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1 Introduction

In the last years, there has been a renewed interest for boundary value
problems for the Moisil-Theodorescu system (see, e.g., [1, 2, 3, 4, 21, 23, 24,
26, 27, 28, 29]):

∇u = curl v, div v = 0. (1)

It is well known that this system provides an example of multidimen-
sional generalized Cauchy–Riemann system.

In [6, 7] a new approach hinging on the concept of self-conjugate dif-
ferential form was proposed to study such systems. A non homogeneous
differential form U is said to be self-conjugate if dU = δU , where d e δ
are the differential and the codifferential, respectively. Such forms provide
a generalization in Rn of holomorphic functions. For instance, solutions of
Moisil-Theodorescu system in R3 and of Fueter or Cimmino system in R4,
harmonic vectors (i.e. vectors u such that div u = 0, curlu = 0), harmonic
forms (i.e. homogeneous differential forms u such that du = 0, δu = 0), con-
jugate forms (i.e. differential forms u, v such that du = δv, δu = 0, dv = 0)
can be seen as self-conjugate differential forms.

In particular, the non homogeneous form U = u0 + u2 is self conjugate
in a domain Ω ⊂ R3 if and only if Moisil-Theodorescu system (1) is satisfied
in Ω, where the scalar function u is u0 and the components of the vector v
are the coefficients of the form u2.

A comprehensive treatment of self-conjugate forms is given in [7].
The aim of the present paper is twofold.



48 Cialdea A., Lanzara F., Mare C.S.

Firstly, we present an existence theorem for the Dirichlet problem for the
Moisil-Theodorescu system. We also observe that a Brothers Riesz theorem
holds for this system. These results are essentially contained in [6] and [7].
However, we believe it is worthwhile to write them down explicitly, also
because - thanks to the Lemma 3 we give here - we are able to simplify
the general result in the particular case of Moisil-Theodorescu system. We
remark that the Brothers Riesz theorem for the Moisil-Theodorescu system
states that, if the boundary values of a solution of this system are measures,
then these measures have to be absolutely continuous. We prove also that,
if λ0, λ1, λ2, λ3 are Borel measures defined on the boundary Σ of a domain
such that ∫

Σ

(divω dλ0 + (curlω)j dλj) = 0

for any harmonic vector polynomial ω = (ω1, ω2, ω3), then λ0, λ1, λ2, λ3

are absolutely continuous with respect to the two-dimensional Lebesgue
measure on Σ.

Secondly, we prove the completeness property on the boundary for poly-
nomial solutions of the Moisil-Theodorescu system. This result falls within
the field of boundary completeness problems. For an introduction to this
topic and a review of several known results, see Section 2 of [9]. The latter
contains a fairly complete list of references, to which we add the more recent
references [10, 11, 12, 13]. It should be noted that in all previous results, the
completeness theorems are proved for BVPs that are index problems. This
implies that the completeness property holds in spaces with finite codimen-
sion. In the present paper the completeness property on the boundary is
considered for a problem with infinite compatibility conditions, which leads
to results that hold in spaces of infinite codimension.

The paper is organized as follows

After some preliminaries given in Section 2, we prove existence and
uniqueness theorem for the Dirichlet problem in Section 3, by rewriting and
completing some general results obtained in [7].

Section 4 is devoted to completeness theorems. In particular it is proved
that, if Ω is a bounded domain such that R3\Ω is connected, then the system
{(δωi

j,− ∗ dωi
j,−dωi

j)} is complete in the Lp norm in a certain subspace
of Lp

0(Σ) × Lp
1(Σ) × Lp

2(Σ) (1 ≤ p < ∞). Here {ωi
j} is a sequence of

harmonic polynomial 1-forms such that any harmonic polynomial 1-form
can be written as a finite linear combination of forms in {ωi

j}.
In Section 5, the Brothers Riesz theorem proved in [6] for general self-

conjugate differential forms has been refined in the particular case of forms
corresponding to the Moisil-Theodorescu system. As a consequence, the
completeness in the uniform norm has been obtained.

In the last section all the results obtained in the present paper have been
reformulated without using differential forms.
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2 Preliminaries

Throughout the paper, unless stated otherwise, we will assume that Ω is a
bounded domain in R3 with a C1 boundary Σ.

We recall here some definitions and properties of differential forms and
self-conjugate differential forms. For the reader’s convenience, we are going
to consider them only in R3, but the theory can be developed in Rn (see
[7]).

Let 0 ≤ k ≤ 3; a differential form of degree k, briefly a k-form, defined
in a domain Ω ⊂ R3 is represented as

uk =
1

k!
uj1···jk

dxj1 · · · dxjk , (2)

where uj1···jk
are the components of a skew-symmetric covariant tensor de-

fined in Ω. We adopt the standard summation convention on repeated
indices. We shall use the generalized Kronecker delta

δ
j1···jp

i1···ip =


+1 if j1, . . . , jp is an even permutation of i1, . . . , ip

−1 if j1, . . . , jp is an odd permutation of i1, . . . , ip

0 otherwise.

and the Levi-Civita symbol εj1j2j3 = δ1 2 3
j1j2j3

.
Let x = ξ(t) be a local parametric equation of Σ and let (2) be a k-form

defined and continuous in an open set A ⊃ Σ. We write uk

∣∣
Σ

for the k-form
on Σ which locally is given by

ξ∗t u =
1

k!
uj1···jk

[ξ(t)]
∂ξj1
∂ts1

· · · ∂ξjk

∂tsk

dts1 · · · dtsk . (3)

If u is a 0 -form, we put ξ∗t u = u[ξ(t)]. We call uk

∣∣
Σ

the restriction of uk on
Σ.

More generally, if uk is defined in A and its coefficients uj1···jk
admit a

trace on Σ in some generalized sense (trace of Sobolev space, non tangential
trace, etc.) by writing uk

∣∣
Σ

we mean the form (3) in which uj1···jk
[ξ(t)] is

the trace of uj1···jk
in this generalized sense.

We remark that
dxs1dxs2

∣∣
Σ

= εp s1s2νp dσ , (4)

where ν = (ν1, ν2, ν3) is the outward unit normal on Σ and dσ is the standard
surface element.

By ∗uk we denote the dual Hodge form, i.e. the (3− k)-form

∗uk =
1

k! (3− k)!
εs1···ski1···i3−k

us1···sk
dxi1 · · · dxi3−k .

A direct computation shows that

∗ ∗ uk = uk. (5)
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As usual, by duk and δuk we denote the differential and the co-differential
of uk, respectively:

duk =
1

k!

