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Abstract. In the present paper we find necessary and sufficient conditions for
the solvability of the Dirichlet problem for Cimmino system in simply and multiply
connected domains. Our results hinge on the theory of self-conjugate differential
forms, which are non homogeneous differential forms U such that dU = dU.

Introduction

In paper [6] Dragomir and Lanconelli studied the system (introduced by
Cimmino [4])
Jou, = J1oy + fou, — f3., =0
Jouy + 10, — fou, — f3., =0
Jooy = f1oy = f20, + f3,, =0
Jou, + f1oy + foo, + f3,, =0,

where f; : Q CR* - R(i =0,...,3). Setting u = fo +if1 and v = fo +if3,
Cimmino system (1) can be written in the equivalent form

(1)

{ Uz + Ty =0

’U/@—@Z:O.

In [6] Dragomir and Lanconelli obtained, among many other results, a nec-
essary condition for the resolubility of the Dirichlet problem for Cimmino
system:

Let Q C C? be a bounded domain on which Green’s formula holds and
Y its boundary; let f, g € L?(Q), ®, W € L?(X). If there is a solution
u,v € CH(Q) N C(Q) to the boundary value problem

Uz + Ty = f, Ug—70,= mn
{ d / e



then (f,qg,®, V) satisfies the compatibility relations

Re {Q/Q(chrgkz)dV _ /Z {® [(m + in) + (ng + ing)F
U [(ng + ina)h — (n1 + ing)k]}da} —0 (3)

for any solution h,k € C*(Q) N C°(Q) to
hz+kw:O, hw—kgzo ’an,

where (ny,n2,n3,ng) is the outward unit normal on 3.

In the same paper the Authors address the problem whether conditions (3)
are also sufficient for the resolubility of the Dirichlet problem (2).

More recently, Abreu Blaya et al. [1] studied (1) by means of quaternionic
analysis. In particular, they found some different necessary and sufficient
conditions involving some particular integral operators. From this they de-
duce that (3) are also sufficient when f = g = 0 and  is a simply connected
domain.

In this paper we study the Dirichlet problem (2) with a different approach.
We obtain necessary and sufficient conditions for the resolubility of this
problem. In the case of a simply connected domain, we have proved that
there exists a solution of the Dirichlet problem (2) if, and only if, a certain
denumerable set of orthogonality conditions are satisfied. These conditions
involve the data f,g,® and ¥ and a particular system of differential forms
whose coefficients are harmonic polynomials.

We also extend this result to multiply connected domains.

Our approach is based on the theory of self-conjugate differential forms. Fol-
lowing [3], we say that a non homogeneous differential form U = >, _, us,
ug being a k-form, is self-conjugate if it is solution of the equation dU = éU,
where d and § are the differential and the codifferential operators respec-
tively.

The paper is organized as follows.

In section 1, we collect some properties of self-conjugate differential forms.
In section 2, we study the Dirichlet problem for the equation dU — U = F
in simply and multiply connected domains. In particular we give necessary
and sufficient conditions for its solvability.

Hinging on these results, in the last section we find necessary and sufficient
conditions for the resolubility of the Dirichlet problem for the Cimmino sys-
tem. Finally, we remark that our results show that Dragomir-Lanconelli
conditions (3) are not only necessary but also sufficient for the solvability of

(2)-



1 Definitions and preliminary results

In this section, we introduce some notations and recall some of the basic
facts about differential forms. For more details see, e.g., [7], [8].

A differential form of degree k, or briefly a k-form, on a domain T' C R™ is
a function defined on T" whose values are in the k-covectors space of R™. In
an admissible coordinate system (x1,...,2,), a k-form u is expressed as

1

U=

Uy, s, ATs; - .. dTg, ,

where ug, . 5, are the components of a k-covector, i.e. the components of a
skew-symmetric covariant tensor.

By C{(T) we denote the space of the k-forms whose coefficients are conti-
nuously up to the order ¢ in a coordinate system of class C4*! (and then in
every coordinate system of class C9t1). Moreover the symbol Li stands for
the space of all k-forms whose coeflicients are LP real valued functions.

If u € C)(T), the adjoint of u is the following (n — k)-form

1 1 61,...,71

U = WH 31"“)81677:17-“,7:”7,6

Uy, ATiy .. dx .
We remark that * % u = (—1)¥"F)y,
If u € CL(T), the differential of u is the following (k 4 1)-form

1 0

du = ———
YT o,

Usy,...s,dTjdxs, ... dxs,,

while the codifferential of u is the (k — 1)-form defined as follows

(_1)n(k+1)+1

ou = *d % u.

