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A STABLE BIE METHOD FOR THE LAPLACE EQUATION WITH NEUMANN
BOUNDARY CONDITIONS IN DOMAINS WITH PIECEWISE SMOOTH
BOUNDARIES*

PETER JUNGHANNST AND CONCETTA LAURITA¥

Abstract. This paper deals with a new boundary integral equation method for the numerical solution of
the exterior Neumann problem for the Laplace equation in planar domains with corners. Using the single layer
representation of the potential, the differential problem is reformulated in terms of a boundary integral equation (BIE)
whose solution has singularities at the corners. A “modified” Nystrom-type method based on a Gauss—Jacobi—Lobatto
quadrature formula is proposed for its approximation. Convergence and stability results are proved in proper weighted
spaces of continuous functions. Moreover, the use of a smoothing transformation allows one to increase the regularity
of the solution and, consequently, the order of convergence of the method. The efficiency of the proposed method is
illustrated by some numerical tests.
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1. Introduction. It is well known that in classical potential theory, the Laplace equation
with Neumann boundary conditions can be reduced to an integral equation of the second kind
defined on the boundary of the domain. In particular, in this paper we consider the exterior
Neumann problem in an open bounded simply connected planar domain Q C R? with a
piecewise smooth boundary T,

Au(x) =0, re R*\Q,
Ju(z)
(1.1) o) = zeT,

g
—
&
=
I

o(1), as |x| — oo,

where n(z) denotes the outward-pointing unit normal vector to I at z. Let I be at least twice
continuously differentiable with the exception of some points P, ..., P, where the interior
angle lies in (0, 7) U (7, 27) (i.e., no cusps are allowed). Assuming that the Neumann data f
are sufficiently smooth and satisfy the condition

(12) /F F(w)dS(y) =0

(dS(y) is the element of arc length), the solution of (1.1) exists and is unique (see, for
instance, [6, 23, 24]). By representing « in the form of a single layer potential, that is,

(1.3) u(z) = — / b(y)loglz — yldS(y), xeR2\Q

2

(|z—1y| is the Euclidean distance between x and y), the single layer density function 1) provides
the solution of (1.1) when inserted into (1.3), and it can be determined by solving the boundary
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integral equation
1.4 L ! 9 4 dS(y) = r
A4 g+ oo [ Gl —uib(dst) = —f@).  aeT,

coupled with the additional equation (see, for instance, [0, p. 152], [23, p. 351], [24, p. 73])

(1.5) /Fw(y)ds(y) = 0.

Let us define the operators }C and IC* by
1 0
K =— [ ——1 — d \{P,...,P.},
(0) (@) = 3= [ G logle —ylo)dS), @ €T\ (P, P
and

(€°0) (@) = 3= [ G logla =s6()aSG) v €T\ (PP,

respectively, such that equation (1.4) can be written as (Z the identity operator)
1 «

It is well known that when the boundary I is piecewise smooth as in this case study, both the
kernel of the integral operator and the solution v of the BIE (1.4) are singular at the corners.
Consequently, the operator % T + KC* is not invertible as an operator on C'(T"). Nevertheless
(see [34]), the linear operators IC, IC* : LP(T") — LP(T"), 1 < p < oo, are bounded, where,
as usual, LP(T") denotes the real Banach space of all p-integrable functions on I' equipped
with the norm

lsmy = ( [ If(w)lpdS(w));-

By changing the order of integration one can see that, with respect to the dual product

(o) = [ Fg@)dS@), [ eD). ge M), 4=

the operators /C and /C* are adjoint, i.e.,
(Kf,g) = (f,IC*g)  forall fe LP(T'), g € L” (I).

Moreover, we have the following particular property:
LEMMA 1.1 ([34], Theorem 4.9). For 1 < p < 2, the operator

%I+ K"+ LP(T') —s LP(T)

is invertible.

The following identity holds (cf. [24, (6.23)] for the case of smooth I" and [1, (8.4.123)]
for the case studied here; note that in [1] the normal vector is directed into the interior of the
domain):

(1.6) 1-2K1=0.


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

A BIE METHOD FOR THE LAPLACE EQUATION WITH NEUMANN BC 543

Hence, we get for the solution v of (1.4)

(14) = 5 0+ 2K0,9) = (L3 0+ K%)= (1, ) =0

if f satisfies (1.2). In other words, for 1 < p < 2,
Lg(I‘) = {1/) e LP(T) : /deS = 0}
r

is an invariant subspace of LP(T") with respect to the operator %I + K*, and the following
corollary of Lemma 1.1 is proved.
COROLLARY 1.2. For 1 < p < 2, the operator

1
ST+K": LH(T) — LY(D)

is also invertible.

A substantial body of literature exists dealing with numerical methods for the fast and
accurate solution of boundary integral equations when the boundary of the domain is smooth.
In the case of piecewise smooth boundaries, the presence of fixed strong singularities of
the kernel of the operator /C* at the corner points as well as the singular behavior of the
solution near the corners makes the proof of convergence and stability a rather delicate
issue for many traditional numerical methods. Many papers are devoted to propose efficient
methods for the numerical solution of elliptic problems in domains with corners (see, for
instance, [7, 12, 18, 25, 32, 33] and, more recently, [2, 3, 4, 5, 6, 13, 14, 16, 17, 26] and the
references therein), especially based on the use of piecewise polynomial approximations on
graded meshes but also of global ones. In order to address the more challenging problems
arising in this context, some modifications of the classical methods in a neighborhood of the
corners are employed in order to achieve stability. Moreover, suitable regularization techniques
are often introduced that improve the smoothness of the solution and, consequently, increase
the convergence rate of the approximation. A short panoramic on some recent literature can
be found in [13, 14, 26].

By introducing a decomposition of the boundary into the union of smooth arcs and a
parametrization for each of them, the boundary integral equation (1.4) is rewritten as an
equivalent system of integral equations on the interval (0, 1). Then, the aim of a numerical
procedure is to approximate the solution of the resulting system.

In particular, in [26] a proper smoothing transformation for improving the behavior of the
unknown functions was introduced, and a Nystrom discretization of the solution in L? was
obtained by using the classical Gauss—Legendre quadrature formula, suitably modified near
the corner points in order to assure convergence of the rule. Moreover, the well-conditioning
of the linear systems arising from the discretization of the integral equations was achieved by
means of an appropriate preconditioning technique. However, the theoretical proof of stability
has remained an open challenge.

Without the introduction of a smoothing transformation, due to the singularities of the
solution of equation (1.4), the analysis is only possible in weighted spaces of continuous
functions. In this paper, following an idea in [27], we are going to adopt such a type of
approach. Furthermore, we will show that, if we combine it with suitable regularization
techniques, we can achieve higher rates of convergence.

More precisely, after having introduced a smoothing transformation, we move to solve an
equivalent system that admits a unique solution in a weighted space of continuous functions.
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Then, we approximate its solution by applying a Nystrom-type method using a Gauss—Jacobi
or Gauss—Jacobi—Lobatto quadrature formula for the discretization of the involved integral
operators.

The performed “modified” version of the classical Nystrom method allows us to achieve
theoretical stability and convergence results for the proposed numerical procedure. Moreover,
the linear systems that have to be solved for the method are well conditioned without resorting
to any preconditioning technique.

This paper is organized as follows. Section 2 provides preliminary definitions, notation,
and some useful results. In Section 3 we reformulate the BIE (1.4) as a system of integral
equations on the interval (0, 1). In Section 4 the mapping properties of the involved integral
operators are studied in proper weighted function spaces. Section 5 is devoted to the proposed
numerical method, whose stability and convergence are established in Section 6. Section 7
contains the proofs of the theoretical results, and, finally, in Sections 8 and 9 we present and
discuss several numerical tests.

2. Preliminaries.

2.1. Function spaces. Let w(t) be a Jacobi weight function on the interval (0, 1). For
l1<p<ooandw € LP = LP(0,1), let L, = LP (0, 1) denote the set of all real valued
measurable functions F' such that

1 i
[ w,p = | Fwllp, = (/O F(t)'UJ(t)Ipdt) < +o0.

When p = oo and w is a continuous function on [0, 1], we set LY = C,, with C,, = Cy, [0, 1]
the Banach space of all continuous functions F' : (0, 1) — R for which F'w can be extended
to a continuous function on [0, 1], endowed with the weighted norm

[Ellw,00 = sup [F(t)|w(t).
te(0,1)
For general 1 < p < oo, we consider the following Sobolev-type subspace of Lf of order
reN,r>1:
Wr(w) = {F € Lt : FU™ € AC(0,1), |[FD¢" |, < +00},
where ¢(t) = /t(1 —t) and AC(0, 1) denotes the collection of all functions which are
absolutely continuous on every closed subset of (0, 1), equipped with the norm
||FHW,?(w) = HF”w,p + ”F(T)‘PT”w,p-
Moreover, we consider the product space
C,={F=(F,....,F,)" : F,eC,}
equipped with the norm

[ |00 = max |[Fyl|, oo
i=1,....n

and its subspace C, ¢ defined as

nooa1
Cw7O:{F:(F17...,Fn)T€Cw : Z/ Fz(t)dt:()}
i=170

Finally, for w(t) = 1, we denote the space C,, simply by C and the norm || F||,, o by
IFlloc = max |[Filee, F=(F,....F,)" €C.

i=1,...,
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2.2. Best approximation by polynomials. Denote by IP,,, the set of all algebraic polyno-
mials of degree at most m. For a function F' € LP, with w(t) = (1 — )7t a Jacobi weight
on (0,1) and 1 < p < oo, the error of the best approximation of F in L?, by polynomials of
degree at most m is defined as

Em(F)w,p = Piélg £ — P”uup'

We point out that, for p = oo, the validity of the Weierstrass theorem (i.e., the set P of all
polynomials is dense in the space under consideration) is guaranteed only in the subspace C,
of C, consisting of all functions F' € C,, such that

lim (Fw)(t) =0 ifd >0 and lim (Fw)(t) =0 ify>0.

t—0t t—1—

It is well known that for functions F belonging to W7 (w), the Favard inequality

C
2.1 Em(F)w,p < EEmfl(F/)apw,p

is fulfilled for a positive constant C independent of m and F’ (see, for example, [30, (2.5.22),
p. 172]). By iteration of inequality (2.1), it follows that, for F € WP (w), r > 1, the estimate

¢

m?”

(22) Em(F)w,p S Emfr(F(T))goTw,pa C 7é C(ma F)7

holds true.

Here and in the sequel, C denotes a positive constant which may assume different values
in different formulas. We write C = C(a, b, . . .) to state that C is dependent on the parameters
a,b,...and C # C(a,b, .. .) to state that C is independent of them.

2.3. The quadrature formulas. For the numerical solution of the boundary integral
equation we will use two quadrature formulas on the interval [0, 1], the Gaussian rule with
respect the to Jacobi weight w(s) = w?(s) = (1 — 5)7s%, 7,0 > —1,

1 m
| Fepeas = Yo ul (66 ) + i)

Jj=1

and the respective Gauss—Lobatto rule

1 m
/ F(syw(s)ds = 3wk F(sk, ) + ek (F),
0

j=1

where sg}j, 7 = 1,...,m, are the zeros of the polynomial p,, (uﬂ"s) of degree m and
orthonormal on (0, 1) with respect to the weight w?*? and where s,Lml =0, San,m =1, and
sk o,... sk ., are the zeros of the polynomial p,,_5 (w?T12F1) of degree m — 2 and
orthonormal on (0, 1) with respect to the weight w191 (s) = (1 —s)7+1s%*1, The weights
wS jand wk, ., j=1,...,m, are given by

1
J J
Wy 5 = /0 lm,j(s)w(s)ds, Je{G, LY},

with l;{l’ j (s) being the j-th fundamental Lagrange polynomial based on the points 5;{% 3

7 =1,...,m. The algebraic degree of exactness of these m-point quadrature rules is 2m — 1
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and 2m — 3, respectively. The following estimate is fulfilled by the remainder term e;, (F) for
any function F' € W' (w), r > 1:

C
€5(F)| < — Eam_1—y (F(T)> , as well as
(2.3) m” orw,1

C
‘ewl;L(F” S 7TE2m—3—r (F(T)> s
m prw,l

where p(s) = /(1 — s)sand C # C(m, F') (see [28]). For more details, see Section 5.

3. The BIE system. The integral equation (1.4) can be immediately converted into a
system of boundary integral equations if we consider the following decomposition of the
piecewise smooth curve: I' =Ty U{P}U...T,, U{P,}, where, fori = 1,...,n, T is
the i-th open arc connecting the two consecutive corner points P;_; and P; of the boundary
(hereafter it is Py = P,). Moreover, let 3; € (0,7) U (7, 27) be the interior angle that T
forms at the i-th corner point P;. In particular, in our analysis we assume that each arc IT'; is
straight in some neighborhood of the corner, although it should be possible to derive similar
results without this restrictive assumption (see [12, 33] and the references therein).

Denoting by v; and f; the restrictions of the function 1 and f to the arc I'; of the boundary,
we can reformulate (1.4) as the system

Sui) %Z [ ey sl — i 0)aSw) = i),

rel;,i=1,...,n

3.1

Then, condition (1.5) is written as

(32) 3 /F bi(y)dS(y) =
i=1 1
Since the conditions

fo=( 1., fa)T € LP := LP(Ty) x ... x LP(,,)

and

f::(flv"'afn)TeLp::{g:(glw-'vgn eLV: Z/ gz dS _O}

are equivalent to f € LP(I") and f € LE(T'), respectively, we conclude from Lemma 1.1 and
Corollary 1.2 the following corollary. Note, that the norm in L? can be defined by

1

”.f”Lp = (Z ”fz”LP(F )>

COROLLARY 3.1. Let 1 < p < 2. For every givendata f = (f1,..., fn)? € LP, there
is a unique solution v = (1, ...,1%n)T € LP of the system (3.1), which belongs to L} if
f e L.
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Let us rewrite the system (3.1) in matrix form. For this, define

Z, 0 - 0
0 Z, - 0
Jo= 1. . :
0 0 - T,

with Z; : L*(T;) — L*(T';) the identity operator and

Ky K9y - K,
K5 K9y --- K9,
o= : . o
Kor Koy -+ KD,
where
(Kp) a log |z —ylp(y)dS(y),  xel

Now, setting ¥ = (1, ...,%,)T and f = (f1,..., fn)?, the system (3.1) can be written as
1
(3.3) <2Jo + ICo> Y=-f,

where the operator %jo + Ko : LP — LP is linear, bounded, and invertible with the invariant
subspace L, 1 < p < 2.
For each closed arc I';, i = 1, ..., n, we consider a parametric representation

(3.4) Yi(t) = (&(t),ni(t)) € Ty, t€0,1],

traversing I'; such that the domain 2 is on the left of I';. We assume that &;,7; € C? [0, 1],
[vi(t)| # 0, forall ¢ € [0,1], 4:(0) = Pi_1, (1) = P;, and

"}’1(1*,) — "}’L(O) =c;_1t, te [0,6],
~i(t) —vi(1) = ;P (1 — 1), tel—egl1],

for a sufficiently small &, 0 < ¢ < 1/2, certain complex constants ¢;_; and ¢; (points in R?
are identified with complex numbers in the usual way), and the imaginary unit i with i> = —1.