∂

∂xh

uj1···jk
dxhdxj1 · · · dxjk ,

δuk = (−1)k ∗ d ∗ uk . (6)

We note that (5) and (6) lead to

∗δuk = (−1)kd ∗ uk. (7)

It is well known that d2uk = 0 and δ2uk = 0 for any sufficiently smooth
k-form. If uk and vh are a k-form and a h-form, respectively, we have

uk ∧ vh = (−1)khvh ∧ uk , (8)

d(uk ∧ vh) = duk ∧ vh + (−1)kuk ∧ dvh . (9)

We have also
uk ∧ ∗vk = vk ∧ ∗uk . (10)

The Laplacian of the k-form uk is defined as

∆uk = −(dδ + δd)uk

and we say that uk is harmonic in Ω if ∆uk = 0 in Ω. We note that

∆uk =
1

k!
∆us1···sk

dxs1 · · · dxsk (11)

and then the form uk is harmonic if and only if all the coefficients us1···sk

are harmonic functions.
A non homogeneous differential form U = u0 +u1 +u2 +u3 is said to be

self-conjugate if
dU = δU . (12)

In particular, if U = u0+u2, where u2 = v1dx
2dx3+v2dx

3dx1+v3dx
1dx2,

equation (12) is satisfied if, and only if,

du0 = δu2, du2 = 0.

We can write these conditions as

∇u0 = curl(v1, v2, v3), div(v1, v2, v3) = 0.

This means that the non homogeneous form U = u0+u2 is self-conjugate
if and only if the vector (u0, v1, v2, v3) satisfies the Moisil-Theodorescu sys-
tem.

Let us consider now the double form introduced by Hodge

sk(x, y) =
∑

s1<···<sk

s0(x, y) dx
s1 · · · dxskdys1 · · · dysk ,
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where s0(x, y) is the fundamental solution of the Laplace equation

s0(x, y) = − 1

ω3

|x− y|−1,

ω3 being the hypersurface measure of the unit sphere of R3. The Hodge
double form satisfies the following identities (for the proof, see Colautti
[15, p.309])

∗
x
sk(x, y) = ∗

y
s3−k(x, y),

δxsk+1(x, y) = dysk(x, y),

∗
x
dxsk(x, y) = (−1)k+1 ∗

y
dys3−k−1(x, y),

∗
y
dy ∗

x
dxsk(x, y) = −dydxs3−k−2(x, y).

We will use the following notations:
Lp(Ω) (Lp(Σ)) is the vector space of all measurable real valued functions

u such that |u|p is integrable over Ω (over Σ).
Lp

k(Ω) is the vector space of k-forms defined in Ω such that their coeffi-
cients belong to Lp(Ω).

Lp
k(Σ) is the vector space of k-forms defined on Σ such that their co-

efficients are Lp functions in a coordinate system of class C1 (and then in
every coordinate system of class C1).

If m ∈ N, by Cm
k (Ω) (Cm

k (Σ)) we denote the space of k-forms such that
their coefficients belong to Cm(Ω) (Cm(Σ) in a coordinate system of class
Cm+1 and then in every coordinate system of class Cm+1).

C̊∞(Ω) is the space of C∞ functions with compact support contained in
Ω and C̊∞k (Ω) is the space of k-forms whose coefficients belong to C̊∞(Ω).

By means of the double Hodge form we have that if uk is a k-form in
C1

k(Ω)∩C2
k(Ω) with ∆uk ∈ L1

k(Ω), the following “Stokes formula” holds (see
[15, p.308])∫

Ω

sk(x, y) ∧ ∗∆uk(y) +

∫
+Σ

[uk(y) ∧ ∗
y
dysk(x, y)− δysk(x, y) ∧ ∗uk(y)

+δuk(y) ∧ ∗
y
sk(x, y)− sk(x, y) ∧ ∗duk(y)] =

{
uk(x) if x ∈ Ω,

0 if x /∈ Ω.

As a consequence of this representation formula, we have that, if ψk ∈
C̊∞k (A), A being a domain in R3, then

ψk(x) =

∫
A

sk(x, y) ∧ ∗∆ψk(y), ∀x ∈ R3 .

In the present paper we are going to consider also k-measures on Σ.
Roughly speaking, a k-measure is a k-form whose coefficients are Borel
measures. We denote by Mk(Σ) the space of k-measures defined on Σ. It
can be shown that Mk(Σ) can be identified with the dual of C0

k(Σ). We
refer to [17] for a complete treatment of this subject.
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3 Existence and uniqueness theorem for the

Dirichlet problem

In [7] a very general existence theorem for the Dirichlet problem for self-
conjugate differential forms is given. Here we describe this result in the
particular case of forms corresponding to the Moisil-Theodorescu system in
R3 and refer to [7] for the general theory.

Let U be the space defined as{
u0 +u2 ∈ L1

0(Ω)⊕L1
2(Ω) : ∃Φ = ϕ0 +ϕ2, Φ̃ = ϕ̃2 ∈ L1

0(Σ)⊕L1
1(Σ)⊕L1

2(Σ)

such that ∫
Ω

(dv1 ∧ ∗u2 − δv1 ∧ ∗u0 − δv3 ∧ ∗u2) (13)

=

∫
+Σ

(v1 ∧ ϕ̃2 + ϕ0 ∧ ∗v1 + ϕ2 ∧ ∗v3),

∀ V = v1 + v3 ∈ C1
1(R3)⊕ C1

3(R3)
}
.

Lemma 1. If U ∈ U then U ∈ C∞(Ω) and dU = δU in Ω.

Proof. Note that we have in particular∫
Ω

(dv1 ∧ ∗u2 − δv1 ∧ ∗u0 − δv3 ∧ ∗u2) = 0 (14)

for any V ∈ C̊∞1 (Ω)⊕C̊∞3 (Ω). Taking v1 = −δv2, v3 = dv2, where v2 belongs
to C̊∞2 (Ω), we get ∫

Ω

∆v2 ∧ ∗u2 = 0

for any v2 ∈ C̊∞2 (Ω). From the classic Caccioppoli–Weyl Lemma we deduce
that u2 ∈ C∞2 (Ω) and ∆u2 = 0 in Ω. Analogously, taking in (14) v1 =
dv0, v3 = 0, v0 being in C̊∞0 (Ω), we find∫

Ω

∆v0 ∧ ∗u0 = 0

for any v0 ∈ C̊∞0 (Ω) and then u0 ∈ C∞0 (Ω) and ∆u0 = 0 in Ω.
In view of (7) and (10) we get

δv1 ∧ ∗u0 = u0 ∧ ∗δv1 = −u0 ∧ d ∗ v1,

δv3 ∧ ∗u2 = u2 ∧ ∗δv3 = −u2 ∧ d ∗ v3

and we can write (14) as∫
Ω

(dv1 ∧ ∗u2 + u0 ∧ d ∗ v1 + u2 ∧ d ∗ v3) = 0
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for any V ∈ C̊∞1 (Ω)⊕ C̊∞3 (Ω).
Since u0 + u2 is C∞ in Ω, we can apply Stoke’s theorem to the integral

in (14) and find∫
Ω

(v1 ∧ d ∗ u2 − du0 ∧ ∗v1 − du2 ∧ ∗v3) = 0,

i.e. ∫
Ω

(v1 ∧ (d ∗ u2 − ∗du0)− du2 ∧ ∗v3) = 0 .