These operators are strictly related to the Laplacian; indeed if u € C,g

1
—(dd 4+ dd)u = Au = HAUSL...,Skdma cdzg,
where Aug, s, = Sy Usy,... 50
Pt Ozy,

These definitions can be immediately extended to non homogeneous diffe-
n

rential forms; if U = Z uj, where uy is a k-form, we set
k=0

n—1 n n
dU =Y dup, U= bup, AU = Auy.
k=0 k=1 k=0



Since d? = 0 and 62 = 0, we can write
A= (d—d)> (4)

We denote by C*(Q) the space C§(Q) @ ... ® CF(Q); similarly LP(Q) =
LE(Q) @ ...® LE () is the space composed by k-forms whose coefficients are
L? real valued functions defined in €2.

Definition 1.1. Let Q C R" be an open set and U € C*(Q); we say that U
is self-conjugate if
dU = 6U in )

1.€.
du; =0, dug_1=0ugyr (k=1,...,n—1), duy—1 =0.

From (4) it follows that if U is self-conjugate then U is harmonic, i.e. all
the coefficients of uj are harmonic functions.
Such forms generalize the concept of holomorphic functions of one complex
variable. Moreover solutions of the Moisil-Theodorescu system and Fueter
system can be considered as very particular case of self-conjugate differential
forms in R? and in R* respectively. Other examples in R™ are given by
harmonic vectors, i.e. vectors (wi,...,wy) such that div(ws,...,w,) =
0, curl(wy,...,wy) = 0, and harmonic forms, i.e. k-form w; which are
solutions of duy = dur = 0 (see [3]).

In a similar way we have a relation between self-conjugate differential
forms and solutions of the Cimmino system. Indeed a straightforward cal-
culation shows that

Proposition 1.1. Let Q C R?* be an open set and
U = up + ug + uy,

where

uo = fo, u2 = fi(dridze + dxgdrs) — fo(dwidrs + drsdzs)
+ f3(dﬂ:‘1d$4 + dl‘zdl‘g), uy = — fodrrdrodrsdry.
U is self-conjugate in Q if and only if (fo, f1, f2, f3) is solution of the Cim-

mino system
Jou, — J1uy + fou, — f3,, =0

Jouy + 10y — f2u, — f3., =0
Jouy — 14, — fou, + f3,, =0
Joo, + 1oy + foo, + f3,, =0.



Let us consider now the double k-form introduced by Hodge

se(ry) = > slw—y)duy, ... duj,dy;, ... dy;,,

J1<.<Jk
where 1
?log]w—yl ifn=2
S S S MRS
I r—y if n

(wp, being the hypersurface measure of the unit sphere of R") is the funda-
mental solution of Laplace equation. It satisfies the following identities for

T FY:
dysk(1:7y):5:65k+1($ay)a k’:O,...,TL—]., (5)

(see [5]) from which one can prove that

O * dySk(JT,y) =0, dzdysk(xvy) =0,
y
dydysk(z,y) =0, dy * dysg(z,y) =0,
Y

Y

dy x dysg(x,y) = =0y >'y<5y5k+2($7 Y),
dmdysk(:t, y) = —53?(5y5k+2(x7 y)'

Moreover
i dxsk(xv y) = (_1)nk+1 >yk dysnflfk(xa y)7 (8)

i Sk’(xa y) = (_1)(n—k)k ;’; Sn—k('rv y) (9)

Let now Q be a reqular domain; this means that €2 is a bounded domain, its
boundary ¥ is an orientable (n — 1)-dimensional C'! differentiable manifold
and for any u € C%_,(Q)NC}E_; () such that du € CY(Q) the Stokes formula

holds
/du:/ U.
Q +3

/du/\*v:/ u/\*v+/6v/\*u Yu € CL(Q), ve CL, (D).
Q +3 Q

This implies



n
IfU = Z u € C°(Q) N CH(Q) is self-conjugate, we may write
k=0

/dv/\*ulz/ v A *uq Vv € C}(Q)
Q +X

/[dv/\*uk+2—5v/\*uk]:/ [ug A *v + v A *ugyo],
Q 45 o
Vo eCr (), k=0,....n—2

—/ SV N *Up_1 = / Up—1 N\ ¥V, Yo € CL(Q).
Q +3

Theorem 1.1. IfQ is a reqular domain and U € C°(Q)NC(Q) is such that
dU — 6U = F € C°(Q), then the following Cauchy integral formula holds