Using the parametric representations (3.4) we can transform the BIE system (3.1) into
an equivalent system of integral equations defined on the interval (0,1). More precisely,
substituting = = -, (t) and y = ~;(s) in (3.1) and multiplying both sides of the i-th equation
in (3.1) by |v/(t)], we get

(3.5)

n 1
66 GO+ Y 5o [ h(t ) (6D (s = ~ A )

i1=1,...,n,
with the kernels k;; (¢, s) given by
ni(£)[€ () §(s)] = &(®)[ni () —n;(s)] i iort s
O B 10 S OEE G
T | Leg o) - Gt i
2 [GOP+ Mm@ '
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Note that, when |i — j| = 1 or |[i — j| = n — 1, in a neighborhood of (0, 1) or (1, 0), the kernel
k;;(t, s) behaves like a Mellin convolution kernel; otherwise it is a continuous function on the
square [0, 1] x [0, 1]. Using the transformations (3.4), equation (3.2) is converted into

n 1
> [ vl =o.

If f is sufficiently smooth, then the behavior of the solution v of equation (1.4) near the corner
points P; of the curve I is well known (see, for instance, [0, 8] and the references therein). In
particular, from [6, Remark 2.1 and p. 154] we get the following proposition:

PROPOSITION 3.2. Let f; € C? (fi), 1 = 1,...,n. Then, for the solutions 1; of the
system (3.1), we have

Yi(x) = colx — Pi—1]%* 4+ o(1) if rel; and x — P;_q,
Yi(z) = cinlx — Pil** + o(1) if €l and ©* — P,

with certain constants c;y and c;1 as well as

T T
,=min<{ —, -1, Py :=P,.
s mln{ﬁi 271'—,@} 0

Since —% < s; < 0foreveryi € {1,...,n}, the solution is unbounded at the corners of
the boundary. For this reason, many papers presented in the literature propose to improve the
behavior of the unknown functions by introducing suitable smoothing transformations (see,
for instance, [12, 26, 32, 33]). As a consequence, the convergence rate of the approximating
solutions is usually also increased. We consider a smoothing function ®, : [0, 1] — [0, 1]
such that

(3.9) () = {

(3.8)

4, t €[0,¢],

and @ (t) >0, te€(0,1),
1—(1-1)9, tell—egl], o) (0.1)

for some small € > 0 and some integer parameter ¢ > 0 (see, for instance, [10, 11, 12, 25, 29,
31]). For the case ¢ = 1, we fix ®1(t) = ¢, t € [0, 1]. Introducing the changes of variables
t = ®,(t) and s = $4(s) in (3.6) and (3.2) and multiplying the equations of the obtained
system by @ (t), we obtain the new system

(3.10) %z/}i(t)—i—Z%/o Kyt )y (s)ds = —Jo(8), i=1,....m,
j=1

n 1
3.1 id:7
(3.11) ;/O«Mt)t 0

where we have set

Ui(t) = Ya(va(Pg (6)) |7/ (D4 ()] 2 (1),
(312) Kij (t, 8) = kl‘j(@q(t), q>q(8))q);(t),

HOESACACHONIRACHONEAGE

Due to the use of the smoothing transformation (3.9), the behavior of the solutions '[/;1
i =1,...,n, of the system (3.10) near the endpoints of the interval [0, 1] is given by

cit?(Fsi-0=1 4 a=1y. ) t e (0,¢],

(3.13) Y;i(t) = {Cli(l _ t)q(1+s7;)—1 +(1- t)q—lJﬁu —t), te [1 —e,1),
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with lim,_, o+ Jri(t) = 0 and s; given in (3.8). Note that, since s; > —%, for ¢ > 2 one has
that the solutions {/Jvi(t), i=1,...,n,are continuous on [0, 1] (if the given Neumann data are
sufficiently smooth). Furthermore, the larger the value of g, the smoother the solution will be.

In order to give a more compact matrix representation of the system of integral equa-

tions (3.10), we introduce the integral operators

(PO = 5= [ Kitts)F(s)is

with the kernels K;;(¢, s) given in (3.12) as well as the matrices of operators of dimension n

70 - 0
0 T - 0
T=1. S

00 - T

with the identity operator Z : L?(0,1) — L?(0,1) and

Kll K12 e ’Cln
IC21 IC22 e ’CQn
Icnl ’CTLQ e ’Cnn

Then, the system (3.10) can be written as
1 ~ ~
(3.14) <2j + IC) Y=—f

where ¥ = (¢, ... ,1/1n)T~and =, )

Once the unknowns ;(t), ¢ = 1,...,n, of (3.10) have been determined, one is able
to compute the solution u(x) of the original problem (1.1). In fact, using the single layer
potential representation (1.3) and taking into account the decomposition of the boundary
r=ryu{P}U...UT,, U{P,} and the parametric representations of its arcs given in (3.4),

one has for all z = (z1,22) € R?\ Q

@15 ularan) = 5= 3 [ GO18 @102 = (6 @0 @)

Hence, our aim becomes to solve the system (3.10) combined with condition (3.2). In order
to establish its solvability in suitable function spaces, we are going to study the properties of
the related operators in the next section. In the present section, we give first results on the
solvability of the system (3.10), respectively (3.14).

Since C~! < |y/(t)] < C for some positive constant C, we have in case of ¢ = 1

iy = [ W@Pdse) = [ uePhiol

1
~ [ OO dt = 5],
Hence, the map 7 : LP — LP(0,1) := LP(0,1) x ... x LP(0, 1) defined by

(TH) &) = (@@L - fa (@) 7 @)])

T
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is an isomorphism with 7~1g = (7'1_1g1, cee ﬂlflgn)T and
—1
- g9i(; () ,
(7; 1gi) (x) = t , xely, ie{l,...,n}.
i ()]

In other words, f = (f1,..., fn)” belongs to L? if and only if f=Tf¢€ L?(0,1), and the
system (3.14) can be written as (cf. (3.3))

1 ~
T <2J0 + /co) T '=-TF.
Thus, a direct consequence of Corollary 3.1 is the following:
COROLLARY 3.3. Let 1 < p < 2 and q = 1 (i.e., no smoothing transformation is

applied). Then, for every f € LP(0,1) the system (3.10), respectively (3.14), has a unique
solution v € LP(0,1) that belongs to

n 1
L2(0,1) := gz(gl,...,gn)TeLP(o,1);Z/O gi(t)dt =0
j=1

if f € L5(0,1).
In case of ¢ > 1, we additionally have to take into account the isomorphic map
S: LP(0,1) — LY,(0,1) defined by

sf:(sfl,...,sﬁl)T and (s}’) (t) = F(®@,(0)®,(t), te(0,1),

where p = % and v”(t) = (1 — t)Pt? as well as LY, (0,1) = LV,(0,1) x ... x L*,(0,1)
(see Section 2.1). The continuity of this map can be seen as follows. For example, consider

1
€ ca
||f||1[),p(0’5) = A |f(t)|p dt = q/o |f(SQ)‘PSq—1 ds
€

Q=

(4=1)(1=p) 1P
— q17p/ |qf(5q)sq*1|p [s ST ] ds
0

Q=

_ > 1 g P
_ p/o (SHE) [s7] ds~|\8f||’;5p(0£%)-

For the interval (1 — £,1) we can proceed analogously. In (g,1 — &), respectively
(5%, (1- 5)%>, the weight function does not play an essential role. Hence, finally for

all ¢ > 1 we have the following result: N
COROLLARY 3.4. Let1l < p < 2 and ]% + ﬁ = 1. For every f € L?,(0,1), with

p= 1;‘1, the system (3.10), respectively (3.14), has a unique solution 'LZ € LY,(0,1), which
belongs to

n 1
L7 0(0.1) =G = @ G0)" eL5p<o,1>:Z/ 3 (t)dt = 0
j=1"0

if f € LY, 4(0,1).
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4. The integral operators. In order to perform a stability and convergence analysis
of the numerical method in suitable weighted spaces of continuous functions, we consider
a Jacobi weight v7(t) = (1 — ¢)?t? suchthat0 < o < land ¢(1 +s;) — 1+ o > 0, for
any ¢ = 1,...,n. Let us note that the second condition means that, when ¢ = 1 (that is, no
smoothing transformation is implemented), it should be —s; < 0,7 = 1,...,n. We study
equation (3.14) in the space C- (cf. Section 2.1).

Let us recall known useful properties of the operators associated with the system of
integral equations (3.10) or equation (3.14). We introduce two sufficiently smooth cut-off
functions o and y; defined on the interval [0, 1] such that

Xo(t) =1, te [075/2]7 Supp(xo) - [075]7
xi(t) =1, tel—e/2,1], supp(x1) C [1 —¢,1],

forsome 0 < £ < 1/2and 0 < xo(t), x1(t) < 1, fort € [0, 1]. From now on we shall assume

4.1

(4.2) Xo0: x1 € C*[0,1]

for some large enough k € N. Moreover, for a fixed angle 8 € (0,27) \ {w}, we consider the
following kernels of Mellin-convolution type

qt? (1 — s)9sin B

120 — 2t4(1 — 8)4cos B+ (1 — 5)22’
q(1 — )7 1s9sin 3

(1 —1t)24 —2(1 —t)9s9 cos 8 + s24’

KJ(t,s) =

K{(t,s) =

which can be represented in the form

1 t 1 1-t¢
8 764 _ 1.8
l—sk (1—3) and 1(69) sk ( 5 )’

with the function k? defined by

43)  KJ(t,s) =

gr? 'sin B
724 — 2719¢c0s B + 1

(4.4) kP (1) =

and the corresponding integral operators

1 /1
@.5) (KEF)(1) = o / K8(t,5)F(s)ds,  r=0,1.

T Jo
Fort € [1 —¢,1] and s € [0, ¢], by using (3.7) and (3.5), we get

s sin 3;
Kiiv1(t,s) = .
w18 8) = AT 50 — f)s cos i 1 52
Analogously,
1-— in 3;_
ki’ifl(t,s): ( S)Slnﬁ ! te [075], s € [1—5, 1]

(1 —1)2 —2t(1 — s) cos B;_1 + 82’

Hence, taking into account (3.12) and (3.9), fort € [1 —¢,1], s € [0,¢] and t € [0,¢],
s € [1 —¢€,1], we have

(4.6) Kiipi(t,s) = KPi(t,s)  and K 1(t,s) = K7\ (t, 9),
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respectively. Since, by our assumptions and definition (4.1) of the functions x and X1, the
functions Ki7i+1(t, S) — Xl(t)Ki,i+1(t7 S)Xo (S) and Ki,,‘_l(t, S) — XO(t)Ki,i—l(ta S)Xl (S)
are continuous on the whole square [0, 1]%, each integral operator K;; with ¢ and j such that
|i—j| =1lor|i—j| = n—1,if n > 2, or the single operator K11, if n = 1, can be decomposed
into the sum of an operator of Mellin type (4.5) with fixed singularities at the point (0, 1) or
(1,0) and a compact operator as established in the following lemma (see [27, Theorem 2];
cf. analogous considerations in [12, 33]):

LEMMA 4.1. If n > 2, then for each couple of indices (i,7) withi,j € {1,...,n} and
|i — 7] = Lorl|i — j| = n — 1, the following equalities hold:

I Kij = xoKg 'xa+&j, j=i—lorj=1i=n,
2. Kij = xaK¥ixo+ &, j=i4+lorj=n,i=1,

where X, 7 = 0,1, are the cut-off functions given in (4.1) and ;5 is a compact operator on
Cye[0,1] for every o € [0,1). If n = 1, then the integral operator K1, satisfies

3. K= X0K€1X1 + 1K 0 + €,

with xr, 7 = 0,1, defined by (4.1) and £11 a compact operator on Cy-[0,1] for every
o €0,1).
The operators K19, £19 and Ky, 541, En,nt1 have to be understood as Ky, £15, and K1,

En1, respectively. Let us note that the Mellin operators ICg and ICf in (4.5) are not bounded
on the space C[0, 1]. Anyway, since the function k”(7) in (4.4) satisfies the condition

o0
/ TN EA (7)|dr < o0
0
if 0 < o < 1, it follows that for F' € C,» with v7(t) = (1 — t)t7, the weighted functions

v’ KPF,r = 0,1, can be extended by continuity at the singular points as follows (cf. the proof
of Theorem 4.2):

W/jflwkﬁ(r)dr, t=0,
“.7) (WKGF)(t) = () [

7/0 Ky (t,s)F(s)ds, te(0,1],
and

vt /1Klﬁ(t,s)F(s)d8, t€0,1),

oyB 2rJo

(4.8) (VK F)(t) = CEVO) [

(273()/0 TR () dr, t=1.