Because of the arbitrariness of V in C̊∞1 (Ω)⊕ C̊∞3 (Ω), we get

d ∗ u2 − ∗du0 = 0, du2 = 0 in Ω.

This shows that U is self–conjugate.

Let us introduce now the space V defined as{
u0 +u2 ∈ L1

0(Ω)⊕L1
2(Ω) : ∃Φ = ϕ0 +ϕ2, Φ̃ = ϕ̃2 ∈ L1

0(Σ)⊕L1
1(Σ)⊕L1

2(Σ)

such that∫
+Σ

(ϕ0(y) ∧ ∗
y
dys0(x, y) + dys0(x, y) ∧ ϕ̃2(y)) =

{
u0(x) if x ∈ Ω,

0 if x /∈ Ω;
,∫

+Σ

(ϕ2(y) ∧ ∗
y
dys2(x, y)− δys2(x, y) ∧ ϕ̃2(y)− ϕ0(y) ∧ ∗

y
δys2(x, y))

=

{
u2(x) if x ∈ Ω,

0 if x /∈ Ω.

} (15)

Roughly speaking, we can say that U is the space self-conjugate differ-
ential forms of the type u0 +u2 which have traces on Σ in some weak sense,
given by formula (13), while in the space V there are self-conjugate differ-
ential forms in L1(Ω) for which the “Cauchy formula” (15) holds. Actually
these two spaces coincide.

Theorem 1. U = V.

Proof. For the proof we refer to [7, Th. III], where the result is proved for
general self-conjugate differential forms in any number of variables. We
remark that, looking at the proof of this theorem, we see that Φ and Φ̃ in
(13) and (15) coincide.

Thanks to Theorems 3.2 and 3.3 in [14], we have that, if U = u0 + u2 ∈
U = V , then there exist the interior non–tangential traces of u0, u2 and ∗u2
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a.e. on Σ, and they are given by ϕ0, ϕ2 and ϕ̃2, respectively. This shows
that U can be considered solution of the Dirichlet problem

U ∈ U ,
dU − δU = 0 in Ω,

U = Φ, ∗U = Φ̃ on Σ.

(16)

Let us denote by ωi1···ik
h the k-form ωhdx

i1 · · · dxik , where {ωh} is a com-
plete system of homogeneous harmonic polynomials. Such a system can be
obtained by ordering in one sequence the polynomials:

|x|kY k
s

(
x

|x|

)
, s = 1, . . . , 2k + 1, k = 0, 1, 2, . . . ;

where Y k
1 , . . . , Y

k
2k+1 is a complete system of (surface) spherical harmonics

of degree k.

Theorem 2. Let Ω be a bounded domain such that R3 \Ω is connected. Let

Φ = ϕ0 +ϕ2, Φ̃ = ϕ̃2 ∈ L1
0(Σ)⊕L1

1(Σ)⊕L1
2(Σ) be given forms on Σ. There

exists a non homogeneous form U = u0 + u2 solution of the boundary value
problem (16) if and only if the following infinite compatibility conditions are
satisfied: ∫

+Σ

(ϕ0 ∧ ∗dωh + dωh ∧ ϕ̃2) = 0,∫
+Σ

(ϕ2 ∧ ∗dωi1i2
h − δωi1i2

h ∧ ϕ̃2 − ϕ0 ∧ ∗δωi1i2
h ) = 0,

(17)

for any h = 1, 2, . . . and for any choice of 1 ≤ i1 < i2 ≤ 3. The solution U
is unique.

Proof. Uniqueness. Suppose there are two self-conjugate differential forms
U1, U2 in U such that their traces on Σ are equal to ϕ and the traces of ∗U1

and ∗U2 are equal to ϕ̃. Let U = U1 − U2. Conditions (13) lead to∫
Ω

(dv1∧∗u2−δv1∧∗u0−δv3∧∗u2) = 0, ∀ V = v1+v3 ∈ C1
1(R3)⊕C1

3(R3).

Reasoning as before, we find∫
Ω

(∆v2 ∧ ∗u2 + ∆v0 ∧ ∗u0) = 0,∀ v0 + v2 ∈ C∞0 (R3)⊕ C∞2 (R3).

It is easy to deduce that this implies U = u0 + u2 = 0.
Existence. If a solution does exist, (17) follows from (13). Indeed, the

first relations are obtained taking v1 = dωh, v3 = 0 and observing that
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δv1 = δdωh = −∆ωh = 0. For the other ones, take v1 = −δωi1i2
h , v3 = dωi1i2

h

in (13). We get∫
+Σ

(ϕ2 ∧ ∗dωi1i2
h − δωi1i2

h ∧ ϕ̃2 − ϕ0 ∧ ∗δωi1i2
h )

=

∫
Ω

(−dδωi1i2
h − δdωi1i2

h ) ∧ ∗u2 =

∫
Ω

∆ωi1i2
h ∧ ∗u2 = 0.

Conversely, let us suppose that (17) are satisfied. It is known that there
exists δ > 0 such that if 0 < r < R, with r ≤ δR, the development

s0(x− y) =
∞∑

k=0

2k+1∑
h=1

Qhk(x)Phk(y)

|x|2k+1
(18)

holds uniformly for |y| ≤ r and |x| ≥ R, where Phk andQhk are homogeneous
harmonic polynomials of degree k (see [5, Lemma 3.2]). Therefore, taking
r = maxx∈Ω |x|, we can say that we can findR such that (18) holds uniformly
for y ∈ Σ and |x| ≥ R. Thanks to (17) we deduce that the potentials

u0(x) =

∫
+Σ

(ϕ0(y) ∧ ∗
y
dys0(x, y) + dys0(x, y) ∧ ϕ̃2(y)),

u2(x) =

∫
+Σ

(ϕ2(y) ∧ ∗
y
dys2(x, y)− δys2(x, y) ∧ ϕ̃2(y)− ϕ0(y) ∧ ∗

y
δys2(x, y))

vanish for |x| ≥ R. Since they are analytic in R3 \ Σ, we have

u0(x) = 0, u2(x) = 0, ∀ x /∈ Ω.