- /Q (i@, ) A *Fiys (9) — 0,5 (20, 9) A +For ()] +
-/ [uk@) A sdysi () — 8,5 (2, ) A s (y)+
+3 y

+dysi(x,y) A *ups2(y) — ug—2(y) A zéysk(:n, y)} =
_ { “’féw) i;g (10)

n n
(k =0,...,n), where U = Zuk, F = ZFk, up, = 0,k = =2, -1,n +
k=0 k=0
In+2,F,=0,k=—-1,n+1.

This theorem is proved in [3, Th. II] under the hypothesis F' = 0. The
same arguments apply to prove the slightly more general Theorem 1.1.
We remark that in the case n = 2 formula (10) gives

1 1 0
~ 5 [Lactogls =l nxri() - oo [ [u() - toglz -

8n<
0
_v(C)asClogp—q] ds¢ :{ g(z) 5;3

1 1 0
7 [~ dcloglz =l A0 = 5 [ o005 o=
0 _u(z) zeQ
rul0) g ol — cl| as = { o) 258
Putting f(z) = u(z) + iv(z) we reobtain the classical formula

1 f(g)dc_1/f<(<)d :{f(z) z e

omi Jo5 ¢ — 2 T Jol—2 0 z2¢Q.




2 Main Result

In this section we want to study the boundary behaviour of forms such that
dU — 6U = F. We say that U € L{ (Q) is a weak solution of dU — §U =
FelLl (Q)if

loc
/(dqb—égb)/\*Uz—/F/\*d) Vo € Q). (11)
Q Q

We denote Lé(E) B...8 L}l_l(Z) by L'(X). Let us introduce the following

spaces:
n—1 _ n—1 . n

U= {U ELN):T¢=> ¢ 6= ook LX), F=) FeL(Q)

k=0 k=0 k=0

n—1 n n
such that Z/ dvg N *ugq — Z/ OV A\ *Up_1 — Z/ v A\ xF), =
k=09 k=179 k=09
n—1 » n n
= Z/ va¢k+1+Z/ Pr—1 N*U for any V = ka € C’l(R")} ,
k=071t k=1"1= k=0

(12)

n—1 n—1 n
V= {U ELND:36=> ¢ 6= ¢nr LX), F=) FeL(Q)
k=0 k=0 k=0
such that — /Q [dysk(z,y) A *F1(y) — Sysk(@, y) A xFr—1(y)] +

-/ [qbk(y) Nordysi(@,y) — 8y, ) A wbuly) + dyse(a, y) A busa(y)
+3 Y

ppal) A ;%sk(x,w] - { e k=0

(¢kzo,k:—2,—1;$kzo,k:n+1,n+2;pkzo,k:—l,n+1)}.

Roughly speaking the space U is given by the L! differential forms so-
lutions of dU — U = F in Q having L' traces in a weak sense (see (11)),
while V is the space of the L' forms in 2 such that there exist L' forms on
> for which Cauchy integral formula holds.

Actually these two spaces are equal.

Theorem 2.1. U =V

This theorem is proved in [3, Th. III] in the case F' = 0. By a similar
argument, it is possible to prove the slightly more general Theorem 2.1.



2.1 The Dirichlet problem for the equation dU — U = F' in a
simply connected domain

Lemma 2.1. There exists § > 0 such that if 0 < r < R, with r < R, the

development
O Pnk
sy =Yy Gy
|x’2k 24+n
k=0 h=1

holds uniformly for |y| < r and |x| > R, where Pyi, and Qpy are homogeneous
harmonic polynomials of degree k.

Proof. Fix £ such that [£| = 1. Since s is analytic, there exists r¢ > 0 such

that -
—9 =Y D)t (1)

k=0 |o|=k

uniformly for [t| < re.