With the help of the operator matrices

0 ./\/l12 0 Mln
M21 0 M23 0 0
0
(4.9) M= | . . . . ;
: . . Mn—lJL—Z 0 Mn—l,n
_Mnl 0 0 Mn,nfl 0 i
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where, fori,j =1,...,n,

XoKg 'xi,  j=i—1,
XlIClZXOa ] :Z+17

M10 = Mln’ Mn,n-{-l = M’nl, and

[ Kn 12 Kis Ein ]
En Koz &3 e e Kan
(4.10) K=| A y ]
Kn—l,l ’Cn—l,2 5n—1,n—2 K?L—l,n—l 5n—1,n
L gnl ’CnQ Kn—l,n—2 <S‘n,n—l ICnn i

we write equation (3.14), by taking into account Lemma 4.1, in the form
1 \ ~ ~

4.11) §J+M+IC P =—f.

In the special case n = 1, (4.11) holds true with

4.12) M = My = oK1+ x1KPx0, K=&,

As announced in Section 3, the method we are going to propose is based on the numerical
solution of the system of integral equations (3.10) (or, equivalently, (3.14) or (4.11)) combined
with the additional condition (3.11) followed by the numerical evaluation of the potential
given in (3.15).

THEOREM 4.2. For 0 < o < 1, the linear operator M : Cyo — C',o is bounded with

(I-¢)" R ;
PP Chul) LA / 7 (),
v 27 i=1,...,n J,

(4.13) | M]

with € as in (4.1).
LEMMA 4.3. Let 8 € (0,2m) \ {7} and 0 < o < 1. Then the function kP () defined
in (4.4) satisfies the inequality

(4.14) / TN (D) dr <
0

if and only if 1 — q rnin{%7 ﬁ} < o.
Now, we are able to prove the following theorem establishing the solvability of the
system (3.10), respectively (3.14), in the weighted space C\-. For this, we set (cf. (3.8)

and (3.13))
(4.15) ui—q(lJrsi)l—qmin{gi,%ﬂ_ﬁi}l, i=1,....n.
THEOREM 4.4. Let —min;— ., pt; < 0 < 1. Then, for each given array of functions

f € Cyo, the system (3.10), respectively (3.14), has a unique solution v € Cyo, which
belongs to Cyo o if f € Cyo 0.
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By C? we refer to the subspace of C,, defined by

CoL={f=(fr.....fa)" 1 fi€Cy,i=1,....n}

(cf. Section 2.2). Moreover, let CBJ,O =Co%n Cy.0- As a consequence of the continuity of the
functions given by the formulas (4.7) and (4.8) (cf. the proof of Theorem 4.2), we have that
the space C¥, is an invariant subspace of C,- with respect to the operator %J + K in (3.14).

REMARK 4.5. Since —1 < s; < 0 (see (3.8)), the condition o > —p; =1 — q(1 + ;)
is fulfilled if 0 > 1 — 2. Consequently, the assertion of Theorem 4.4 is in any case true if
— 4 < 0 < 1 (without knowing the numbers s;). If the solution of the boundary value
problem satisfies (3.13), then the solution in C',- of (3.14) is in CSG. Thus, it makes sense to
consider (3.14) together with the Nystrém method in CY. if the Neumann data f satisfy the
assumptions of Proposition 3.2.
Obviously, the operator V7 : C,c — C,

VT 0 0 fi
0 °T ... )
.f:(flw"?fTL)T’_> v .
0 - 0 vI|L/n

is an isometrical isomorphism. In case of the application of the Gauss—Lobatto rule for the
approximate solution of the BIE system, for the description and investigation as well as for
the implementation of the method, it is more convenient to consider the following equivalent
problem in C instead of equation (3.14), respectively (4.11), in the space Co,

(4.16) Ve (;j + IC> Vi =—f,

with V=7 = (V°)"" and the new unknown ) = V1) as well as the new right-hand side
F=Vv.
COROLLARY 4.6. If
“4.17) — ‘_1in wi <o <1,
then the system (4.16) has a unique solution 1Z € C for each given array of functions f eC.

REMARK 4.7. It should also be possible to consider equation (3.10), respectively (3.14),
in the space C% associated with the parameter set ¥ = {01, ..., 0, = 0o} and defined by

Y ={(Fr o J)" freCie {1, n}},

where v;(t) = (1 — t)7t%-* with o; + p; > 0, fori € {1,...,n}. Here in this paper, for
reasons of simplicity we restrict ourselves to the case 0y = ... 0, = 0.

5. The method. In this section we are going to describe the proposed numerical method
for solving the system (3.10), respectively (4.11). The method is a Nystrom-type method
based on the application of a suitable Gauss—Jacobi or a Gauss—Jacobi—Lobatto quadrature
formula. More precisely, we consider the quadrature rules

5.1 /o F(s)v™7(s)ds = Z Wi b F (8m,n) + em (F),

h=1
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Jhandwmh = w’

where S, = e B=1,...,m, J € {G, L}, denote the nodes
and the Welghts of the Gauss and the Gauss—Lobatto rule with respect to the Jacobi weight
v79(s) = (1 — 8)79s7° and where e,,,(F) = e, (F) is the remainder term (cf. Section 2.3).
An error estimate for the absolute quadrature error |e,, (F)| is given in (2.3).

As already mentioned at the end of the previous section, it is advantageously for the
method to study the equivalent equation (4.16). From now on we will assume that the
hypotheses of Theorem 4.4, respectively Corollary 4.6, are fulfilled.

We represent K in (4.16) as the sum M + K (cf. (4.11)). We apply the quadrature
formula (5.1) in order to approximate the integral operators

(WK v 7 f)(t) = 2 /K”ts Yu7(s)f(s)ds, i,j=1,...,n,
7r

with the kernels K;;(¢, s) defined by (3.12) and

v (1)

(&0 ) = 55

1
| Bt s s)as
0
where the kernels E;;(t, s) are given by (see Lemma 4.1)

Kislt,s) - oKL (b oals),  j—i—1,
5.2 E;i(t,s) = J v
G2 i(9) {Kmu@—xﬂﬂK?@whdﬁ, j=itl,

We obtain the following quadrature operators, defined on the space C"

3

(KZjm D) =

it Smn) f(Smn), t€]0,1],

U

(5;']7 Z W hE” t Sm, h)f(Sm,h), te [0, 1].

Concerning the approximation of the non-compact weighted operators v7 M;;v~7 involved
in the matrix V2 MV ™7, we first consider the quadrature operators

m

(5.3) (K

)f(5m7h)7 r= Oa 17
h=1

g

obtained by applying the quadrature rule (5.1) to the integrals defining the operators v7 v,
r = 0,1 (see (4.5)). Then, fixing a positive constant ¢ and a small € > 0 together with a
breaking point

c

m2—2¢’

(5.4) b =

we introduce the “modified” operators

(5.5) (Izﬂv" f) ()= tm [t (’Cg:’(:‘f) (tm) + (tm — 1) (“ang_of) (0)} , te0,tm),
| b OCgﬁlf) ®), t € [tm,1],
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and

(kPaf) . te 0,1~ bl

(5.6) (lzf’;ﬁf) (=41 [(1 —4) (/Cf:glf) (1= tm) + (= 1+1) (u"/cfv*"f) (1)},

tm

te(1—tn,1],

approximating v"ICg v~ 7 and v"ICf v~ 7, respectively. Note that, due to (4.7) and (4.8) as well
as formula (7.1), we have in (5.5) and (5.6)

(valcgvfo'f) (O) _ f(l) Sln((l _ p)(’/T — 6))

47 sin(pm)

and

f(0) sin((1 — p)(m — B))
47 sin(pm)

(v"lev‘”f) 1) =

)

withp =1 — 177". Taking this into account we can make the following remark:
REMARK 5.1. If we consider the system (3.10) in CSU or, which is equivalent, (4.16) in

C'={(fi,....f.)"eC: fi(0)=f;(1)=0,i=1,...,n},
then the definition of K27, r = 0,1, in (5.5) and (5.6) becomes simpler, namely

r,m>
tfn (ngff-bf) (tm)’ te [O,tm),

(Kézs) ) =

(Keof) @, teltm),
and
) (ks s) . te0,1—tn],
(Rinf) =12
— [(1 —t) (lcf‘jnf) (1—tm)} cote(1—tm,1].
tm )
Finally, by using definitions (5.5) and (5.6) as well as the cut-off functions o and x1
from (4.1), we set, forn > 2andi,j =1,...,nsuchthat |i — j| =1,
—Bi—1,0 . .
XKoo X1, j=i—1,
5.7) MGm=1"
X1K7 i Xo, j=i+1,
(ITO,m = Mlljn,m’ Mz,n+1,m = M?Ll,m’ and’ forn = 1’
(5.8) M = x0K557 X1 + x1K757 Xo.
Now, for n > 1 we introduce the matrices of approximating operators
) Tom 0 Tom ]

91,m 0 33.m 0 e 0

0
5.9 M7 =

0
: : : MZ—l,n—Zm 0 Z—l,n,m
L Zl,m T T 0 z,nfl,m 0 |
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and
(5.10)
K?l,m EfQ,m K:llj?).,m e e gfn,m
ggl,m KgZ,m 553,771 e e gn,m
IC;; = 9
Ko—1i1m Ko—i2.m : —in—2m Ko in—1m En—tmm
o o L. Ko o Ko
nlm n2,m n—1,n—2m n,n—1m nn,m

while, in case of n = 1, we set
(511) Mgn = Tl,m’ ’ng = gfl,m'

The “modified” Nystrom method consists in approximating the unknown solution
$ = (1, .,9n)" of the system (4.16) by the solution @, = (Y1, - -, Yymn)” of the
approximating system

1 ~ ~
(.12) (2J+M;+/c;'n> P = —F.
Collocating each equation of (5.12) at the nodes of the quadrature formula s,, ;, j =
1,...,m, we obtain that the function values &m(sm,i) = (@m,l(smyi), e ,@m,n(smyi)) ,
1 =1,...,m, have to satisfy the system
1 ~ & )
(5.13) ((27 + M + K;)qﬁm) (5mj) = —F(Smy),  F=1,...,m.

Once (5.13) is solved, one can compute the Nystrom interpolant

G4 alt) = 2 [ + (M) () + (Kn) (0], te(0,1],

which is then the solution of (5.12).

In the final step of our numerical procedure we are going to approximate the solution
u(z) of the boundary value problem (1.1) represented as a single layer potential (1.3). For all
r = (z1,22) € R%\ €, taking into account (3.15), we propose to approximate u(x1,z2) by
means of the function
(5.15)

U (1, 2) = *% D g Omi(sm.) log (w1, 22) = (&(@g(5m.5))s 1 (Dg(5m5))];

i=1 j=1

where wy, ; and s,, ; are the weights and knots of the quadrature formula (5.1). We observe
that the quantities (¢, ;)(Sm,;) in (5.15) are obtained from the solution

~

(&m(sm,l), L ¢m(sm,m))T
- (@mﬁl(smyl),...7zzm,n(sm71),...,{b\m’l(smym),...,&myn(sm_’m))T

of the linear system (5.13).
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6. Stability and convergence. The proof of stability and convergence of the proposed
method will be carried out by using the properties of the operator sequences { M9}, and
{K7.},,, established in the next theorems. From now on we will assume that ¢,,, < e, with &
asin (4.1) and t,, as in (5.4). Moreover, we know that if condition (4.17) is satisfied, then
€€ (O7 %) can be chosen small enough such that (4.13) is true. Hence, we can formulate the
following condition which should be satisfied in what follows:

CONDITION A. Condition (4.17) is fulfilled, and € € (0, 3) is chosen small enough, such
that (4.13) is satisfied.

THEOREM 6.1. Let M and M$, be defined as in (4.9) (or (4.12)) and (5.9) (or (5.11)),
respectively. If Condition A is satisfied, then the linear operators Mg, : C — C are
uniformly bounded with

. . 1
(6.1) limsup [| M7, [lc~c < 3

and strongly convergent to VO MV~ : C — C, i.e.,
(6.2) lim ||(M7, =V MV=)f| =0 VfeC.

m—0oQ

THEOREM 6.2. Let K and K2, be defined as in (4.10) (or (4.12)) and (5.10) (or (5.11)),
respectively. Then the linear operators K, : C — C form a collectively compact set

{K?2 :m =1,2,...} strongly convergent to V'KV~ : C — C, i.e,,
(6.3) lim_|[(K7, = VKV f[ =0 VfeC.

From Theorems 6.1 and 6.2 the following main results can be deduced.
THEOREM 6.3. Let Condition A be fulfilled and f € C. Then, for all sufficiently large m,
the operators %j + M2, + K2, : C — C are invertible, and their inverses are uniformly

bounded. Moreover, for the solutions 1/5 € C of the system (4.16) and 12)\,” of the system (5.12),
one has

(6.4) lim \a_qzmum _

m—r o0

REMARK 6.4. Theorems 6.1, 6.2, and 6.3 remain true if we replace the space C by C°
since for all involved operators the space C? is an invariant _subspace of C'.
REMARK 6.5. Let us observe that, if the functlon f at the right-hand side of equa-

tion (3.14) belongs to C'- g, then its solution 1p % "w belongs to C- o. For the sequence
of approximating solutions to (3.14),

"Zm = ({/;m,la cee 71Zm,n)T = VﬁU{[; =V ({/;m,lv cee 7'(Zm,n)Ta

one has that

Z/ Pyt dt—Z/ Ui (8)dt

£) = Dna(0)] v ()t

1
< |\¢—¢m||oon /0 v bt

from which, by virtue of (6.4), we can deduce that

$&Z/%m -

holds true.
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THEOREM 6.6. Let us assume that the hypotheses of Theorem 6.3 are satisfied. We further
suppose that the closed arcs Ty, i = 1, ..., n, are curves of class C**? for some integer £ > 2
and that for some r € N the conditions £ > r and o + p > § with . = min{p1, ..., fin}
and p;, 1 =1,...,n, given in (4.15) hold. If the functions X, x1 defined in (4.1) belong to
C*[0,1] for some k > £ and if (cf (3.1)) f; € C*(;), i = 1,...,n, then the error estimate

~ C
©3) %=l < 5

mIJ

is fulfilled with v = min {r, ke, 2(1 — €)(0 + u)} and a positive constant C independent of
m.