This shows that U = u0 +u2 is in V and then, in view of Theorem 1, U ∈ U
and the boundary value problem (16) is satisfied.

Actually the two conditions in (17) are not independent. This is a con-
sequence of the following Lemma. Saying that ω is a polynomial differential
form, we mean that all its coefficients are polynomials.

Lemma 2. Let ω be a scalar harmonic polynomial. There exists a polyno-
mial 2-form w2 such that

δw2 = dω, dw2 = 0. (19)

Proof. We recall that, by the classical homotopy formula, given a closed C1

2-form α = α1dx
2dx3 + α2dx

3dx1 + α3dx
1dx2, the 1-form

I(α) =

(∫ 1

0

α1(tx) t dt

)
(x2dx

3 − x3dx
2) (20)

+

(∫ 1

0

α2(tx) t dt

)
(x3dx

1 − x1dx
3) +

(∫ 1

0

α3(tx) t dt

)
(x1dx

2 − x2dx
1)
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is such that dI(α) = α (see, e.g., [20, pp.29–30]).
Let now ω be a scalar harmonic polynomial. Since d ∗ dω = 0, the 2-

form w0
2 = ∗I(∗dω) is such that d ∗ w0

2 = dI(∗dω) = ∗dω, i.e. δw0
2 = dω.

We remark that, in view of the expression (20), the coefficients of w0
2 are

polynomials.
Let now θ be a 2-form with polynomial coefficients such that ∆θ = w0

2.
Thanks to (11), the existence of θ follows immediately from the analogous
result for scalar functions (see [30, Th.1]). We have

−dδdθ = −d(δd+ dδ)θ = d∆θ = dw0
2.

This implies d(w0
2 + δdθ) = 0 and, since δ(w0

2 + δdθ) = δw0
2 = dω, the form

w2 = w0
2 + δdθ satisfies (19) and its coefficients are polynomials.

Lemma 3. If Φ = ϕ0 +ϕ2, Φ̃ = ϕ̃2 ∈ L1
0(Σ)⊕L1

1(Σ)⊕L1
2(Σ) are such that∫

+Σ

(ϕ2 ∧ ∗dωi1i2
h − δωi1i2

h ∧ ϕ̃2 − ϕ0 ∧ ∗δωi1i2
h ) = 0 (21)

for any h = 1, 2, . . . and for any choice of 1 ≤ i1 < i2 ≤ 3, then we have
also ∫

+Σ

(ϕ0 ∧ ∗dωh + dωh ∧ ϕ̃2) = 0 (22)

for any h = 1, 2, . . ..

Proof. It is clear that condition (21) implies that∫
+Σ

(ϕ2 ∧ ∗dw2 − δw2 ∧ ϕ̃2 − ϕ0 ∧ ∗δw2) = 0 (23)

for any harmonic polynomial 2-form w2. Now, let us consider the harmonic
polynomial ωh. By Lemma 2, there exists a polynomial 2-form w2 such that
δw2 = dωh, dw2 = 0. Note that this implies that ∆w2 = 0, and then (23)
holds. This means that (22) is true, proving the Lemma.

Theorem 3. Let Ω be a bounded domain such that R3 \Ω is connected. Let

Φ = ϕ0 +ϕ2, Φ̃ = ϕ̃2 ∈ L1
0(Σ)⊕L1

1(Σ)⊕L1
2(Σ) be given forms on Σ. There

exists a non homogeneous form U = u0 + u2 solution of the boundary value
problem (16) if and only if the following infinite compatibility conditions are
satisfied: ∫

+Σ

(ϕ2 ∧ ∗dωi1i2
h + ϕ̃2 ∧ δωi1i2

h − ϕ0 ∧ ∗δωi1i2
h ) = 0, (24)

for any h = 1, 2, . . . and for any choice of 1 ≤ i1 < i2 ≤ 3. The solution U
is unique.

Proof. This follows immediately from Theorem 2 and Lemma 3.
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4 Completeness theorems

Theorem 4. Let 1 ≤ p <∞. Let Ω be a bounded domain such that R3 \Ω
is connected. The system

{(δωi
j,− ∗ dωi

j,−dωi
j), j = 1, 2, . . . , i = 1, 2, 3} (25)

is complete in the subspace of Lp
0(Σ)× Lp

1(Σ)× Lp
2(Σ) defined as

Λp =
{

(ϕ0, ϕ1, ϕ2) ∈ Lp
0(Σ)× Lp

1(Σ)× Lp
2(Σ) such that

∫
+Σ

(ϕ0 ∧ ∗δωi1i2
h − ϕ1 ∧ δωi1i2

h − ϕ2 ∧ ∗dωi1i2
h ) = 0, (26)

for any h = 1, 2, . . . and for any choice of 1 ≤ i1 < i2 ≤ 3
}
.

Proof. We first observe that system (25) is contained in Λp. Indeed, if we
set u0 = δωi

j, u2 = −dωi
j, we have du0 = dδωi

j = −δdωi
j = δu2, du2 =

−d2ωi
j = 0. This shows that δωi

j, − ∗ dωi
j and −dωi

j are the traces on Σ of
u0, ∗u2 and u2, respectively, with u0 + u2 self–conjugate. Thus conditions
(24), and then (26), are satisfied.

Let 1 < p < ∞. In order to prove the completeness of system (25) in
Λp, we have to show that, if (ψ2, ψ1, ψ0) in (Lp

0(Σ) × Lp
1(Σ) × Lp

2(Σ))∗ =
Lq

2(Σ)× Lq
1(Σ)× Lq

0(Σ) is such that∫
+Σ

(ψ2 ∧ δωi
j − ψ1 ∧ ∗dωi

j − ψ0 ∧ dωi
j) = 0 (27)

for any j = 1, 2, . . ., i = 1, 2, 3, then∫
+Σ

(ψ2 ∧ ϕ0 + ψ1 ∧ ϕ1 + ψ0 ∧ ϕ2) = 0 (28)

for any (ϕ0, ϕ1, ϕ2) ∈ Λp. It is clear that (27) is equivalent to say that∫
+Σ

(ψ2 ∧ δω1 − ψ1 ∧ ∗dω1 − ψ0 ∧ dω1) = 0

for any polynomial harmonic 1-form ω1. Setting ω2 = ∗ω1 (which implies
ω1 = ∗ω2), we have δω1 = − ∗ d ∗ ω1 = − ∗ dω2, ∗dω1 = ∗d ∗ ω2 = δω2 and
dω1 = d ∗ ω2. Therefore we may write∫

