions are assumed in the sense of measures. Then
Theorem 10 says that, if the boundary values of a solution of the Moisil-
Theodorescu system are measures, then all these measures have to be ab-
solutely continuous.

It is interesting to see that Theorem 10 can be written in another way.
Before stating this result, let us see a lemma.

Lemma 4. Let \; be given measures in M(X) (j =0,1,2,3). There exist
measures 3; € M(X) (j =1,2,3) such that

(48)

Vi dﬁj = d)\() s
Ehsj Vs dﬁj = (5hj - Vhl/j) d)\j 5 (h = 1, 2, 3)
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Proof. Equation (48) means that
/ (wv; + v ey vs) dB; = / (wddo+ v (Buy — vary) dA;)  (49)
2 2

for any (w,v) € C°X) x [C*Z)® (v = (vi,v9,v3)). In order to prove
that there exists a solution of this problem, we are going to use a general
existence principle due to Fichera (see [18, Lecture 2])). Setting V = By =
COZ) x [CO°D), By =V = [C°(D)]3, Miv = (w,v — (v-v)v), Myv =
w v+ v X v in this principle (see [18] for the notations), we have that, given
(Xos A1, A2, A3) € [M(X)]*, there exist (81, B2, 33) € [M(X)]? such that (49)
holds for any (w,v) € C°(X) x [C°(X)]? if and only if there exists a constant
K such that the following inequality holds

[w]loe + [ = (v-V)V]loo < K lwr + 0 X v, (50)
Y (w,v) € C°(%) x [CY(X)].
But this inequality is trivial, since, for any (w,v), we have
(Jwl + v = (v-v)v))* < 2w’ + v = (v v)p])
=2(|w]* + |v x v|*) = 2Jwv + v x v|?
pointwise on Y, and then
lw| + v — (- v)v] < V2| wr+vx v <V2]wr+v X Vs
This implies inequality (50) and the proof is complete. ]

Theorem 11. Let Q be a bounded domain with a Lyapunov boundary, such
that R® \ Q is connected. If \; are measures in M(X) (7 = 0,1,2,3) such
that

/(divw dXo + curlw - dX\) =0 (51)
>

for any harmonic vector polynomial w = (w1, ws,ws), then Ao, A1, Ao, Az are
absolutely continuous with respect to the two-dimensional Lebesque measure
on 2.

Proof. Our proof starts with the observation that we can write

/ curlw - dA
b

:/E(curlw-u)u-d)\+/[curlw—((curlw)-u)y]-d)\.

3

In the second integral we can write

[curlw — ((curlw) - v) v] - dX\ = (curlw)y (0p; — vav;) dA; .
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By Lemma 4, there exist §; € M(X) (j = 1,2,3) such that equations
(48) hold. Therefore

lcurlw — ((curlw) - v) v] - dX = epg; (curlw), vs df; = (curlw x v) - df.

and
divwdlg = divw (v - df) .

Setting dfy = —v - d\, we rewrite (51) as
/(— curlw - vdfy + divw (v - df) + (curlw x v) - dF) = 0.
2

By Theorem 10, the measures 3y, (31, (2, O3 are absolutely continuous. Since
d\o = v - df3, we get the absolute continuity of \g. Moreover we have

(5hj — l/th) d/\] = d)\h — U (V ’ d)\) = d)\h +vn dﬁo
from which it follows
d)\h = —VhdﬁO"i_ghsj Vs dﬁja (h: 1’2’3)

This shows that also A;, As, A3 are absolutely continuous. O
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