The following theorem provides an error estimate for the approximating potential given
by (5.15):

THEOREM 6.7. Let the assumptions of Theorem 6.6 be fulfilled, and let u be the solution
of the Neumann problem (1.1). Then, for any v € R? \ Q, the approximate solution 1, ()
in (5.15) satisfies the pointwise error estimate

Cpi(R)  Cpa(R)

mY m”

(6.6) |u(e) — um ()] <

)

with C # C(m), v = min {r, ke, 2(1 —€)(c + )}, R = dist(z,T) = inf{Jx —y| : y € T},
and

O(log R), R — o0, O(logR), R — o,
pr() = { Q0 palR) = { OV
O(-logR), R—0, O(R™), R—0.

7. Proofs. This section provides proofs of the previous theorems and lemmas.

Proof of Theorem 4.2. First, we prove that, for any fixed angle 8 € (0,27) \ {7} and
0 < o < 1, the operator v"XOICg X1 is a map from C,- to C. Similar arguments apply to
v7x1K5 0. For any F' € Cye, the continuity of (v Ky F)(t) in (0, 1] trivially follows from
the continuity of the kernel Kg (t,s) fort + s > 0. The continuity of (v“ng F)(t)att=0is
a consequence of the definition (4.7) and the following considerations. We have

o (vglch) (t) = (1—t)°t° (/0 +/11> kP (1;) Fl(%)js = L(t) + (1)

and

o0

L(t) = (1 ft)“t”/

2t
T /OOO 7B () (1 - j) ) <1 - i) Xpotooo (7) d,

where X[2¢,o0) denotes the characteristic function of the interval [2¢, c0). Since

T kP () F (1 — t) dr

T

7B (1) (1 _ t) - (v F) (1 - j) X[2t,00) (T)

< 2‘77"7—1k5(7') lv? F|
-

oo !

we can apply Lebesgue’s dominated convergence theorem and obtain

lim I»(t) = (v" F) (1) /0 T B () dr = 2 (vff;ch) (0).

t—0t
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gt~ sin g _att!
(t1 — cos §)2 +sin? 3 ~ |sin |’

s () v (i) e

S C(]. o t)atUJrqfl /

Moreover, since {kﬁ (t)| = t > 0, we can estimate

2 ds

o W”'UUFHOO—)O lft—>0+

Taking smooth cut-off functions x and x; on the interval [0, 1], it follows that, if F' € C\-,
then the function v? XOICg x1F is continuous on [0, 1]. Consequently the matrix operator M
is a map from the space C,- into C,-. In order to prove that it is bounded and satisfies (4.13),
let us estimate the following norm for a general array of functions F' = (F1, ..., F,) € Cyo:

||MF|| = ; HllaXn onlcgiflxlFi_l + X1KfiX0Fi+1 H y
=L ve

V7,00
,00

with the notation Sy = B, Fo = F,,, Fj,41 = F}.
Let 0 < & < 1/2 be the small quantity involved in the definition (4.1) of the functions ¢
and ;. Using the substitution 1 — s = f, we have

27 sup (UUXOICOFIX1F¢71+UUX1/C?iXOFi+1)(t)‘
te(0,e]
=2 sup v (Ehxo() K5 1 Fion) (1)
t€(0,¢]

1
1 t
< t7 JPio “F;_ 1—s)"7s7°d
<o 5 e (75l Aeveia - e
b
<(l-¢)7° Sup/
0

t t \’
e “Fi_ d
gy v (Tl ml (75

< HFFle(,’OO (1—¢)77 sup / rte ‘kjﬂ"”l(T)’ dr
te(0,e] Jt

o0
< HFi—lnvapo (1 — 5)*0/ Fl+o |kﬁi—l(,r)} dr.
0
Proceeding in an analogous way, using the change of variable s = ¥, one has

2w sup
te[l—e,1)

(UJXOKOﬁi_leFi—l + UUXl’CfiXOFi-&-l)(t)‘

=2r swp [0 (O () (K xoFin)(1)]
te[l—e,1)

g

1

< sup (1—t)‘7/ -
0

te[l—e,1) S

# () 0ol 0 - sy

e ()l mon () as

WPl (1= [ 71 1 ()

1
<(1-¢)77 sup /*
0

te[l—e,1) S

Finally, observing that

(’UUX()ICgi_lxlFi_l + ”ngllC?iXoFi_;_l)(t) =0 Vt € (8, 1-— 6),
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we deduce that

IMF| o o <|IF|lyo o ——=—— max / T kP (1) | dr,
5 ’ M Jo

2 i=1,...

from which the assertion follows. 0
Proof of Lemma 4.3. Using the change of variable x = 77 and setting, for brevity,
p=1-— 1770, by virtue of [15, formula 3.252, 12.]), we can write

* —1401.8 . o zmire
/0 T |k (T)|d7’=|s1nﬂ|/0 x2—|—2xcos(7r—5)+1dx
| sin (B)[(=7) esc (m — B) esc (p) sin ((p — 1)(7 — )
_ sinflsin (@ — p)(m — B))
sin 8 sin (pr) ’

(7.1)

Thus, inequality (4.14) is equivalent to

sin((1 — p)(r — 5))

(7:2) sin(pm)

<1

Due to our assumptions we have 0 < p < land 8 € (0,27) \ {w}. Incase of 0 < 8 < 7 and
0 < p < i, relation (7.2) is equivalent to

(L=p)(m=B)<pr or  (L—p)(r—p)>m—pn,

which is the same as 1 — 505 < p < 2. Incaseof 0 < 8 < mand § < p < 1, condition (7.2)
is equivalent to

(l=p)r=B)>pr  or (L—p)r—B) <m—pm,

which means nothing else than % < p < 1. Analogously, in case of 7 < § < 2w, we obtain
that inequality (7.2) is equivalent to 1 — % < p < 1. Consequently, for 3 € (0, 2) \ {7} and
0 < p < 1, condition (7.2) is equivalent to

(0<5<7rand1 <p<1) or (7r<ﬁ<27randlg<p<l>,

T
2T — f3

™
2n—p3

which can also be written as the inequality 1 — min {%, } < p < 1 or, equivalently, as

l—qmin{%,ﬁ}<a<l. a
Proof of Theorem 4.4. In view of Lemma 4.3 we can choose € € (0, 5) such that

(1—-¢)77 max / TP () dr <

1=1,...,n 0
is satisfied. Taking further into account (4.13), we have

1

HM”C'UC’_)C’UU < 5

Applying the Neumann series theorem, we can deduce the invertibility of the operator %j +M

as a map from C,- into C,-. Since the operator K:Cpo — Cypo is compact, being a matrix
of compact operators (cf. Lemma 4.1), the operator %j +K = %j +M+K:Cyho — Cyo


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

562 P. JUNGHANNS AND C. LAURITA

is a Fredholm operator of index 0. Thus, to prove its invertibility we have to show that the
equation

(71.3) (;J + IC) =0

has only the trivial solution 1Z = 0 in Cye. Fix a number p € (1, 2] such that p < ﬁ.

ﬁ > 1. Then, a function ¢y € C\- belongs also to

LP,(0,1) with p = 1;,‘7. This is due to the estimate

Such a number exists because of

1

1
91y, = [ B @F 1) @F dt < [ oo @] el =C 9l .
v 0 0

which is true if (p—o)p > —1. However, the last inequality is equivalent to p < Con-

q
q—(1-0)"
sequently, a solution 1; € Cyo of (7.3) also belongs to LY, (0,1) and is, due to Corollary 3.4,
identically 0. a

LEMMA 7.1. Let Kg (t,s) and Klﬁ(t, ) be the kernels defined in (4.3), and assume that
the functions xo and x1 in (4.1) satisfy (4.2) for some k € N. Then, for any nonnegative
integer v < k, the following inequalities hold true:

o 3 C
. T)—O <
(1.4) Hasr (KO (t, )Xl) 7| < e te(0,1],
or 3 _ c
75 KP(t, el < — 2 teo,1),
( ) H asr ( 1 ( ) )XO) 90 v 1 — (1 o t)§+o— E [ )
with p(s) = \/s(1 — s) and C a positive constant independent of t.

Proof. We limit ourselves to proving (7.4). The proof of (7.5) is analogous. We start by
observing that

qti—! 1 1

Kf(t,s) = . —~ :

0(t:) 2i [t’l —eB(l—s)1 11— Bl —s)1]’
with i2 = —1, and, consequently, for any integer j > 1 it holds

RED

(11— (1 - s)2)" "

7 gt ! J i
SSKG () = = Y en(@nl(L - )™ [
h=1

e—iBh
(11— e73(1 — 5)0)""

with suitable constants ¢ (q), h =1, ..., 7, depending on the parameter q. Moreover, since

1 eiBh e—iBh
20 | (ta —eiB(1— s))" (19— e=iB(1 — 5)a)" !

h+1
i ( h —|— 1 ) tqi(_l)h—i-l—i(l _ S)q(h+1—i) Sin((l _ 7/)6)

1
=0

?

[t20 — 2t9(1 — 5)7 cos 3 + (1 — 5)24]"
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we have
o7 3
‘ @KO (t7 S)

h+1
Z ( h + 1 ) tqi(l _ S)q(h-‘rl—i)
¢ i

16 <q! Z len ()] RA(1 — 5)a=T =0

[t20 — 2t9(1 — s) cos § + (1 — 5)2]"+!

[t9 + (1 — 5)9]"*
[t20 — 2t9(1 — 5)4 cos B+ (1 — 5)24)" T

(7" 7) —0o
1 < ) H@sﬂ i o'

& .
ng(t ')Xg ) "

=qt"” IZI% ) RA(1— s)a=
Now, noting that

Héi;.(f(g(t~)X1)<prv‘”

1

we are going to estimate . Using (7.6) and the change of variable

8 1
1 — s = 7t, one has
(r— — ! o r—j r —0o
lsmmteond e = [ || 6] e e
py )
§C(1—a)_"/ LKt 5)| (1 — 5)57ds
0 88

Lo+ (1- s)q]h ! (1 — s)ha—its—c
<C(l-¢)” qtq1§ cnlq h'/ |
( | )l o |

ds
P 2t1(1 — s)icon 4 (12

h=1
J L h+1_hq—j+Z—0c
t (1 q q—3j

—c-o s Sl [Ty

T = 0o (724 —279cosf+1)

r!
<C(l—e) 7 ——
—C(l 5) t%+g’

where we used the estimate

1 1
T (1 q\h+1, hq—j+5—0c ., )
/ (1+79) dr <C 1+/ 72797974y
o (724 —279cosfB+1) 1

- DT i1,
<C log%7 5—0—j—q+1=0,
C, 5—0—Jj—q+1<0.

Hence, we can deduce

C
tzte’

<
1

|>

asr(ﬁf(t0x1)wrv‘”

with C a positive constant dependent on g, r, €, and o, but independent of ¢. O
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LEMMA 7.2. For some integer £ > 2 and i = 1,...,n, let &,n; : [0,1] — R
in (3.4) belong to C**2(0,1]. Moreover, assume that, for the right-hand sides of the sys-
tem (3.1), we have f; € CYTy), i = 1,...,n, and that xo,x1 € C*[0,1] as well as
o+ p > 0with p=min{u,...,un}. Then, for r = 0,1,...,¢, the unique solution

~

P = (wl, . ,TZH)T € C of (4.16) is r-times continuously differentiable on (0, 1) and satis-
fies the estimates

(7.8)

ngr)(t)‘ < CHOTHmITT (L = )T TR < TR, 0<t<l.

Proof. If ¢ = (121, . ,@n)T € C is the solution of equation (4.16), then, for
1=1,...,n,

hi=—2f —2 Z VKo™,

=1
—2f; =207 M ;107 TP — 20" M 1107 T

(7.9)

n
— 2’()051',%‘,1’()_0’(/}1‘,1 — 2’1}05%"1‘+1U_U’(/Ji+1 —2 E ’UUICZ‘J‘U_ij.
j=1j#i£l

Since f;(t) = v7 (t)gi (Rq(t)) @) (t) with g; (t) = f;(7:(t))|7}(t)] (cf. (3.12)), forr =0,...,¢
and 0 < t < 1, the estimate

(7.10) |.}/c;(r)(t)| < CtUJrqflfr(l _ t)a+q*17r
is true. Analogously, for the kernel function K;;(¢, s) in (3.12) we have, forr =0, ..., ¢,

o
otr

i=1,...,n, j#i+t1,
0<t,s<1.

[UU(t)Kij (t, 5)] < CtaJrq*lfr(l _ t)UJrq*l*’"’

The same is true for the kernel functions
Kiiv1(t,s) —x1(t)Kiiv1(t,s)xo(s) and  K;;—1(t,s) — xo(t)K; i—1(t, 8)x1(s)

of the operators &; ;+1. This implies
(7.11)

~ (1) =1,... EX)
@%w“%ffﬂswﬂq“mWﬂlc b m L

0<t<l,
and
@12 (o7& v‘”i;>00(ﬂ <cprramior(q _gerator L= hn
) bi£l J - ’ 0<t<l1.