+Σ

(ψ2 ∧ ∗dω2 + ψ1 ∧ δω2 + ψ0 ∧ d ∗ ω2) = 0 (29)

for any polynomial harmonic 2-form ω2. By Theorem 3 there exists a self–
conjugate differential form V ∈ U such that V = −ψ0 + ψ2, ∗V = ψ1 on Σ.
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Thanks to Theorem 1, we have also V = v0 + v2, where∫
+Σ

(−ψ0(y) ∧ ∗
y
dys0(x, y) + dys0(x, y) ∧ ψ1(y)) =

{
v0(x) if x ∈ Ω,

0 if x /∈ Ω;
,∫

+Σ

(ψ2(y) ∧ ∗
y
dys2(x, y)− δys2(x, y) ∧ ψ1(y) + ψ0(y) ∧ ∗

y
δys2(x, y))

=

{
v2(x) if x ∈ Ω,

0 if x /∈ Ω.

Analogously, (26) leads to∫
+Σ

(ϕ0(y) ∧ ∗
y
dys0(x, y) + dys0(x, y) ∧ ϕ1(y)) =

{
u0(x) if x ∈ Ω,

0 if x /∈ Ω;
,∫

+Σ

(ϕ2(y) ∧ ∗
y
dys2(x, y)− δys2(x, y) ∧ ϕ1(y)− ϕ0(y) ∧ ∗

y
δys2(x, y))

=

{
u2(x) if x ∈ Ω,

0 if x /∈ Ω,

(30)

U = u0 + u2 being in U .
Let us consider now a harmonic simple layer potential

g(x) =

∫
Σ

f(y) s0(x, y) dσy

with density f belonging to Lp(Σ).
Given 0 < α < 1, consider the non tangential maximal function

(∇g)∗(x) = sup
{
|∇g(ξ)| : ξ ∈ Ω, |ξ−x| < δ, 〈ξ−x, ν(x)〉 > α|ξ−x|

}
. (31)

By a fundamental result by Fabes, Jodeit and Rivière [16, Th.1.10],
there exists a constant δ = δΩ,α such that the function (31) belongs to
Lp(Σ) and

‖(∇g)∗‖Lp(Σ) ≤ C‖f‖Lp(Σ) (32)

with C independent of f .
Let us introduce a family of surfaces which are “parallel” to Σ = ∂Ω in

some sense. Let λ(x) be a unit vector defined and continuously differentiable
on Σ such that −λ(x) · ν(x) > β0 > 0. Let Σ% be the surface x% = x +
%λ(x), x ∈ Σ, where |%| 6 %0. We can choose %0 > 0 such that the surface
Σ% is the boundary of a domain contained in Ω (containing Ω ) if 0 < % ≤ %0

(if −%0 ≤ % < 0). One can prove that if Σ ∈ C1, then such a vector does
exist (see [19, pp.273–275], [22, p.40–41]). It is clear that we can choose
the constants β0 and %0 in such a way the point x% belongs to the cone
considered in the definition (31). Then we have the inequality

|∇g(x%)| ≤ |(∇g)∗(x)| , (33)
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for any x ∈ Σ and for any 0 < % ≤ %0, with (∇g)∗(x) satisfying the estimate
(32).

We claim that

lim
%→0+

∫
+Σ%

(v2∧u0+∗v2∧∗u2−v0∧u2) =

∫
+Σ

(ψ2∧ϕ0+ψ1∧ϕ1+ψ0∧ϕ2). (34)

Indeed, from (30) we see that the components of u0 + u2 can be written
as linear combinations of first derivatives of simple layer potentials having
Lp densities. Thanks to inequalities (32) and (33), we have that there exists
a function H ∈ Lp(Σ) such that

|U(x%)| ≤ H(x), a.e. x ∈ Σ, 0 < % ≤ %0,

where by |U(x%)| we denote the sum of the modulus of all the coefficients
of u0 and u2. Analogously, there exists a function K ∈ Lq(Σ) such that

|V (x%)| ≤ K(x), a.e. x ∈ Σ, 0 < % ≤ %0.

Therefore

|v2 ∧ u0 + ∗v2 ∧ ∗u2 − v0 ∧ u2| ≤ H(x)K(x)

a.e. on Σ%. Since HK is in L1(Σ), and

lim
%→0+

u0 = ϕ0, lim
%→0+

u2 = ϕ2, lim
%→0+

∗u2 = ϕ1,

lim
%→0+

v0 = ψ0, lim
%→0+

v2 = ψ2, lim
%→0+

∗v2 = ψ1

a.e. on Σ, Lebesgue’s dominated convergence theorem shows that (34) holds.
By the Stokes Theorem (see also (9)), we get∫

+Σ%

(v2 ∧ u0 + ∗v2 ∧ ∗u2 − v0 ∧ u2) =

∫
Ω%

(dv2 ∧ u0 + v2 ∧ du0

+d(∗v2) ∧ ∗u2 − ∗v2 ∧ d(∗u2)− dv0 ∧ u2 − v0 ∧ du2) .

Recalling (6), (8) and (10) we find

d(∗v2) ∧ ∗u2 = u2 ∧ ∗d(∗v2) = u2 ∧ δv2 = δv2 ∧ u2 = dv0 ∧ u2,

∗v2 ∧ d(∗u2) = ∗d(∗u2) ∧ v2 = δu2 ∧ v2 = v2 ∧ δu2 = v2 ∧ du0,

which, together with du2 = dv2 = 0, lead to∫
+Σ%

(v2 ∧ u0 + ∗v2 ∧ ∗u2 − v0 ∧ u2) = 0.

In view of (34), we have that (28) holds for any (ϕ0, ϕ1, ϕ2) ∈ Λp and
the proof is complete when 1 < p < ∞. The result for p = 1 easily follows
from the completeness for p > 1.
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5 The Brothers Riesz Theorem and the com-

pleteness in the uniform norm

The classical theorem of F. and M. Riesz [25] states that if µ is a complex
measure defined on the circle T = {z ∈ C | |z| = 1} which satisfies∫

T

einϑdµϑ = 0 n = 1, 2, 3, . . .

then µ is absolutely continuous, i.e. there exists a function f ∈ L1(T ) such
that

µ(B) =

∫
B

f(ϑ)dϑ

for any Borel set B ⊂ T . This theorem has inspired many generalizations
and for a survey of the more “concrete” ones we refer to [8]. In particular,
a Brothers Riesz theorem for conjugate differential forms in any dimension
was proved in [6].