From the compactness of the unit sphere it is possible to find a finite cover

Brgj (&), 3 =1,...,m, |§| = 1. If we put § = minre; we have that (13)
J

holds uniformly for |t| < §, for any £ such that || = 1.
Fix 0 < r < R with r < JR. Observing that
1 1
|z —y["—2 Ty

| |n72
| |zl

n—2

we have

—n = 1 &3 )
sw—y)=[2P" Y > D)), e <Iz!)

k=0 |a|=k

uniformly for |y| <r, |z| > R.
Since D®s is homogeneous of degree 2 —n — |a/, we have

[Ds()],— 2 = |2[" 2T [DYs(v)]

—_— v=—x"
=]

and then
- 1 (e} «
= Z Z a [D S(V)]y:—x Yy (14)
k=0 |a|=k

uniformly for |y| <r, |z| > R.
We have thus obtained, uniformly for |y| <r, |z| > R.

o0 Pnk

=3 ) Rur()Pur(y

k=0 h=1



where Ry (), ..., R, x(x) form a basis for the functions [D%s(v)],__, (la] =
k) and Pk (y) are homogeneous polynomials of degree k.

Series (14) being a power series in y, we can derive it term by term with
respect to y, obtaining

o0 Pnk

0=Ays(z—vy) ZZth JAPpk(y).

k=0 h=1

Since
Pnk

Zth JA Pk (y)

are homogeneous polynomlals of degree k — 2 with respect to y, it follows
that (see, e.g. [2], p.23)

Pnk

Zth JA Py (y) = 0.

Linearly independence of Ry (z),..., R, x(x) implies APy (y) = 0. There-
fore Ppi(y) are homogeneous harmonic polynomials of degree k.
Moreover, by induction, one can prove that

Qa()

[D*s(V)]——y = T[22l

where Q(x) are homogeneous polynomials of degree |a|. The left-hand side
being harmonic, we find
Qa(T) .
(e =0

It is well known that this implies AQ, = 0. It follows that Rpi(x) can be

x
written as %, where Qpx are homogeneous harmonic polynomials of
x
degree k. This completes the proof. O

Let us denote by wj ™ the k—form wydz;, ...dz;,, where {wy} is a

complete system of homogeneous harmonic polynomials. Such a system can
be obtained by ordering in one sequence the polynomials:

|z| Yk<| |> k=0,1,2,...;

B _ B (k+n—3)!
3_17"'apnk7 pnk‘_(2k+n_2)ma
where YF(w), ... ,Yg‘; .(w) is a complete system of (surface) spherical har-

monics of degree k.



Theorem 2.2. Let ) be a reqular domain such that R™\ Q is connected. Let
n—1 n—
¢ = Z Sy & = Z Gt € L'(X) and F = ZFk € LY() be given forms.

There exists a non homogeneous differential form U € LY(Q) solution® of

_U=F n Q)
{ dU — §U n (15)

U=+¢ *U:qg onX

if and only if
(—1)(”_1)(k_1)+1/ |:*Fk-+1 A dwzl"“’i’“ —xF,_1 A (5w21"“’i’“]
Q
1
2

{/ [qbk VAN *dw“’ * 5w}ill""’ik VAN gzNSk
+
e N B — e A bulp ] L 20 (10

forany1 <ip <...<ix <nh=12..., k=0,1,...,n (¢ =0,k =
-2, -1, =0,k=n+1,n+2;F,=0,k=—-1,n+1).

Proof. If there exists U solution of (15), then U € U. In particular, taking

V = —0w," " +dw," "™ in (12), we obtain (16). Conversely, let us suppose

that (16) are satisfied. Taking r > ma;}c\y| in Lemma 2.1, the following
Y€

development
o0 Pnk
Qnk () P (y
sz =D ez |x’2k 2n (17)
k=0 h=1

holds uniformly for any y € 3 and for any x € R™ \ B, B being a ball of

radius R > g centered at 0. It follows from (16) that

(—=1)(n=DE=1)+1 /Q [%Fpy1(y) Ady [s(z — y)dys, - .. dyi,] — *Fs_1(y) A Sy [s(x — y)dy;, - .

1

—5 {/@ [m(y) A Zdy [s(z — y)dyi, . .. dyi,] — 6, [s(x — y)dyi, . .. dyi, ] A dr(y)

+dy [s(x — y)dyi, - .. dyi,] A Srra(y) — dr—2(y) A Z5y [s(z —y)dys, - - - dyik]] } =0,

for any x € R™ \. B. Since R™ \  is connected this is still true for any

'In the problem (15) the equation dU — §U = F is considered in the weak sense (11).