Recall that M, ;_; = Xongi_lxl and M, ;41 = XlIC’fiXO (cf. (4.5) and (4.6)).
Analogously to the proof of Lemma 7.1, for j > 0 we have

o7

ot
J

S S o TR

%05 (19— (1= 5)0)" " (19— e (1 —5)))""

K{(t,s)
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J
_ _Z {dh(q)t(h+1)qj1 «

h=0

h+1 h 1
> ( i ) {9 (= 1) (1 = )7 D sin((h 4+ 1 — 0)B)
1=0

[#20 — 2t9(1 — 5)9 cos B+ (1 — )29)" " }

with certain constants dy,(¢q) depending on ¢g. Consequently,

(7.13)
h+1
i > ( hjiL 1 ) 19 (1 — )20
5 , -
K(t, s dp (gt DT =0
g 1o (1:5)| < hzzo‘ @) [t29 — 2t9(1 — )9 cos B + (1 — s5)29)" !
ZJ: g) [t D=1 [t + (1 — )" .
=0 [#20 — 2t9(1 — 5)4 cos B + (1 — 5)24]"
Now,

: ~ (™)
(””Xoicg”lxw*%_l) (t)
R o A T /1 O Bt N7 (s)0
=5 j_o( j )(v Xo) (t) L ov — K (t, )07 (s)i—1(s)ds,

where, in virtue of (7.13) and (3.13) (cf. also (7.7)),

Y o
e @KO (t7 S)U (S)¢z71(8)d8
J 1 h+1 .
<c Y hDamint / 7+ (@ =) (1 —s)" ldsh :
h=0 0 [t2q — 2t‘1(1 — 3)(1 COhﬂ + ( )Qq] +
htl i
— Cphi yz/ 1+ 7a)htizn ldzﬂ
1 — 279 cos B + 729)

S C tl"i—l_] Z

J t=!
(1 + / Tﬂil—Q(h-i-l)dT)
=0 1

h

J
< Ct/ti—l_j Z (1 _|_tq(h+1)—/u,—1—1) < Ct#i—l_j-
h=0

Hence

(7.14)

| SN -
(UUX0K63171X1U_U¢i—1) (t)’SCt”J”“‘l -

In the same manner we get

~

v (r) .
(7.15) (vUXIKOBlXOU_UwiJrl) (t)‘ <C(—t)otrT,
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Since g — 1 < i, ¢ = 1,...,n, from (7.9), (7.10), (7.11), (7.12), (7.14), and (7.15) we
conclude the assertion (7.8). 0

Proof of Theorem 6.1. Let us consider the case n > 2. Then the proof immediately
follows in the simpler case n = 1. The linearity of the operators MY, ., the entries of the
matrix MY , is a trivial consequence of their definition (see (5.5)—(5.8)) and of the linearity of
the operators X and ICﬁ m (see (4.5) and (5.3)). In order to prove that M7 f belongs to the
space C for any array of functions f € C, we take into account that the cut-off functions xq
and x defined by (4.1) are assumed to be smooth, such that we only have to show that, for
any angle /3 and any function f € C, the functions ICgZL f and ICf 'm [ are continuous at the

point t,, and at the point 1 — ¢,,,, respectively. By definition (5.5) and (5.6) we have
lim (K0 f) () = (K f) () = lim (KG38) )
t—tom ’ ’ t—th ’

and

tim (K5 f) () = (vKEnf) = t) =l (T2 ) (1)

t— (1=t )~ t—=(1—tm)™
Now let us prove (6.1). Since, for f = (f1,..., fn)? € C one has
(7.16) M7, flloe = i:HllaXn ||Mg,i71,mfi*1 + M;f,i+1,mfi+1|‘oo )

with the following meaning of the notation: M9, = M7, .., M7 4 ,, = M7, and

fO = f'ru fn+1 = fl-

We proceed by estimating, for a fixed ¢ € {1,...,n}, the norm

||M?,i—1,mfi—1 + MZi+1,mfi+1||DO
= max { sup ’(M’Zi—l,mfi—l + Mg,i—i—l,mfi-‘rl) (t)| ’
te[0,e]
sup |( ticimlfi-1+t M(ij,i—&-l,mfi-l-l) (t)| )
t€le,1—¢]
sup (Mg fict + Mg fir) (8)] }
te[l—e,1]

Taking into account (4.1) and (5.7), we can write

||M7,q,i—1,mfi—1 + M’Lq,i-‘rl,mfi"rl Hoo

(7.17) .
< max{ sup (ngf,;l’ leifl) (t)

te[0,€] te[l—e,1]

, sup ‘(’EfféonfiH) (t)‘}-

Now, being t,,, < €, we have

sup (’Eoﬁfr:zl’gmfi—l) (t)’
t€[0,e]
(7.18)
:max{ sup ‘(’Cg;i77zl7a><1fi—1) (t)|, sup (’Coﬁjﬁ’omfiq) (t)‘}
t€[0,tm] tE[tm €]

For the first term one has

sup ’(Eg,ir:zl7a>(1fi—1> (t)‘

te[0,tm]

= max{‘(v”ngiflxw_Ufifl) (0)} ,

(oK xav ™ fimt) (tm)| }
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and, consequently, by virtue of (7.18) it follows that

sup (Eg,l;bhalei—l) (t)‘
te[0,€]
< max { ’ (v”ICOi’lxlv*”fi,l) (0)|, sup (vUICgfn’llxlv*"fi,l) (t)‘} .
tE€[tm €]

Let us estimate both terms in the brackets. In the proof of Theorem 4.2 we have shown

UJICgi’lxw*"fi_l (0) SillfFl”m Ooer‘Tkﬁi‘l(T)dT.
27 0

Moreover, for t € [t,,, 1],
O'Icﬁifl —op
v O,m le fzfl (t)
V7 (1) o= _
= % Zl Wm.g ’Kgl_l (t, Sm’j)‘ |fi—1)(5m,j)| Xl(smd)
J:

v7 (t)
2w

<Nl [ / g ) o ) s+ e (|5 1) ) ﬂ ,

where (see the proof of Theorem 4.2)
1 o)
o) [ EE s @ds <1 -o [
0 0
and, by virtue of the error estimate (2.3), (5.4), and also (7.4),

0O en (K0 )| < S < S = O e e 4 em).

mitz T myz  me
m

Summarizing, we have proved that

sup. (’Egjr:zl’UX1fi—1) (t)’

te|0,e

(7.19) oo
< ”fi—lHoo (1 _ 5)70/ T*1+Ukﬁi—1(7—) dr + i .
- 27 0 me

Proceeding in an analogous way it can also be proved that
sup ’ (Kf,iﬁfXOFiﬂ) (t)’
te[l—e,1]

(7.20) -
< Minlle {(1 - 5)-0/0 T KP (7)) dr + 75} :

2

Combining (7.19) and (7.20) with (7.16) and (7.17), we get

Ml < M Ja oo [T o opar + £
mJo

2T i=1,...

)

Finally, taking into account Lemma 4.3, we can immediately deduce the estimate (6.1).
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In order to prove (6.2), we will apply the Banach-Steinhaus theorem to the sequence of
the operators M?, : C — C, m € N, which is uniformly bounded as just has been shown.

We consider the product space of polynomials

P:{p:(ph"‘?pn)T:piep}u

where PP denotes the set of all algebraic polynomials defined on the interval [0, 1]. Since P is
a dense subspace of C, it is sufficient to prove that

(7.21) lim |[(M7, =V MV~ )p|| =0 VpeP.

m—r o0

Forp = (p1,...,pn)T € P we observe that
[(M7, = V7MY~

= max |IXo (E(’fﬁ;ﬁ” - UG/Cg"_1U76> X1Pi-1 + X1 (ﬁf;f - Uoicf"’vfg) Xopz‘+1H ,
o0

i=1,...,n

and, for any fixed 1 <¢ < n,
HXO (’ngha - v"lcgi’lv*") X1Pi—1 + X1 (’Cfma - ’UU’ClﬁiU*G) XOpi+1H
o0

)

((’Egzha - “U’Cgi’_lvfg) X1p¢—1) (t)

< max sup
te[0,e]

sup ‘((Ef’rg - v"leiv_”) Xopi+1) (t)‘ }
te[l—e,1]

Now, being t,,, < &, we are going to separately estimate

sup ’((/Eé’;;" — v"ngi‘lv*") lei—l) (t)‘ ,
t€[0,tm]

sup
tE[tm,€]

((1’65;;;"’ - v"ng"*lv_a) leifl) (ﬂ‘

and

)

sup | ‘((Efﬁf - UU’CfiU_C') Xopz‘+1) (t)

te[l—e,1—tm,
jChio o jcbBig—o ) t
sup 1m — VKT XoPi+1 ( ) :
tE€[l—tm,1]
For t € [0,,,], we have
(Rt -t rame) ancs) )
t ; '
< ‘trn [(Ualcgj;llvfa'xlpi_l) (tm) — <1}UICO’8’—1U*UX1P’£—1) (0):”
+ ‘(v"lcoi’lv“’xlpH) (0) - (”U’Cgiflv_axlpi*) (t)’

t . _ i1 —
< . ’(v"/Cé’f;fv Jlei—l) (tm) — (UU]Cg v UX1P¢—1) (tm)’
m
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t PR — o i—1, —0

+o ‘(v"/Cg v xuoH) (tm) — (v Kyt X1p¢71) (0)’
+ ‘(UU’CgFIU—JXM%A) (0) — (UUICgFlU_UX1PF1) (t)‘ ,

and, analogously, for ¢t € [1 — ¢,,, 1],

(R = oK) xomenn) )
1t oBi , —o o ﬁi
- [(U Kiimv Xopi+1> (1 —tm) — (U Ki'v X1pz+1> }
+ ‘(U”’Cfiv_axwiﬂ) (1) - (va’Cfiv_GXopiH) (1) ‘

1-t . o1 Bi. —o
v ’(v"lefmv Xopi+1) (1—tp) — (U ICflv Xopi+1) (1- tm)‘
1—1

IN

tm

IN

(U”K?iv70X0pi+l) (I —tm) — <v"lcfiv"’)<0pi+1) (1)‘

+ (UUIC?i070X0pi+1> (1)~ (Ualcfivigxop”l) (t)"

Since v”ng""lv"’X1pi_1 and v"ICf"’v"’XopiH are continuous functions (see the proof of
Theorem 4.2), we get

t ) )
lim sup — ‘(v"ng”lv_axlpi,1> (tm) — (v"ng“lv_‘Txlpi,l) (0)‘ =0,

M0 +c(0,t,,] tm

lim sup ‘(UUICg"_lvf"mpi_l) (0) — (v”ngi_lvf"mpi_l) (t)‘ =0,
M0 +e(0,t ]

. 1-t o1Bi, —o o1Bi, —0o

lim sup  —— (v Kt Xopi+1) (1 —ty,) — (v Kt Xopi+1> (1)’ =0,

M—=0 tc1—t,,,1] Im

lim sup ‘('UUK?iU_UXopi_A,_l) (1) - (v”leiv_"xOpiH) (t)‘ =0.

M= 41 —ty,,1]

Moreover, proceeding as in [27, Proof of Lemma 1], taking into account the property (7.4) of
the kernel Kg it (t, s) and the quadrature error estimate (2.3), for any ¢ > t,,, one has

(07KE o 0) (0~ (7K 1)

= U;(t) ‘em (Kg(tw)xlp)’

Cv(
<
fmk/o

i

i [R5 D000 | 6)o (s
S ()
(5 )5 Gt e

C
mk

3[R e ome)] | 0)[p 9 0| T 5y s

i= 1

i(

j=0

IA
3 ‘ a
=
mg
[NE

< =t

0
k)
.7
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where C does not depend on m and ¢ and it has been assumed that x; € C*[0, 1]. Hence, in
particular, we can deduce that

. . C
sup ‘(v”lC&;lepi_l) (t) — (U”Kg”l)(lﬂ_l) (t)’ < —0 if m — oo.

tm <t<1 ~ mhke

In a similar way, for ¢ < 1 — t,,, assuming that xo € C*([0, 1]) and also using property (7.5)
of the kernel K7 (t, 5), one has

: c .
sup ‘(v"lejmepiH) (t) — (v”le7'X0pi+1) (t)’ <— —0 if m — oc.
0<t<1—ty, m
Combining all the previous results, the convergence (7.21) follows. a

Proof of Theorem 6.2. We first observe that the operators K¢, map C' into C, and the set
{KZ, :m e N}, is collectively compact, if the sets of operators
{Kfmme N}m for any pair of indices (3, j) such that | — j| # 1 and
{Sijm tm € N}m for any pair of indices (i, j) such that |i — j| =1
are collectively compact. Here the operators £ ,,, and £7 |, 1 ; ., have to be understood as
ETn,m and &7y ., respectively. Moreover, if for any f = (fi,..., fn)T € C one has

lim ||(IC[-’ — vUICijv*”) pj||OO =0 and n}gréo ||(5‘7 — v”&--vig) ijoo =0,

m—00 rg,m 13,m

i,j =1,...,n, then (6.3) is fulfilled. Since the kernels K;;(t,s) (|i — j| # 1) and E;;(t, s)

(|t = j| = 1) are continuous on the square [0,1] x [0, 1], one can take into account the
estimate (2.3) of the quadrature error and proceed as in the proof of [27, Lemma 2] to obtain
the assertion (cf. also [21, Section 3] or [22, Section 6.2]). a

Proof of Theorem 6.3. First, we observe that from (6.1) and (6.2) we can deduce
that the linear operators %j + Mg, : C — C are bounded and strongly convergent
to %j + VeMV~? . C — C. Moreover, using the geometric series theorem, we deduce

that for sufficiently large m, say m > my, the inverse operators (%J + M;'n) tc-—cC
exist and are uniformly bounded with

1 —1
H (2j + ./\/lfn>

Hence, since the sequence of operators {7}, is collectively compact and pointwise

1

oso 3~ SWPksm, Milleo

convergent to the operator VoKV~ in C (see Theorem 6.2), it follows that (see, for in-

stance, [25, Theorem 10.8 and Problem 10.3]) for all sufficiently large m, the operators
(3T + M3, + IC;;)_I : C — C exist and are uniformly bounded. Consequently, if ¢ and

=<

1, are the solutions of (4.16) and (5.12), respectively, then
. 1 -1 ~ - R
12D 6~ = (57 + ML KD [(Me = VoMY 4 (K5~ VRV,

and from (6.2) and (6.3) we immediately deduce (6.4). 0
Proof of Theorem 6.6. In order to prove the estimate (6.5), first we observe that from (7.22),

taking also into account that the operators (%j + M7 + ICfn) “lC > Care uniformly
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bounded, one can deduce

[ = Pl < €| (M5, = VMY=)|
(7.23) R R
+ ||(xcg, — VUICVU)’I/)HOO] . C#C(m).

The estimate of H (M2 — V"MV“’)(Z HOO can be reduced to estimating (see the proof of
Theorem 6.1) the quantities

(7.24) tzﬁ)i] <(I€g’i’;ha N UU]Cgi_lvfg) Xl",/;i—l) ®]1,
te[sfili,l] ‘((szﬁ - vaKfiv_a) Xo&iﬂ) )],

for every fixed 1 < ¢ < n. Here and in the sequel we set 120 = @n and @nﬂ = @1. We
are going to estimate the first quantity in (7.24). For the second quantity one can proceed
analogously.