In this section we suppose that Σ is a Lyapunov boundary. This is be-
cause we are going to use the results proven in [6], in which this assumption
was made.

Theorem 5. Let Ω be a bounded domain such that R3 \ Ω is connected. If
(µ0, µ1, µ2) ∈M0(Σ)×M1(Σ)×M2(Σ) is such that∫

+Σ

(µ0 ∧ ∗δωi1i2
h − µ1 ∧ δωi1i2

h − µ2 ∧ ∗dωi1i2
h ) = 0, (35)

for any h = 1, 2, . . . and for any choice of 1 ≤ i1 < i2 ≤ 3, then µ0, µ1 and
µ2 are absolutely continuous k-measures.

Proof. This theorem was essentially proved in [6, Th. XI], where it is shown
that if (µ0, µ1, µ2) ∈M0(Σ)×M1(Σ)×M2(Σ) is such that∫

+Σ

(µ0 ∧ ∗dωh + dωh ∧ µ1) = 0, h = 1, 2, . . . (36)

and (35) holds, then µ0, µ1 and µ2 are absolutely continuous. On the
other hand, as in Lemma 3, conditions (35) imply conditions (36) and this
concludes the proof.

Remark 1. Conditions (35) are equivalent to∫
+Σ

(µ0 ∧ ∗δω − µ1 ∧ δω − µ2 ∧ ∗dω) = 0, (37)

for any polynomial harmonic 2-form ω.

We are now in a position to prove the completeness of system (25) in
the uniform norm.
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Theorem 6. Let Ω be a bounded domain such that R3\Ω is connected. The
system (25) is complete in the subspace Λ0 of C0

0(Σ)×C0
1(Σ)×C0

2(Σ) defined
as the class of (ϕ0, ϕ1, ϕ2) ∈ C0

0(Σ) × C0
1(Σ) × C0

2(Σ) such that conditions
(26) hold for any h = 1, 2, . . . and for any choice of 1 ≤ i1 < i2 ≤ 3.

Proof. As in Theorem 4, one can see that the system (25) is contained in
Λ0. We have to show that if (µ2, µ1, µ0) ∈M2(Σ)×M1(Σ)×M0(Σ) is such
that ∫

+Σ

(µ2 ∧ δωi
j − µ1 ∧ ∗dωi

j − µ0 ∧ dωi
j) = 0 (38)

for j = 1, 2, . . . i = 1, 2, 3, then∫
+Σ

(µ2 ∧ ϕ0 + µ1 ∧ ϕ1 + µ0 ∧ ϕ2) = 0

for any (ϕ0, ϕ1, ϕ2) ∈ Λ0.

Conditions (38) mean that∫
+Σ

(µ2 ∧ δω1 − µ1 ∧ ∗dω1 − µ0 ∧ dω1) = 0

for any polynomial harmonic 1-form ω1. As in (29), setting ω2 = ∗ω1, we
may rewrite this conditions as∫

+Σ

(µ2 ∧ ∗dω2 + µ1 ∧ δω2 + µ0 ∧ ∗δω2) = 0 (39)

for any polynomial harmonic 2-form ω2.

Thanks to Theorem 5, the k-measures µ0, µ1 and µ2 are absolutely con-
tinuous. This means that µ0 = ψ0, µ1 = ψ1, µ2 = ψ2, where (ψ0, ψ1, ψ2) ∈
L1

0(Σ) × L1
1(Σ) × L1

2(Σ). Conditions (39) show that (ψ0,−ψ1,−ψ2) be-
longs to Λ1. Since the system (25) is complete in Λ1 (see Theorem 4),
there exists a sequence of polynomial harmonic 1-forms {ω1

n} such that
(δω1

n,− ∗ dω1
n,−dω1

n) tends to (ψ0,−ψ1,−ψ2) in L1
0(Σ) × L1

1(Σ) × L1
2(Σ).

This implies that∫
+Σ

(µ2 ∧ ϕ0 + µ1 ∧ ϕ1 + µ0 ∧ ϕ2) =

∫
+Σ

(ψ2 ∧ ϕ0 + ψ1 ∧ ϕ1 + ψ0 ∧ ϕ2)

= lim
n→∞

∫
+Σ

(dω1
n ∧ ϕ0 + ∗dω1

n ∧ ϕ1 + δω1
n ∧ ϕ2) .

As before, we may write∫
+Σ

(dω1
n∧ϕ0+∗dω1

n∧ϕ1+δω
1
n∧ϕ2) =

∫
+Σ

(d∗ω2
n∧ϕ0+δω

2
n∧ϕ1−∗dω2

n∧ϕ2),
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where ω2
n = ∗ω1

n. Therefore∫
+Σ

(µ2 ∧ ϕ0 + µ1 ∧ ϕ1 + µ0 ∧ ϕ2)

= lim
n→∞

∫
+Σ

(d ∗ ω2
n ∧ ϕ0 + δω2

n ∧ ϕ1 − ∗dω2
n ∧ ϕ2)

= lim
n→∞

∫
+Σ

(ϕ0 ∧ ∗δω2
n − ϕ1 ∧ δω2

n − ϕ2 ∧ ∗dω2
n) = 0,

because (ϕ0, ϕ1, ϕ2) belongs to Λ0. This completes the proof.

6 Reformulation of the main results

The aim of the present section is to reformulate the main results obtained
in this paper in terms of functions rather than differential forms. If v =
(v1, v2, v3) and w = (w1, w2, w3) are two vectors, v ·w stands for their scalar
product in R3:

∑3
j=1 vjwj. Analogously, if (λ1, λ2, λ3) is a vector whose

components are measures, we write v · dλ for the measure
∑3

j=1 vjdλj.
The cross product of v and w will be denoted by v × w.
Let Ũ be the space defined as{

(u, v) ∈ L1(Ω)× [L1(Ω)]3 : ∃ (f, g) ∈ L1(Σ)× [L1(Σ)]3

such that ∫
Ω

(u divw + v · curlw + v · ∇w0) dx

=

∫
Σ

(f (w · ν) + (g · ν)w0 + (g × ν) · w) dσ,∀(w0, w) ∈ C1(R3)× [C1(R3)]3
}
.

It is not difficult to verify that if we identify (u, v) with the non homo-
geneous differential form u0 + u2, with u0 = u, u2 = v1dx

2dx3 + v2dx
3dx1 +

v3dx
1dx2, then the space Ũ can be identified with the space U .