10

: dyzk“



z € R" < Q. Then

(DO [ L (0) A dyo,) — $Fot(9) A s, 0)
54/, [0 A sdnta ) ~dmten) A du
Hdysula.9) A dusal) = ual) A dmte)| | =0 Ve (9

Let us denote by uy the left-hand side of (18), when z € Q. We have

(o) = (-0, [ LFLa () A dysi(o) — #Ba ) A Do)
~gted [ | stten) = bt 2510
+dysi(z,y) A qzkw(y) — dr—2(y) A Zéysk(x, y)} } , xef

Since d? = §? = 0 and using (5)

duy(x) = (=) DED T, [/ #Flo1(y) A skH(x,y)}
Q

1

-5 {/4-2 {qﬁk(y) A dy * dysk(x,y) — dpdysp(z,y) A (Zk(y)

+dodysi(z,y) A dpyo(y) — dp_o(y) A dy . dysk(x, y)} } , Te. (19)

In a similar way

Supa(z) = (—1)m VD5, q, [/Q Py (y) A spa (2, y>]

1

_ 5 {/ |:¢k+2(y) A\ (5:5 * dy5k+2($, y) — 616y5k+2(x, y) A $k+2(y)
+3 Y

by isal0) A dusals) = o) A0 1 dysusae)| o s e (20)

11



From (19) and (20) it follows

duy () =Supy2(x) = (=1) " DED(d5+-6d) {/ﬂ #Fp1(y) A sk (2, y)

= (—1)(n DDA /Q Pt () A Suspn (,1)] =

1)(k—-1) 1,...,
= (-1 (n ! A/ JL Zk+177‘17 Tr—k— 1Fj1’~--,jk+1(y)dy7"1"'dyTnfkfl

J1<.. <]k+1

s(z —y)dyiy .. . dyik+1] dg, ... drg,, , =

_ (_1\(n=1)(k-1) E : 1,...,n 1,..,m
_( 1) 5j17~~ajk+1»"'lv-wrn—k—l57"17~~-7"'n—k—177;1a-~~7ik+1

1< <Jk41

A/ J1see :Jk+1 ( - y)dy] dxi, .. -dl'ikﬂ =
)(n 1)(k—1) Z 5j17---,jk+1(_1)(n71)(k71)

Tlyeesllt1
J1< . <Jk+1

A / [P )50 = )] iy .y, =

= Z A/ tseninis (W) 8(T —y)dy} drj, ...dvj ., €L

J1<e.<Jk+1

Poisson’s formula leads to

duy(r) — Oug2(z) = Z Fjy g (@) dizjy - digy = Flepa ().

1< <Jg+41

Analogously, we obtain

dun—1(z) = Fp(x), —duy(z) = Fo(z), x €.

Therefore U = Z ug, ug being defined by (18), satisfies dU —0U = F in .

k=0
Moreover U € V, and by Theorem 2.1 the traces of U and *U are ¢ and ¢
respectively, which completes the proof. ]

2.2 The Dirichlet problem for the equation dU — U = F' in a
multiply connected domain

We consider now a domain €2 of the form

Q:%\Gﬁ
j=1

12



where ©; (j = 0,...,m) are bounded connected domains of R", whose
boundaries ¥; are connected Lyapunov surfaces, such that

Q; CQy and Q;NQ =10 g k=1,....m, j#k.
For brevity, we shall call such a domain an (m + 1)-connected domain.
Theorem 2.3. Let Q = Qo \ UjL, Q; be an (m+ 1)-connected domain. Let
¢ = nz_:lqﬁk, ¢ = "z_:l Gn_r € L'(2) and F = zn:Fk e LY(Q) be given forms.
Theje:gxists a n(f;()homogeneous dijjferentiall}z(r)’m U € LY(Q) solution of

dU —oU = F n
{U=¢ *U:q~5 onX (21)

if and only if

(_1)(n—1)(k_1)+1/Q |:*Fk+1 A dwit — xFy_y A(;w;‘;,‘..,z‘k]

— 5 {/—"_E |:¢k A *dw217.‘.’lk _ 5wizllz"'7lk A ¢k;

Fdwp A Gys — G Ao L =00 (22)

e A A e e A R))

— Fioa(y) A by lly — 77 gl ik (g — a7
1 . . ) )
=54 e sty - i - )
2 +2 Yy
= 5y lly — TR (y — )] A Gly)
+dyfly = 22l = 09)] A Gy (y)
~ona) Mgty lly — 2P =) =0 =1

(23)

forany1 <ip <...<ixy <nh=12..., k=0,1,...,n (¢ =0,k =
—2,-1Li¢r=0,k=n+1,n+2F,=0,k=—1,n+1). Here 27 is a fized
point in Q; (j=1,...,m).