Following the same steps as in the proof of Theorem 6.1, for all m large enough such that
t,m < e, we are going to estimate

sup | ’((ﬁgr‘nl” - UU’Cgi_lvia) X1$i—1> (t)’ )

(7.25) et
((ﬁé’j,;;’” - v“ngiflv_a) Xl&ifl) (t)’

sup
tE [tm €]

separately. For t € [0,,,], we have

(RSt = oo 0™ ) xathies ) ()] < A41(0) + Aa(t) + As(0),
where
(Kot xatie) () = (276 0™ xadio1 ) (k)|
(ko i) () = (27K 0 xadi0) )

V=5,
i!
( i ARSI 1)( ) — (v"ng“lv_”XﬂZifl) (t)‘

As(

For the term A5 (t), we get

t (o1 t tm \7
As(t) < A i m
2()_27rtm/1,€1—3 <1—8><1—8)

(7.8) 1 o
e 1 k,@il( tm > ( tm > (]_—s)ng“(lftm)asiadS

1751_5



http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

572 P. JUNGHANNS AND C. LAURITA

with 4 = min{y1, ..., p, }. Here and in what follows, C denotes a positive constant indepen-
dent of m. That the last integral in this estimate is finite follows from the following observation:
Note that the integral in (7.1) is finite for 0 < p < 2, whichis equivalenttol —g < o < 1+g¢q
or, for —p instead of o, —¢ — 1 < p < ¢ — 1. This is true, since p; = (1 + s;) — 1 and

1
—= <5 < 0.
2 3
For the estimate of A3(t) we can proceed as above (replacing t,,, with ¢), and, since

t <t,,, we obtain

C

As(t) < e

In order to estimate both A; (¢) and the second term in (7.25), we assume that ¢ > ¢,,, and,
using (2.3), we get

‘ ((ng:;f’g - v"lcgi‘lv*”) Xﬂzf\i—l) (t)’
=0v7(t) ‘67{1 (Koﬁifl(tv ')Xl{p\i—l)‘

Cvo(t v ~ /
< il )E2m—4 <(K{f“l(t, ')X1¢i—1> )
m pv—o,1

Cv7(t)

m

Eam -4 ((Ko“(t, ')Xl)/$¢1>

pv—,1
+ Eopm—s (Koifl(t» ')Xﬂ%q) 1]
ov=7,

=:C(t) + D(¢).
Now, we have that

Cvo(t)

0 . ~
282 (g (K7 00)) 9l

C(t) <
Os ov-7.1

1

0 ) ~
+ H@s (ngl(tv ')Xl) v || Epm_2 (%—1)00]

= Cl(t) + CQ(t).

Taking into account the Favard inequality (2.2) and the estimate (7.4), we can estimate under
our assumptions

Cve(t) || 9% o
Ci(t) < mk( ) Hask (Kg”(t, )Xl) o*v
(7:20 cvo(t) 1 c1 _c 1
Lo 1 C 1
mF  ¢5+e T omkys mke
and, due to (7.8) and § < o + p,
Coo(t) 1 ~ N cC 1 C
Colt) < S 1 (hie1) || < T T S e

For D(t) we get

D(t) < %v"(t)
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1 Ein— <@’1) 0,00 1

|55 v

= Dl(t) —+ Dg(t),

and, by virtue of (2.2), (7.4), and (7.8), we can estimate the quantities D1 (t) and D(t) as
follows:

Cvo(t) || o* -
i) < SO O (ke (1) ot
1
Cvo(t) 1 c 1 C
7.27 —
( ) < mk+1 t%+0' mk+1 t% < ml—i—ke’
Coo(t) 1 ||~ C
Do(t) < PO LN5o ol = €
m’ o m

By combining the proved estimates for As(t) and As(¢) with the estimates (7.26)—(7.27), we
obtain that

c

Bi—1,0 _  oyBi-1, —0o i
tes[él,?m] ‘((’CO,m v ICO v ) Xlﬂ%—l) (t)’ = muin{r.ke,2(1—€)(o+u)}

Moreover, from (7.26)—(7.27) it also follows that

sup ((/cgj;;"’ - v"lCoﬁi’lv_U) Xl{p\ifl) (t)‘ < m’

tE[tm,e]

and, consequently, we can conclude that

(e = oo adin) 0] < mmin{r,ke,z(ilfexow)}'

(7.28) sup
te0,e]

In a similar way, it can be proved that

C

Bis,o o Bi,—0 o
sellma ] ‘((’Cl)m VKL7) xodin) (t)‘ S ke 2(- ()

Now, let us observe that the rate of convergence of the term H (Kke, — V"ICV"’)'«Z H in (7.23)

depends on the smoothness of the curves T'; and on the behavior of the solutions on the interval
(0,1) (see (7.8)). More precisely, first we recall that the curves T'; are of class C**2 for some
¢ € N (¢ > 2). By examining the formulas (3.12) for the kernels K;;(t, s), we deduce that
K;; € C*([0,1] x [0,1]) with |i — j| # 1 and |i — j| # n — 1. Moreover, for the kernels
E;;(t,s) with |i — j| = 1 and |i — j| = n — 1 (see Lemma 4.1 and (5.2) for their definition)
one has that E;; € C*([0,1] x [0, 1]), too. Consequently, by (2.3) we have

- Cv;(t) Foa ( Ki(t, .)Aj)/> .
S&gﬂpm40mﬂwfwwﬂﬁEm4@9@VUW«J
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We estimate G(t) and H (t) by

m

G(t) < oo [2 || (K (¢, '))/HooEm*?@j)sav—” 1

+ Em—2 ((Km ) ||¢J|H<pv i 1]
=: G (t) + Ga(t)

and

t
[zmja,-)nmEm o)

+ ETn—Q (KU (t’ ))oo ||77’[;_; ||Lp’U_U,1‘|

Now, using (2.2), (7.8), and taking into account that under our hypotheses, r; — % > —1,we
get, for 1o = min {r + 1, ¢},

Cvo(t) / ~(ro)
Gr(t) < e a0 Y o Bonrs (B7)
C
To)
- mT0+1 Hw grotiy—o1 = mrotl’
Gat) < 0 g (e 0®) 11
2 > mt m—~{—1 ij\by of-1 00 Jlpv=71
CU ( ) (@) C
< H% N PINE=2
Cv7(t) nG) ¢
Hl(t) mr HKU oo Hw ng ry=o.1 = mr’
07 (t) C
H2(t) S 7_,’_ H Zj |1/1 || = mg+17
from which one can deduce that, for |¢ — j| # 1and |i — j| #n — 1,
o O' —0 N C
(05— v Ko™ ) 0] < . C £ Cmat).

In a similar way, for |¢ — j| = 1 and | — j| = n — 1, one can prove that

(7.29) (€5 —vEv)%) 0] < = C£Cm).

The assertion (6.5) follows immediately from (7.23) taking into account (7.28)—(7.29). 0
Proof of Theorem 6.7. For the sake of brevity, for any i = 1,...,n, ¢ € [0,1], and
x = (x1,22) € R?\ Q, we define the function L; = L? : [0,1] — R by

Li(t) = log |(w1, 22) — (§(P4(t)), ni(P4(1))]-
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With this notation we can write (see (5.15))

lu(x) — um(x)] < Z / wz v7( dt—zwm,J ¢mz)(5m,J)Li(5m,j)

< Z / 1/% 76 dt - Zwm J¢z Sm ]) (Sm,j)

Jj=1

+ Z Z Wi ($i = Y i) (5m ) Li(5m.5)

Now, by the error estimate (2.3), for any ¢ € {1,...,n}, we get

Ai — ‘/ 1/)2 70 dt — Zwmj Sm J)Li(sﬂld)
< aEQm 4 ((% i) )wﬂm
C ~ o
< E |:E2m—4 (ngi)‘Pv_ﬂvl + E2m—4 (wiLi)wv_”,l}

= Ai,l + ALQ.

Note that

1 r C
Li||oo:10gmax{Ri7Ri} and HLE )Hoog R—;, r=1,...,0+2,

where R; = dist(z,I;) = inf {|z —y|:y € I';}. By similar arguments as in the proof
of Theorem 6.6, the following estimates for the quantities A; ; and A, » can be obtained

(EOZT,...,E)I

C —~ ~
Ai7 E [2 ||L H m 2( ;)WU*U,l +Em_2 (Ll)OO H,(/);HL,MJ*UJ}

r C o
|L ||OO ||w( )||¢ Tv=9,1 + €0+1 H (ZO)H /U,oo"w’£|’<pv_”,l

<, oAl ¢
e ) + mfto+1RD

C ol ~ R
iz € = [21E e B2 (B1) ooy + Bna (L) ] e

ro._mm{r+1,£} C
< — |
m o+

C ) ~
+ %Emffofl (Lz('pg))gp%*l,oo le Hgm)*”,l

C L C
T mR; bR’

)

mr
14+p>%

|

IN

pv—o,1

Lilloe B (91") yros1,-0
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from which it follows that (it suffices to choose ¢, = r since m ™" is the best rate we can get)
C 1 1 1

7.30 A < — 1 R,,—?,—,— ¢, C#C .

(7.30) s max{ og max{ z, } RE } #C(m)

Concerning the quantity B;, for any fixed s = 1,...,n, we can write

m

Zwm,] ¢l m) (Sm,j)Li(SmJ)

<C logmax{ } HdJ ’l,bmHOO7 Ci # Ci(m).

Finally, combining the last estimate with (7.30) and the error estimate (6.5), we can deduce
the assertion (6.6). a

8. What about condition (3.11)? Finally, let us discuss the question how to handle
condition (3.11), which is equivalent to condition (1.5), in our numerical procedure. Beside
equation (1.4), this condition is essential for the single layer potential (1.3) being a solution
of the exterior Neumann problem (1.1). But, in general, the solution 'zZm of (5.12), i.e., the
Nystrom interpolant (5.14), does not automatically satisfy

; /0 Vi)™ (t)dt = 0

or, which is the same, does not automatically lie in C,- o. By Remark 6.5 we only know that

&m(t) fulfills this condition asymptotically.
Using the parametric representations (3.4) of the boundary pieces I';, we see that rela-
tion (1.6) can be written in the form

é} i(0)] mj(s) = [n;(s) —mi ()] §5(s) 1 & [t
ds = — k‘ji S, ds
Z/ — &GO + [ (s) —m()] 2”;/0 =0

0<t<1,i=1,...,n, where the kernel functions k;; (¢, s) are defined in (3.7). If we further
apply the smoothing transformation (3.9), then we get the relation

1< (!
(8.1) - /K@vs,t ds =1, 0<t<l,
F; jils:1)

with K;;(t, s) defined in (3.12).
For a moment, assume that we apply the Nystrom method directly to the system (4.16)
without the modifications (5.5) and (5.6) and that for tAhis we use the Ga/qssian rule in (5.1),

ie,0<sm1 <...<8Smm < 1. Inother words, let 1, = (w,ml, ... ,d)m,n) be a solution
of the system
(8.2)
1~ V7 (1) = ~ 0<t<1,
mel 27('(' Zzwkazg t Sm, k)wm,](sm k) 7fi(t)7 i:17...7n,

j=1k=1
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or, equivalently,

1 & 0<t<l,
wmi %Zzwmk}'{l]t‘smk)wm](smk) fl() i:17...’n
Jj=1k=1
Let us now investigate when the respective Nystrom interpolant &m = (@m’l, e Jm,n)T,
with
1 n m -
wmz = ;Zki wkaZJ t 5mk)¢m](57rz k) 2fi(t)> 1=1,...,n,

belongs to Cy- . For this, compute

n 1
::ZZwme/ K (ts ) dt O (5m.1) 22/ i

J=1k=1

If we assume that f € Cyo o and if we use relation (8.1), then we conclude

n 1 nom
Z/O q/)m,i(t) dt = — Zzwm,j(sm,k)-
i=1

j=1k=1

Thus, under the condition f € Cyo o we have zbvm € Cyo o if and only if

(8.3) Z Z wm,j{[;m,i(sm,j) =0

i=1 j=1

is satisfied.
Hence, although we use the Nystrom method with the modifications (5.5) and (5.6),
condition (8.3) should be a good choice to approximate the original condition

n 1
; /0 P (H)dt = 0

However, adding the discrete condition (8.3) to the equations of the linear system (5.13) we
obtain an overdetermined system for nm 4 1 equations in the nm unknowns @mﬂ'(sm, i)
t1=1,...,n,7 = 1,...,m. Hence, in order to get a square system, an equation has to be
dropped. Numerical results show that a good choice consists in omitting the first or the last
equation in (5.13) and that the numerical results concerning both the approximation error and
the condition number of the system matrix are better than for the system (5.13) itself (see the
results for Example 9.1 in the following section). Although we cannot prove stability and
convergence for such a modified system of equations, for the further examples we only present
numerical results employing this adaption.

The reason for introducing the modifications (5.5) as well as (5.6) and not studying the
classical Nystrom method (8.2) is that we cannot prove the stability of that method; for the
modified method its proof is based on the inequality (6.1). Alternative methods (without
such modifications) could be collocation-quadrature methods with weighted polynomials as
ansatz functions studied in weighted L2-spaces and with the help of C*-algebra techniques
(cf. [19, 20]).
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9. Numerical results. In this section we present some numerical tests in which the
method described in Section 5 is applied for approximating the solution of the exterior
Neumann problem (1.1) in some planar domains with corners. The Neumann data f are given
after a test harmonic function w is chosen as the exact solution. Once the linear system (5.13),
(8.3) is solved, we approximate the single layer potential » in (1.3) by means of the function
U, defined in (5.15), and we compute the absolute errors

9.1 Em(Il,l’z) = |U($1,172) - Um(l’l,xzﬂ

at some points (z1,72) € R? \ 2. Moreover, the condition numbers in the infinity norm,
cond(A,,), of the coefficient matrix A, of the linear system (5.13), (8.3) are computed and
reported in the following tables. For some tests, we also give the errors in the computatlon of
the single layer density function w Since the exact solution ¢ (wl, e ,1/)”) of the sys-
tem (4.16) is unknown, we use as substitute for it the approximation ’l,b M= (1/) M1y LZ M,,L)T
with M = 512 or M = 1024. Then, we report the errors

9.2) €rry, = Max errim, ertim = ’(/JM1< ) — Um.i(t;)]
i=1,...,n j= 1 100
where t1,...,t100 are equispaced points in the interval (0, 1), and we present the related

estimated orders of convergence

log (errm /erram)

9.3) eoc = Tog 2

In the practical implementation, following [32, 33], we have taken the smoothing function ®,
as

fot 29711 — 2)? Ydw

fol 24-1(1 — z)1-'dz’

(I)q(t) =

0<t<1, g¢>1.