Theorem 7. Let Ω be a bounded domain such that R3 \Ω is connected. Let
f , g1, g2, g3 be L1 scalar functions given on Σ. There exists a solution u,
v = (v1, v2, v3) of the Dirichlet problem for the Moisil-Theodorescu system

(u, v) ∈ Ũ
∇u = curl v, div v = 0, in Ω

u = f, v = g, on Σ

(40)

(where g = (g1, g2, g3)) if and only if the following infinite compatibility
conditions are satisfied∫

Σ

((divω) g + g × curlω − f curlω) · ν dσ = 0, (41)

for any harmonic vector polynomial ω = (ω1, ω2, ω3). The solution (u, v) is
unique.



On the Dirichlet Problem for the Moisil-Theodorescu System 63

Proof. This is nothing but Theorem 3. Indeed we already know that ∇u =
curl v, div v = 0 is equivalent to dU = δU , where U = u0 + u2 = u +
(v1dx

2dx3 + v2dx
3dx1 + v3dx

1dx2). Let us consider a polynomial harmonic
2-form ω. We can write it as

ω = ω1dx
2dx3 + ω2dx

3dx1 + ω3dx
1dx2

where ω1, ω2 and ω3 are harmonic polynomials. Keeping in mind the defi-
nition (6), we have

δω = ∗d ∗ ω = ∗d(ω1dx
1 + ω2dx

2 + ω3dx
3) = ∗(∂hωjdx

hdxj)

= ∗((curlω)1 dx
2dx3 + (curlω)2 dx

3dx1 + (curlω)3 dx
1dx2) = (curlω)jdx

j ,

where (curlω)j is the j- th component of the curl of the vector (ω1, ω2, ω3),
which we still denote by ω. We have also

∗δω = (curlω)1 dx
2dx3 + (curlω)2 dx

3dx1 + (curlω)3 dx
1dx2

and

∗dω = ∗d(ω1dx
2dx3 + ω2dx

3dx1 + ω3dx
1dx2) = ∗(divω)dx1dx2dx3 = divω.

Let us suppose that (41) hold. Setting ϕ0 = f , ϕ2 = g1dx
2dx3 +

g2dx
3dx1 + g3dx

1dx2, ϕ̃2 = gj dx
j, and keeping in mind (4), we find on

Σ

ϕ2 ∧ ∗dω = (divω)(g1dx
2dx3 + g2dx

3dx1 + g3dx
1dx2) = (divω) g · ν dσ,

ϕ̃2 ∧ δω = gh(curlω)jdx
hdxj = εp h jgh(curlω)jνp dσ = (g × curlω) · ν,

ϕ0 ∧ ∗δω = f ((curlω)1 dx
2dx3 + (curlω)2 dx

3dx1 + (curlω)3 dx
1dx2)

= f (curlω) · ν dσ.

In view of (41), conditions (24) hold and then, in view of Theorem 3, there
exists a self-conjugate non homogenous differential form U = u0 + u2 such
that U

∣∣
Σ

= ϕ0 + ϕ2, ∗U
∣∣
Σ

= ϕ̃2, i.e.

u0|Σ = f (42)

u2|Σ = (g1dx
2dx3 + g2dx

3dx1 + g3dx
1dx2)|Σ = g · ν dσ (43)

∗u2|Σ = ghdx
h|Σ. (44)

Let us show that (43)–(44) hold if and only if vh|Σ = gh (h = 1, 2, 3).
Let us consider a chart on Σ with local coordinates (s, t). Locally, equation
(44) mean

vh|Σ(∂sxhds+ ∂txhdt) = gh(∂sxhds+ ∂txhdt)

i.e.
vh|Σ ∂sxh = gh ∂sxh, vh|Σ ∂txh = gh ∂txh,
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while equation (43) means

vh|Σνh = ghνh.

Since the matrix ∂sx1 ∂sx2 ∂sx3

∂tx1 ∂tx2 ∂tx3

ν1 ν2 ν3

 (45)

is not singular, we have that (43)–(44) are equivalent to vh|Σ = gh (h =
1, 2, 3). Therefore the system (42)–(44) holds if and only if the boundary
conditions in BVP (40) are satisfied. We have proved that, if the orthog-
onality conditions (41) are satisfied, then the BVP (40) admits a solution.
The viceversa can be proved in a similar way. We omit the details. The
uniqueness follows immediately from Theorem 3.

As far as the completeness results are concerned, let us denote by {ω(n)}
a sequence of polynomial harmonic vectors such that any polynomial har-
monic vector can be written as a finite linear combination of ω(n).

Theorem 8. Let 1 ≤ p <∞. Let Ω be a bounded domain such that R3 \Ω
is connected. The system

{(divω(n), curlω(n))} (46)

is complete in the subspace of Lp(Σ) × [Lp(Σ)]3 defined as Λ̃p = {(f, g) ∈
Lp(Σ) × [Lp(Σ)]3 such that conditions (41) hold for any harmonic vector
polynomial ω = (ω1, ω2, ω3)}.

Proof. Let (f, g) ∈ Λ̃p. Arguing as in Theorem 7, defining ϕ0 = −f ,
ϕ1 = −gj dx

j, ϕ2 = −(g1dx
2dx3 + g2dx

3dx1 + g3dx
1dx2), we see that con-

ditions (26) are satisfied. In view of Theorem 4, we can find a sequence
of polynomial harmonic 1-forms {ω1,n} such that (δω1,n,− ∗ dω1,n,−dω1,n)
tend to (ϕ0, ϕ1, ϕ2) in Lp

0(Σ) × Lp
1(Σ) × Lp

2(Σ). Let us denote by the same
symbol ω1,n the vector whose components are the coefficients of the 1-form
ω1,n. If we consider a chart with local coordinates (s, t), we have in local
Lp norms

− divω1,n → −f,
− curlω1,n → −gj dx

j,

−((curlω1,n)1dx
2dx3 + (curlω1,n)2dx

3dx1 + (curlω1,n)3dx
1dx2)

→ −(g1dx
2dx3 + g2dx

3dx1 + g3dx
1dx2).

The matrix (45) being non singular, the last two formulas imply that
(curlω1,n)j → gj locally.

This holding on any chart of Σ, we conclude that (divω1,n, curlω1,n) →
(f, g) in Lp(Σ)× [Lp(Σ)]3. Since each ω1,n can be written as a finite linear
combination of vectors of the system {ω(n)}, we have proved the complete-

ness of (46) in Λ̃p.
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Thanks to Theorem 6, we have a completeness result for system (46) in
the uniform norm, too.

Theorem 9. Let Ω be a bounded domain such that R3 \ Ω is connected.
The system (46) is complete in the subspace of C0(Σ) × [C0(Σ)]3 defined

as Λ̃0 = {(f, g) ∈ C0(Σ) × [C0(Σ)]3 such that conditions (41) hold for any
harmonic vector polynomial ω = (ω1, ω2, ω3)}.