Proof. The necessity follows as in Theorem 2.2. Conversely, from (17) and

13



(22) we obtain

(~DnDE= /Q [Fl1(y) A dysi (2, y) — #Fi1(y) A Syse(x, y)]
- % {AE [¢k(y) A ’;dysk(%y) — dysi(@,y) A dr(y)
Faysu(.9) A Gusas) = -2l A gdyn(e)| | =0 Vo g (20

Applying Lemma 2.1 with 0 < R < mig |y — x|, the following development
ye

s(z—y) = sz — 29 — (y—27)) ipznkjphk (z — 27)Qui(y — 27) (25)

_ 2rj|2k—24n
k=0 h=1 ’y Z’|

holds uniformly for any y € X and for any x € Bj, B; being a ball of radius
r < §R centered at 7.
By (23) and (25) we have

(—1)(n= D=1+ /Q [ Fii1(y) A dysi(z,y) — Fi—1(y) A Sysi(z, )]

— % {LZ |:(;3k(y) A zdysk(m’,y) - 5y3k(x7 y) A (Ek(y)

Fdysulo.9) A dusas) = o2l Asdnlen)| =0 voe (20

and since (2; is connected this is still true for any x € Q;, j=1,...,m.
From (24) and (26) it follows

(1) D=1+ /Q [ Fpp1(y) A dysi(z,y) — *Fy—1(y) A dysk(z,y)]

_ % {LE [Qbk(y) A zdysk(x,y) — Oysi(z,y) A 5k(y)

Hdysule.9) A dusal) = ual) A gdmle)| | =0 Ve @ (21

If we denote by uy, the left-hand side of (27) when = € © and we proceed as
in Theorem 2.2, we obtain the result. O

3 The Dirichlet problem for the Cimmino system

Theorem 2.3 provides necessary and sufficient conditions for the solvability of
the Dirichlet problem (21). After a lemma characterizing the self-conjugate
2-forms in R?*, in Theorem 3.1 we consider (21) with the data chosen in

14



a certain way. For such data we obtain the relevant necessary and suffi-
cient conditions for the resolubility of the corresponding Dirichlet problem.
Moreover we prove that the solution U has a particular structure (see (32)
below). Theorem 3.2 will show that the problem considered in Theorem 3.1
is equivalent to the Dirichlet problem for Cimmino system.

Lemma 3.1. Let us consider a 2-form defined in an open set Q C RY. Then
ug = *ug if and only if there exist f1, fo and f3 such that

ug = fi(dxidretdrsdry)— fo(dridrs+drydrs)+ f3(dridry+dredrs). (28)

1
Proof. Let us = iujkda:jdmk be a 2-form. Therefore

1
upqéqukdx]dxk

*Ug = fu]kéj 4

kpq dxpda:q =

1234
0 pqjk

ugs. Putting ujs = f1, u1z3 = —f2 and uj4 = f3 we obtain (28). Conversely,
if uy is defined as in (28), a straightforward computation shows that ug =
*U9. [

If ug = *ug we have uj;, = upq and then us = u3q, U1z = —Uog, U4 =

Theorem 3.1. Let Q = Qo \UjL, Q; C R* be an (m+1)-connected domain.
Let ¢ = (¢0,0,2,0), & = (—¢0,0,¢2,0) € L'(X) and F = F| — xF| €

LY(Q) be given forms, where Fy = yydxy,. There exists a non homogeneous
differential form U € LY(Q) solution of

_SU=F n Q)
{ dU — §U n (29)

U=+¢ *U:gg onX

if and only if

[ +F) ndun() =5 [ lonly) A sdun(y) + dun(y) A 62(0)] = 0
Q +X

[ emnd = { [ [ Ayl = | Py =)

dyny—xfrQwh<y—xf'>m¢2<y>}}:o, J=Le.m: (30)
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DO |

/Q [Fl(?/) A dw " (y) — %Fy(y) A dwih* (y)} - {/m [(bz(y) A xdw! " (y)