The values of the involved parameters have been chosen in such a way to minimize the errors
as well as to maximize the order of convergence. More precisely, following some criteria
proposed in [27] (see also [9]) and taking into account the asymptotic behavior of the solution

described by (3.13), one can choose ¢ = 10(c+1)—1 gnd e = %

EXAMPLE 9.1. We consider a family of heart-shaped domains bounded by the curves

cos (1+§> it fsin(1+§)7rt B B
_ [tan 2} _ [tan 2] te [0, 1]’

v(t) = :
sin (1 + %) nt  cos (1 + g) wt 1 cos Tt

where § € (, 27) is the interior angle of the single outward-pointing corner P = (0, 0) (see
Figure 9.1). For this test we choose as exact solution the harmonic function

u(x1,x9) = log|(x1,z2) — (0.5,0)] — log | (w1, 22) — (0.2,0)]

and as interior angle at the corner point 8 = 77r In Tables 9.1-9.5 we report the numerical
results obtained by applying the Gaussian quadrature formula and in Tables 9.8-9.12 those by
applying the Gauss—Lobatto rule. We can observe that the results are very similar. In particular,
in Tables 9.4-9.5 and 9.11-9.12, we compare the errors e,, (1, 22) (obtained by choosing
q = 2) with the errors é,,(x1, x2) presented in [14] and the errors é,,(x1, x2) given in [26]
(m is the dimension of the solved linear system). Taking also into account that in [14] some
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-15F
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-1 -05 0 0.5 1 15 2

FIG. 9.1. T in Example 9.1 with 8 = 5.

TABLE 9.1
Example 9.1: Errors erry, in (9.2), eoc in (9.3), and condition numbers of A, using the Gaussian rule.

g=1 q=2 g=3

m errm eoc | cond(Ap) | errm eoc | cond(Ap) | errm eoc | cond(Anm)

8 | 8.45¢-03 8.64e+02 | 3.94e-01 1.23e+03 | 1.10e-01 1.05e+03
2.80 227 -1.94

16 | 1.21e-03 1.25¢403 | 8.15e-02 252403 | 4.27e-01 2.66e+03
3.75 439 4.97

32 | 8.94e-05 1.38e+03 | 3.87e-03 2.89e+03 | 1.35e-02 3.38e+03
1.11 4.73 5.52

64 | 4.12e-05 1.42e+03 | 1.44e-04 2.97e+03 | 2.95e-04 3.60e+03
2.24 4.79 6.93

128 | 8.71e-06 1.43e+03 | 5.23e-06 2.99e+03 | 2.40e-06 3.66e+03
2.61 4.85 7.14

256 | 1.42e-06 1.43e+03 | 1.80e-07 3.00e+03 | 1.69e-08 3.67e+03

TABLE 9.2

Example 9.1: Errors ey (z1,x2) in (9.1) obtained by using the Gaussian rule.

g=1 qg=2 qg=3
m | em(—0.1,0) em(3,3) | em(—0.1,0) em(3,3) | em(—0.1,0) em(3,3)
8 1.43e-01  1.24e-02 | 4.67e-01  3.53e-02 | 7.40e-01  4.87e-02
16 | 2.12e-02  1.56e-04| 3.62e-02  2.51e-03 | 1.19¢e-01  8.17e-03
32 1.33e-03 2.92e-08 | 7.10e-04  9.37e-06 | 2.17e-03 8.44e-05
64 | 2.14e-05  2.29e-14| 3.07e-06  8.37e-11 | 4.77e-06  9.22¢-09
128 | 1.03e-08  9.29e-16 | 1.74e-10  1.20e-15| 4.49e-10  1.99e-15
256 | 2.24e-14  4.09e-16 1.34e-14 8.25e-16 8.88e-15 2.08e-17

additional computational cost has to be paid in order to compute the right-hand side of the
linear system, we can observe the better behaviour of the newly proposed procedure here.

The chosen value for the parameter o is o = 0.99. Thus, as 0 + p = 0.59 for ¢ = 1,
o+ p =119 forq = 2,and 0 + p = 1.79 for ¢ = 3, the expected theoretical order of
convergence for the approximation errors for the single layer densityisv = 1forg =1,v =2
forqg =2,and v = 3 for g = 3.

For comparison with Tables 9.1 and 9.2, in Tables 9.6 and 9.7 we present the results
obtained for the system (5.13), i.e., without taking into account the additional condition (3.11).
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TABLE 9.3
Example 9.1: Errors em (x1,x2) in (9.1) obtained by using the Gaussian rule.
M | em(—40, —50) €m (100, —100) | em (—40, —50) €y (100, —100) | ey (—40, —50) ey, (100, —100)
8 9.45e-04 4.81e-04 2.10e-03 1.07e-03 2.87e-03 1.47e-03
16 1.62e-05 8.27e-06 2.38e-04 1.21e-04 6.50e-04 3.31e-04
32 2.98e-09 1.51e-09 8.98e-07 4.57e-07 8.46e-06 4.30e-06
64 2.55e-15 1.30e-15 9.28e-12 4.72e-12 9.08e-10 4.62e-10
128 4.02e-16 1.33e-15 3.43e-16 1.98e-15 2.18e-15 3.69e-15
256 1.24e-16 7.91e-16 1.52e-15 2.35e-15 8.89¢-16 4.50e-16
TABLE 9.4

Example 9.1: Errors &m (1, x2) in [14], ém(z1,x2) in [26], and e, (z1, x2) in (9.1) obtained by using the

Gaussian rule.

(1‘1,1‘2) (_0]-’0) (373)
m Em €m em €m €m em
51 6.62e-03 1.53e-05 2.52e-05 | 2.35e-05 7.04e-07 1.00e-08
99 6.95e-03 1.18e-09 1.41e-08 | 1.89e-04 1.97e-12 1.07e-15
195 6.78e-04 1.66e-15 2.22e-16 | 1.81e-05 3.46e-16 1.11e-16

TABLE 9.5

Example 9.1: Errors &m (21, x2) in [14], ém(z1,x2) in [26], and e (z1, x2) in (9.1) obtained by using the

Gaussian rule.

(z1, z2) (—40, —50) (100, —100)
m em Em em Em Em em
51 4.52e-05 7.53e-08 9.92e-10 | 5.9e-05 3.83e-08 5.05e-10
99 1.12e-05 1.95e-13 1.15e-15 | 5.3e-06 9.87e-14 1.87e-15
195 1.05e-06 2.85e-16 2.62e-15|5.3e-07 8.51e-16 2.09e-15
TABLE 9.6
Example 9.1: Errors erry, in (9.2), eoc in (9.3), and condition numbers of A, for the system (5.13).
g=1 qg=2 g=3
m errm eoc | cond(An) | errm eoc | cond(An) | errm eoc | cond(Anm)
8 | 7.41e-02 5.45e+03 | 2.09e-01 6.67e+03 | 1.24e-01 9.17e+03
0.88 1.23 -1.60
16 | 4.01e-02 6.92e+03 | 8.86e-02 1.43e+04 | 3.78e-01 1.87e+04
1.43 1.87 5.19
32 | 1.48e-02 7.41e+03 | 2.41e-02 1.95e+04 | 1.03e-02 2.50e+04
1.37 2.31 4.92
64 | 5.70e-03 7.64e+03 | 4.86e-03 2.14e+04 | 3.39e-04 2.74e+04
1.41 2.43 3.55
128 | 2.13e-03 7.82e+03 | 9.01e-04 2.21e+04 | 2.89¢-05 2.85e+04
1.73 2.65 3.70
256 | 6.41e-04 8.00e+03 | 1.43e-04 2.26e+04 | 2.22e-06 2.93e+04

EXAMPLE 9.2. We consider the teardrop domain €2 bounded by the curve I" parameterized

by

~(t) = (2 sin7t, — tan g sin 27rt) ) t €10,1],

where 8 € (0, 7) denotes the interior angle of the single outward-pointing corner P = (0, 0)
(see Figure 9.2). The numerical results shown in Tables 9.13-9.17 are obtained for 5 = %71’
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g=1 g=2 g=3
m | em(—0.1,0) emn(3,3) | em(—0.1,0) em(3,3) | em(—0.1,0) em(3,3)
8 6.42e-01 8.32e-02 6.83e-01 1.39¢-01 4.47e-01 7.90e-03
16 32901  4.34e-02| 6.92e-01 1.00e-01 1.29¢-01 2.75e-02
32 1.13e-01 1.57e-02 | 1.79e-01 2.53e-02 | 2.45e-02  3.67e-03
64 4.52e-02  6.35e-03| 3.60e-02 5.07e-03| 2.51e-03  3.53e-04
128 1.92e-02  2.70e-03 | 6.87e-03  9.66e-04 | 2.14e-04  3.02e-05
256 | 8.30e-03 1.16e-03 1.30e-03 1.82e-04 | 1.78¢-05  2.50e-06
TABLE 9.8

Example 9.1: Errors errm, eoc, and condition numbers of Ay, obtained by using the Gauss—Lobatto rule.

g=1 qg=2 qg=3
m errm eoc | cond(Ap) | errm eoc | cond(An) | errm eoc | cond(Anm)
8 | 3.74e-02 8.73e+02 | 2.82e-01 8.59e+02 | 3.30e-01 8.34e+02
2.13 3.88 -0.91
16 | 8.51e-03 1.32e+03 | 1.90e-02 2.03e+03 | 6.22¢-01 2.88e+03
2.16 4.79 5.14
32 | 1.89¢-03 1.42e+03 | 6.86e-04 5.03e+03 | 1.76e-02 4.08e+03
2.34 3.17 5.67
64 | 3.72e-04 1.43e+03 | 7.57e-05 2.55e+03 | 3.45e-04 3.60e+03
2.44 4.86 7.13
128 | 6.82e-05 1.44e+03 | 2.60e-06 2.58e+03 | 2.46e-06 3.66e+03
2.66 4.89 7.19
256 | 1.07e-05 1.43e+03 | 8.77e-08 2.58e+03 | 1.68e-08 3.67e+03
TABLE 9.9
Example 9.1: Errors em (1, x2) obtained by using the Gauss—Lobatto rule.
g=1 qg=2 qg=3
m | em(—0.1,0) em(3,3) | em(—0.1,0) em(3,3) | em(—0.1,0) em(3,3)
8 4.23e-01 2.03e-02 6.83e-01 4.89¢-02 9.85e-01 4.49¢-02
16 3.44e-02 2.54e-04 8.45e-02 3.62¢-03 1.76e-01 1.08e-02
32 2.46e-03 4.82e-08 4.51e-04 1.33e-05 2.98e-03 1.09e-04
64 3.20e-05 2.68e-14 3.03e-06 1.19¢-10 3.80e-06 1.21e-08
128 1.29¢-08 5.48e-16 7.89%e-11 1.05e-15 1.28e-10 1.40e-15
256 5.55e-15 8.60e-16 2.13e-14 1.42e-15 2.06e-14 1.17e-15
TABLE 9.10
Example 9.1: Errors em (1, x2) obtained by using the Gauss—Lobatto rule.
g=1 g=2 q=3
m | em(—40,—50) €,,(100,—100) | e, (—40,—50) e, (100, —100) | e (—40, —50) e,,(100, —100)
8 1.38e-03 7.04e-04 2.91e-03 1.49¢-03 2.65e-03 1.36e-03
16 2.70e-05 1.37e-05 3.28e-04 1.67e-04 8.21e-04 4.19e-04
32 5.07e-09 2.58e-09 1.27e-06 6.49¢-07 1.11e-05 5.68e-06
64 1.72e-15 3.88e-16 1.32e-11 6.75e-12 1.20e-09 6.14e-10
128 1.24e-15 2.77e-17 2.51e-16 9.26e-16 4.65e-16 1.63e-15
256 1.94e-16 8.74e-16 3.91e-16 1.55e-15 7.81e-16 9.75e-17
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TABLE 9.11
Example 9.1: Errors ém (z1,x2), ém (21, z2), and em (x1,x2) obtained by using the Gauss—Lobatto rule.
(wl,xQ) (701,0) (373)
m €m €Em €m €m Em Em

51 6.62e-03 1.53e-05 2.30e-05 | 2.35e-05 7.04e-07 1.42e-08
99 6.95e-03 1.18e-09 7.05e-09 | 1.89e-04 1.97e-12 2.48e-15
195 6.78¢-04 1.66e-15 1.27e-14 | 1.81e-05 3.46e-16 8.25e-16

TABLE 9.12
Example 9.1: Errors &m (21, 22), €m (21, z2), and em (1, x2) obtained by using the Gauss—Lobatto rule.
(z1,x2) (—40, —50) (100, —100)
m €m ém €m Em €m em

51 4.52e-05 7.53e-08 1.41e-09 | 5.9e-05 3.83e-08 1.41e-09
99 1.12e-05 1.95e-13 7.31e-16 | 5.3e-06 9.87e-14 7.31e-16
195 1.05e-06 2.85e-16 8.47e-16 | 5.3e-07 8.51e-16 8.47e-16

and with the boundary data corresponding to the exact solution

u(x1,x2) = arctan T2 =02 — arctan | —2—
b x1 — 0.8 21— 08)

The method has been implemented taking o = 0.96 and the parameters c and € according to the
criteria previously described. The expected theoretical order of convergence for the approxima-
tion errors for the single layer density is v = 1 forg = 1 (being 2(1 — €)(c + p) = 1.4),v = 2
for ¢ = 2 (being 2(1—¢)(o+p) ~ 2.84), and v = 4 for ¢ = 3 (being 2(1 —€) (0 +p) ~ 4.23).
We observe that, in cases ¢ = 2 and ¢ = 3, there is no improvement of err,,, when m changes
from 128 to 256. That’s why a reliable computation of eoc in that cases is not possible.