The proof is similar to the previous one. We omit the details.

As far as the Brother Riesz Theorem is concerned, we have

Theorem 10. Let Ω be a bounded domain with a Lyapunov boundary, such
that R3 \ Ω is connected. If αj are measures in M(Σ) (j = 0, 1, 2, 3) such
that ∫

Σ

(− curlω · ν dα0 + divω ν · dα+ (curlω × ν) · dα) = 0, (47)

for any harmonic vector polynomial ω = (ω1, ω2, ω3), then α0, α1, α2, α3 are
absolutely continuous with respect to the two-dimensional Lebesgue measure
on Σ.

Proof. Setting

µ0 = α0, µ1 = αj ∧ dxj, µ2 = α1 ∧ dx2dx3 + α2 ∧ dx3dx1 + α3 ∧ dx1dx2,

we can rewrite conditions (47) as (37). By Theorem 5 (see Remark 1) the
k-measures µ0, µ1, µ2 are absolutely continuous. This means that α0, α1,
α2, α3 are absolutely continuous measures and the proof is complete.

Remark 2. Conditions (47) are necessary and sufficient for the existence of
a solution of the Dirichlet problem{

∇u = curl v, div v = 0, in Ω

u = α0, v = (α1, α2, α3), on Σ

where the boundary conditions are assumed in the sense of measures. Then
Theorem 10 says that, if the boundary values of a solution of the Moisil-
Theodorescu system are measures, then all these measures have to be ab-
solutely continuous.

It is interesting to see that Theorem 10 can be written in another way.
Before stating this result, let us see a lemma.

Lemma 4. Let λj be given measures in M(Σ) (j = 0, 1, 2, 3). There exist
measures βj ∈M(Σ) (j = 1, 2, 3) such that{

νj dβj = dλ0 ,

εhsj νs dβj = (δhj − νhνj) dλj , (h = 1, 2, 3).
(48)
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Proof. Equation (48) means that∫
Σ

(w νj + vh εhsj νs) dβj =

∫
Σ

(w dλ0 + vh (δhj − νhνj) dλj) (49)

for any (w, v) ∈ C0(Σ) × [C0(Σ)]3 (v = (v1, v2, v3)). In order to prove
that there exists a solution of this problem, we are going to use a general
existence principle due to Fichera (see [18, Lecture 2])). Setting V = B1 =
C0(Σ) × [C0(Σ)]3, B2 = V = [C0(Σ)]3, M1v = (w, v − (v · ν)ν), M2v =
w ν+ v× ν in this principle (see [18] for the notations), we have that, given
(λ0, λ1, λ2, λ3) ∈ [M(Σ)]4, there exist (β1, β2, β3) ∈ [M(Σ)]3 such that (49)
holds for any (w, v) ∈ C0(Σ)× [C0(Σ)]3 if and only if there exists a constant
K such that the following inequality holds

‖w‖∞ + ‖v − (v · ν)ν‖∞ ≤ K ‖w ν + v × ν‖∞, (50)

∀ (w, v) ∈ C0(Σ)× [C0(Σ)]3.

But this inequality is trivial, since, for any (w, v), we have

(|w|+ |v − (v · ν)ν|)2 ≤ 2(|w|2 + |v − (v · ν)ν|2)

= 2(|w|2 + |v × ν|2) = 2|w ν + v × ν|2

pointwise on Σ, and then

|w|+ |v − (v · ν)ν| ≤
√

2 |w ν + v × ν| ≤
√

2 ‖w ν + v × ν‖∞ .

This implies inequality (50) and the proof is complete.

Theorem 11. Let Ω be a bounded domain with a Lyapunov boundary, such
that R3 \ Ω is connected. If λj are measures in M(Σ) (j = 0, 1, 2, 3) such
that ∫

Σ

(divω dλ0 + curlω · dλ) = 0 (51)

for any harmonic vector polynomial ω = (ω1, ω2, ω3), then λ0, λ1, λ2, λ3 are
absolutely continuous with respect to the two-dimensional Lebesgue measure
on Σ.

Proof. Our proof starts with the observation that we can write∫
Σ

curlω · dλ

=

∫
Σ

(curlω · ν) ν · dλ+

∫
Σ

[curlω − ((curlω) · ν) ν] · dλ .

In the second integral we can write

[curlω − ((curlω) · ν) ν] · dλ = (curlω)h (δhj − νhνj) dλj .
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By Lemma 4, there exist βj ∈ M(Σ) (j = 1, 2, 3) such that equations
(48) hold. Therefore

[curlω − ((curlω) · ν) ν] · dλ = εhsj (curlω)h νs dβj = (curlω × ν) · dβ .

and
divω dλ0 = divω (ν · dβ) .

Setting dβ0 = −ν · dλ, we rewrite (51) as∫
Σ

(− curlω · ν dβ0 + divω (ν · dβ) + (curlω × ν) · dβ) = 0.

By Theorem 10, the measures β0, β1, β2, β3 are absolutely continuous. Since
dλ0 = ν · dβ, we get the absolute continuity of λ0. Moreover we have

(δhj − νhνj) dλj = dλh − νh (ν · dλ) = dλh + νh dβ0

from which it follows

dλh = −νh dβ0 + εhsj νs dβj , (h = 1, 2, 3).

This shows that also λ1, λ2, λ3 are absolutely continuous.
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[21] D. González-Campos, M.A. Pérez-de la Rosa, J. Bory-Reyes. Reconstruction of
Solutions to a Generalized Moisil-Teodorescu System in Jordan Domains with Rec-
tifiable Boundary. Complex Anal. Oper. Theory, 14(1):Art. 21, 18, 2020

[22] P. Grisvard. Elliptic problems in nonsmooth domains. Monographs and Studies in
Mathematics, Pitman (Advanced Publishing Program), Boston, MA, 24:1985

[23] B.D. Koshanov, A.G. Baiarystanov, K.A. Dosmagulova, A.D. Kuntuarova,
Z.B. Sultangazieva. On the Schwarz Problem for the Moisil–Teodorescu System
in a Spherical Layer and in the Interior of a Torus. J. Math. Mech. Comput. Sci.,
114(2):33–42, 2022

[24] V.A. Polunin, A.P. Soldatov. An analogue of the Schwarz problem for the Moisil-
Teodorescu system. In: Functional analysis in interdisciplinary applications,
Springer Proc. Math. Stat., Springer, Cham, 216:164–170, 2017



On the Dirichlet Problem for the Moisil-Theodorescu System 69
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