8w (y) A daly) + i (y) A —eo(y) — doly) A +0wi ()] } —0;

/Q [Fl () Adylly — 27| w2 (y — 27)] — «F1(y) A dy[ly — 7|~ Swp 2 (y — wj)]}

> {/ [¢2(y) A sedy[ly = 277wy (y = ad)] = 8y [ly — 27|y P (y — 7)) A da(y)
+3 Y

Iy — 70w = ) A —n(0) = dnlo) A 58l — 0~ ]| | =0
j=1,...,m, (31)

for any 1 < iy < ip < 4, h = 1,2,.... Here 27 is a fized point in €

(j=1,...,m).
Moreover the solution U can be written as

U=wug+u2+ Uy,
uo = fo, w2 = fi(dridxy + drsdxy) — fo(dxidrs + drgdrs)
+ f3(dxidzy + dxodrs), wus = — fodxidredrsdry. (32)

Proof. In the present case, formulas (22) and (23) become

[ #F) ndunt) =5 [ [only) A sdun) + dun(o) A Ga(w)] =0
Q +3

[ emmna v { [ [ot s

| I
—_—
Il
L
<
Il
=

+dylly — 27| 2wp(y — 27)] A da(y)

/Q [Fl(y) A dwi " (y) — *Fy(y) A dwit™ (y)} —% { /+ § [¢2(y) A dwi2 (y)
5w (y) A Ga(y) + dwiH ™ (y) A daly) — doly) A xdwit™ (y)] } —0;
[ [P A dylly = 170wy = ] = i) A, Ly = |2 = )]
_% {/+E [%(y) Asdy[ly — 27| Cwy 2y = a?)] = 8y [ly — 27| Oy Py — )] A da(y)
dylly — 27| wi " (y = a)] A da(y) = dolw) A xdy[ly — 7| Cw " (y - xﬂ‘)l] } -0

i=1,....m, 1<14 <ig <4
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- [ Fnouiy [ [su) duw) +oaln) A sl )] = o
Q +3
- [ a2 -a kg { [ [l - 22l - ) 0
Q +3
ro Ay — | oy - )| b =0, G=1m

By means of the particular expression of ¢ and &, the previous conditions
can be written as

/ «I1(y) A dwp(y) — ;/ [G0(y) A *dwh(y) + dwi(y) A ¢2(y)] = 0;
Q +2
L mr oty 2untr=a =5 { [ _[onto) A sl =1 2ty = )

dyny—xjr?wh(y—xj)]Aqsz(y)}}:o, J=Lem (33)

{/ [62(9) A dufl ()
+z
—Sw " (y) A daly) + w2 (y) A —o(y) — doly) A xdwi ()] } = 0;

N =

/Q [F1(y) A dwf;”'?(y) — % Fy(y) A 5w21,i2 (y)} B

/Q [Fuly) Adylly — /| Pt (y = o9)] = <Fa(y) A by lly — 29| Owj 2 (y — 7))
s {200 sl i = ) = 0y = TP = 2] )

Iy = 2170w = )] A =o0(a) — du(0) A3yl — 20w~ 9] b =0,

i=1,....m, 1<14 <ig <4

_/ B (y)Mwi%‘*(y)*% / [6w} 2 (y) A =o(y) + d2(y) A 0wy (y)] = 0;
Q +3

B R e S M LA e AP

o A5y —xj|—2wi234<y—mj>1]} 0, —li..m (3)
Yy
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In view of the equality dwi?34(y) = — x dwy,(y), we find

- [ Finouiiyy [ 5l ) A o) + aalw) A 150l (w)] =
Q +3

= / Fi(y) A *dwp(y) + % / [xdwp(y) A do(y) + ¢2(y) A dwn(y)] =
Q +X

= [ +Fit) A sdunty)+ 5 [ only) A sdun(y) + dun() A daly)].
Q +3

By a similar argument we deduce that (33) are equivalent to (34).
Keeping in mind Theorem 2.3, the first part of the theorem is proved.
By the Cauchy integral formula we obtain

wie) = [ <) A dysaten) = 5 [ oo A sdsotan) + dysalo.n) A )|

w1 (z) =0,

) = [ 1) Adysan) = Fi) A dysaCo)] = 5 [ o) nsdysa(on)
— 0ys2(2,y) A G2(y) — dysa(@,y) A do(y) — do(y) A xdysa(z, y)} )

uz(x) =0,

@) = [ =B Absiten) = [ o) now) - o8|

Then the solution of (29) is U = ug + u2 + u4. On the other hand,

sula) = [ R0 A st = [0t Ao dysaten) + syl 0) A )|
«uy(x) =0,

wae) = [ [0 A sdatann) = B A sbysaenn)] =5 [ a0 nx s dysato)