TABLE 9.13
Example 9.2: Errors erry, in (9.2), eoc in (9.3), and condition numbers of Ay, obtained by using the Gauss—
Lobatto rule.

g=1 qg=2 qg=3

m | errm |eoc|cond(An)| errm eoc |cond(Anm)| errm eoc |cond(Arm)

8 |1.86e-02 6.23e+01 |4.55e-02 3.60e+01 |7.32e-02 2.59e+01
3.60 2.20 1.88

16 | 1.53e-03 9.60e+01 |9.88e-03 1.45e+02 |1.98e-02 1.65e+02
9.71 6.20 4.59

32 | 1.82e-06 1.06e+02 | 1.33e-04 1.88e+02 | 8.22e-04 2.56e+02
9.12 13.73 10.50

64 |3.27e-09 1.08e+02 |9.80e-09 1.99e+02 |5.67e-07 2.82e+02
5.84 11.37 19.35

128 | 5.69¢-11 1.09e+02 | 3.69e-12 2.02e+02 | 8.49e-13 2.89e+02
5.85

25619.82e-13 1.09e+02 |3.69¢e-12 2.03e+02 |8.01e-13 2.91e+02

By comparing the values of cond(A,,) reported in Table 9.13 with those given in [26, Ta-
ble 10], we can observe that the method proposed in the present paper gives rise to linear
systems which are better conditioned with condition numbers not increasing with the dimen-
sion m. In Tables 9.16-9.17 one can see a comparison of the numerical results obtained for
q = 2 with the analogous ones obtained in [14] and [26], which shows the better behavior of
the proposed method.
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FIG. 9.2. T in Example 9.2 with 8 = 3.

TABLE 9.14
Example 9.2: Errors em (1, x2) in (9.1) obtained by using the Gauss—Lobatto rule.

m | em(—0.1,0) em(3,3) | em(—0.1,0) em(3,3) | em(—0.1,0) em(3,3)
8 2.95e-01 2.02e-02 9.13e-02 2.74e-02 6.01-01 4.11e-02
16 7.64e-03 3.05e-04 4.12e-02 5.09¢e-03 7.19-02 9.08e-03
32 1.39e-08 4.92e-07 6.38e-04 3.20e-05 3.81-03 2.68e-04
64 2.95e-08 8.24e-11 1.54e-08 8.43e-09 1.58-06 1.48e-07
128 4.37e-10 1.17e-12 1.88e-15 5.34e-16 4.92-13 1.34e-13
256 6.60e-12 1.61e-14 2.66e-15 6.10e-16 4.46-15 6.66e-16

TABLE 9.15
Example 9.2: Errors em (z1,x2) in (9.1) obtained by using the Gauss—Lobatto rule.
g=1 q=2 q=3
M | e (=40, —50) ey, (100, —100) | em(—40, —=50) ey (100, —100) | em (—40, —50) ey, (100, —100)

8 1.47e-03 6.12e-04 1.68e-03 8.55e-04 2.58e-03 1.02e-03
16 4.00e-05 4.23e-05 4.14e-04 2.37e-04 6.94e-04 4.68e-04
32 6.32e-09 5.29e-08 4.63e-06 3.89¢e-06 2.88e-05 2.01e-05
64 4.79e-12 241e-12 1.84e-10 2.35e-10 4.19e-09 1.30e-08
128 6.86e-14 3.48e-14 4.36e-16 4.72e-16 8.02e-15 2.27e-16
256 3.62e-15 2.22e-15 7.55e-16 7.58e-16 1.24e-16 1.0le-17

We also solved the exterior Neumann problem (1.1) for degenerate teardrop domains {2
with the interior angle /3 at the corner point close to 0 and 7 and the boundary data f given by
the normal derivative of the potential

( ) ey [ F2—0-001 g [ F2H0-001
u\xr1, T — arctan _— — arctan _— .
12 1 — 1.0 T — 1.2

In Table 9.18 we report the largest absolute error E,,, obtained (with ¢ = 2) while approxi-
mating the solution u by u.,, at a set of 600 points sampled randomly in the box with corners
(3,4) and (6,0). We can observe that, if the interior angle at the corner becomes very close to
0 and 7, then a high accuracy in the approximation of the potential in the exterior domain can
yet be obtained, but a larger computational cost is required.
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TABLE 9.16
Example 9.2: Errors ém (x1,22) in [14], ém(x1,x2) in [26], and em (21, x2) in (9.1) obtained by using the
Gauss—Lobatto rule.
($1,$2) (—0.1,0) (3,3)
m Em Em em Em €m €m
51 4.15e-03 9.80e-05 1.88e-06 | 6.39e-04 6.01e-07 1.59¢-07
99 4.80e-05 4.34e-10 1.38e-12 | 8.81e-06 3.57e-10 4.15e-13
195 3.70e-06 1.63e-15 8.32e-16 | 2.54e-07 2.08e-17 8.46e-16

TABLE 9.17
Example 9.2: Errors ém (x1,22) in [14], ém(x1,x2) in [26], and em (21, x2) in (9.1) obtained by using the
Gauss—Lobatto rule.
(z1,2) | (—40, —50) | (100, —100)
m_ | ém Em em | em em em
51 1.47¢-03 3.64e-07 5.42¢-09 | 1.80e-03 4.04e-07 1.48e-08
99 4.34e-06 1.31e-11 2.03e-14 | 5.57e-06 3.73e-12 4.92e-15
195 1.98e-08 7.50e-17 1.31e-15 | 8.05e-09 1.81e-16 1.66e-15

TABLE 9.18
Example 9.2: Errors Em, for nearly degenerate teardrop domains obtained by using the Gauss—Lobatto rule.
8 m En,

/10 512 | 8.95e-15
/20 1024 | 2.44e-14
/50 2048 | 4.83e-14
/100 4096 | 1.62e-13
m—7/10 | 1024 | 4.24e-15
m—m/20 | 2048 | 1.06e-14
m—m/50 | 4096 | 5.72¢-14
m — /100 | 8192 | 5.95¢e-14

EXAMPLE 9.3. In this example we consider the family of boomerang-shaped domains
(see Figure 9.3) with the boundary I' parameterized by

~(t) = (2 sin 37t, — tan g sin 27rt> ) t € 0,1],

with 8 € (m, 2m) the interior angle at the single corner point P = (0, 0). We test the numerical
method described in Section 5 in the case where the interior angle is 5 = %w and the boundary
data f taken to be the normal derivative of the harmonic function

u(xy,x2) = log |(z1,22) — (1.0,0.0)| — log |(x1, z2) — (1.1,0.1)].

In order to compare the numerical results obtained by applying our method with those presented
in [3, Table 3] and in [26, Table 13], we compute the maximum absolute error, denoted by
E,,(3), at 300 points on the circle of radius 3 centered at the origin, and we report them in
Table 9.19 along with the condition numbers cond(A4,,,) and the weighted errors err,, in the
approximation of the single layer density function.

We can observe that the method proposed here (in particular in the case ¢ = 1) seems to
provide more accurate approximations of the potential by solving linear systems of smaller
dimension. We also highlight that the sequence of the condition numbers of the coefficient
matrices is uniformly bounded, similarly to what happens in [3] (see Table 3) but differently
to what appears in [26] (see Table 13), where they increase when the dimension of the linear
system grows.
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F1G. 9.3. I in Example 9.3 with 8 = %71’.

TABLE 9.19
Example 9.3: Errors errp, in(9.2), Em (3), and condition numbers of A, obtained by using the Gauss—Lobatto

rule.
g=1 q=2

m | errm E.(3) | cond(Anm) | errm E.(3) | cond(Arm)

16 | 2.33e-01 | 5.80e-02 | 2.8849e+03 | 1.50e+00 | 1.54e-01 | 3.9353e+03

32 | 7.64e-02 | 1.45e-02 | 2.4428e+03 | 1.01e-01 | 7.33e-02 | 5.5076e+03

64 | 6.97e-04 | 4.34e-04 | 2.9172e+03 | 1.91e-03 | 9.61e-03 | 6.8494e+03

128 | 2.55e-07 | 1.40e-07 | 2.9146e+03 | 1.02e-06 | 7.19¢-06 | 6.8321e+03
256 | 2.07e-12 | 1.03e-14 | 2.9477e+03 | 1.42e-12 | 4.05e-10 | 6.8162e+03

TABLE 9.20
Example 9.3: Errors Em, (3) for nearly degenerate boomerang domains obtained by using the Gauss—Lobatto rule.
B m E..

T+7/10 | 512 | 1.5le-15
T4 7m/20 | 2048 | 4.39-15
m+m/50 | 2048 | 2.25e-14
7+ 7/100 | 4096 | 2.82¢-14
21 — /10 | 2048 | 2.28e-14
2m — /20 | 4096 | 1.64e-14
21 — /50 | 8192 | 1.05e-13
21 — /100 | 16384 | 1.48¢-13

We also consider the cases of degenerate boomerang domains {2 with the interior angle 3
at the corner point close to 7 and 27. For each case the boundary data f were taken to be the
normal derivative of the function

u(xy,x2) = log |(z1,22) — (1.0,0.0)| — log | (21, z2) — (1.1,0)|.

In Table 9.20 we report the largest absolute error F,,, obtained (with ¢ = 2) while approxi-
mating the solution u by u.,, at a set of 600 points sampled randomly in the box with corners
(3,4) and (6,0).

EXAMPLE 9.4. In this example we consider the domain 2 in Figure 9.4. Its boundary is
formed by four circular arcs of radius 3.64, centered at +1 and +3, respectively. We assume
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08"
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F1G. 9.4. T in Example 9.4.

TABLE 9.21
Example 9.4: Errors errm,, weighted norms ||4m ||ve.oo, and condition numbers of Ay, obtained by using the
Gauss—Lobatto rule.

m Er'm (R cond(Am)
g=1 | ¢=2 g=1 qg=2 g=1 q=2
8 | 8.81e-05 | 7.19e-04 | 2.873791227268631e-01 | 4.366457033169382¢-01 | 1.6530e+04 | 3.3362e+04
16 | 6.94e-07 | 3.24e-06 | 2.874203356049211e-01 | 4.364611068575046e-01 | 1.6745e+04 | 3.3389e+04
32 | 6.36e-09 | 1.38e-08 | 2.874203390392681e-01 | 4.364608976297081e-01 | 1.6718e+04 | 3.3236e+04
64 | 6.34e-09 | 3.85e-09 | 2.874203390536005¢-01 | 4.364608976393504e-01 | 1.6722e+04 | 3.3131e+04
128 | 6.34e-09 | 3.86e-09 | 2.874203391111713e-01 | 4.364608976393615¢e-01 | 1.6714e+04 | 3.3009e+04
256 | 6.34e-09 | 3.86e-09 | 2.874203390536796e-01 | 4.364608976407774e-01 | 1.6708e+04 | 3.2900e+04
TABLE 9.22
Example 9.4: Errors En, (p) obtained by using the Gauss—Lobatto rule.
m E..(1.1) E..(2) E..(6) E..(20)
qg=1 q=2 qg=1 q=2 qg=1 q=2 qg=1 q=2
16 | 4.98e-07 | 1.38e-06 | 1.81e-07 | 2.33e-07 | 5.56e-08 | 8.01e-08 | 1.65e-08 | 2.40e-08
32 | 1.38e-08 | 8.02e-10 | 4.82e-09 | 3.21e-11 | 1.45e-09 | 6.86e-12 | 4.33e-10 | 1.97e-12
64 |3.92e-10 | 8.16e-14 | 1.20e-10 | 4.49e-15 | 3.66e-11 | 3.10e-15 | 1.08e-11 | 3.36e-15
128 | 1.03e-11 | 1.87e-14 | 3.10e-12 | 7.82e-15 | 9.43e-13 | 5.13e-15 | 2.82e-13 | 4.87e-15
256 | 2.37e-13 | 1.41e-14 | 6.94e-14 | 7.91e-15 | 2.38e-14 | 5.17e-15 | 1.24e-14 | 5.83e-15

as exact solution of the Neumann problem (1.1) the function

u(ry,x9) = ot
The numerical results obtained by applying our BIE method are reported in Tables 9.21—
9.22. Here ||1h, |lo= o0 denotes a discrete version of the weighted norm of the approximating
solution ibvm. Both the values of the weighted errors err,, and the values of ||ibvav",oo
in Table 9.21 show the convergence of the sequence of the approximating solutions in the
weighted space C',-. We can observe that a certain accuracy is already achieved by solving
a linear system of dimension m = 64, although it does not seem to increase with larger m.
In this case the condition numbers cond(A,,) of the linear systems are not very small but we
highlight that they turn out uniformly bounded with respect to m.
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Finally, in Table 9.22 we report the maximum absolute error E,,(p) in the computation
of the potential » at 200 points on a circle of radius p centered at the origin, computed for
different values of p. In all the cases we can note that using a smoothing transformation
produces an acceleration of the convergence, both in points of the exterior domain which are
closer to the boundary I" (p = 1.1) and in increasingly distant points (p = 2, 6, 20).

10. Conclusions. A Nystrom-type method based on global approximation is proposed for
the numerical solution of the exterior Neumann problem for the Laplace equation in domains
with corners. By using the single layer potential representation of the solution and a suitable
decomposition of the piecewise smooth boundary, the differential problem is converted into
a system of boundary integral equations whose solutions can be unbounded at the corner
points. For this reason, we aim to approximate the unknowns in suitable weighted spaces
of functions. The Nystrom discretization of the system is obtained by applying a proper
Gauss or a Gauss—Lobatto quadrature formula to the integral operators, suitably modified near
the corner points in order to assure stability and convergence of the method. A smoothing
transformation is also introduced in order to increase the rate of convergence.

Finally, an approximation of the single layer potential is computed by using the (weighted)
samples at the quadrature knots of the approximating solutions of the BIEs system. Such
values are obtained simply by solving a linear system. Several numerical examples confirm
the applicability of the proposed method and illustrate its performance. The well-conditioning
of the linear systems, which the method leads to, is also shown through numerical evidence.
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