*
Ty
= * 0ysa(2,y) A P2(y) — xdys2(w,y) A do(y) — doly) Ak oysa(,y ]

xug(x) =0,

uie) = [ <R A st -5 [ 10,51(00) A dulo) — 62 x5 8yss(o)|.
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By (5)-(9), we have
* Z5y84($, y) = dyso(z,y),
i (5y54($, y) = — Z dySO(:Ea y)a

*xdysa(2,y) = — % kdps1 (2,) = —dasi(@,y) = —Oysa(2,y),

— #0yS2(x,y) = * * dy * so(x,y) = *xdy * xs9(x,y) = *dys2(z,y),
zy Ty y “yx Y

* 5y52(x)y) =—x *dy * SQ(JU,Z/) = *dySQ(xv y)v

) yy x x

s %0y So(2,y) = — * *dy * xso(x,y) = dysa(x,y).

Ty yy T Yy
In conclusion the coefficients satisfy ug = — * uq and uo = *uo. Lemma 3.1
completes the proof. ]

Theorem 3.2. Let Q C C? be a reqular domain and % its boundary. Let
f,g € LY(Q) and F,G € LY(X). Conditions (30) and (31) are necessary and
sufficient for the resolubility of the boundary value problem for Cimmino
system

(35)

Uz + Ty =f, Uug—0,=g mn Q
u=F v=G_G on X.

Proof. If we put u = fo+ifi, v = fo+ifs, f = 3(n1+i72), 9 = (13 +im),
F = Fy+iF) and G = Gy + iG1, (35) is equivalent to

fouy = froy T fou, — fo., =m

Jouy T f10, = fou, — 3., =02 in O

Jouy = f1o, = fou, + 3., =3 (36)
Jouy + f1oy + foo, + f3,, =

Jo=F fi=F fo=Gy f3=G1 on X

Let us consider the 2-form defined on X
¢2 = F1 (d.%'leCQ + dx3d$4) — Go(d:ﬁldltg — dxgdx4) — Gl(d$1d.%'4 + d.%'gdl’g)

and set

¢ = (Fp,0,¢2,0), ¢=(—Fo,0,¢2,0), F'=F — =k, (37)
with Fy = vgdzy. Let U be the solution of the Dirichlet problem (29) with
these data. As in Proposition 1.1, and keeping in mind (32), one can show
that (fo, f1, f2, f3) satisfies the problem (36). Conversely, if (fo, f1, f2, f3)
is solution of (36), then the non homogeneous differential form U given by
(32) is solution of (29).

By Theorem 3.1, conditions (30) and (31) are necessary and sufficient for
the solvability of (29). The problems (29) (with data (37)), (35) and (36)
being equivalent, we get the result.

O
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Remark 3.1. Finally we remark that our results show that Dragomir and
Lanconelli conditions are not only necessary, but also sufficient. Indeed, in
[6], it is proved that

Re{2 /Q(fh + gk)dV — /89 {F [(n1 +ing)h + (n3 + ing)k|
+G [(n3 + ing)h — (n1 + ing)k]} da} =0 (38)

for any h,k € C*(Q) N C°(QY) such that
hz+k’w:0, h@—k:g:() in Q

are necessary conditions for solving (35). If we show that (38) implies (30)
and (31), we can conclude that (38) is not only necessary but also sufficient
for the solvability of (35). Let us consider the first of (30); it can be written
as

ow ow ow ow
/[71 L T Q) h]dy
ol on Y2 5y4

8y
o).
(Fo?aws ) gy +Go% m +G1%Z§> ng (39)
(FOE;;‘ + Fla;f n GOZZ” —Gl(?;;;) n3
+ ( ‘Z‘“: —Fl‘?)% —GO(:; " —G%Z’f)m] do = 0.
If we put ho = gzl,hl - %Z‘,ko - gl;’:?kl - ?92’ we have that (38)

implies (39). In a similar way, it is possible to prove that (38) implies (30)
and (31).
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