Applied Mathematics and Computation 487 (2025) 129094

Contents lists available at ScienceDirect

Applied Mathematics
and Computation

Applied Mathematics and Computation

journal homepage: www.elsevier.com/locate/amc

Full Length Article '.)

Check for

A global approximation method for second-kind nonlinear e
integral equations

Luisa Fermo“, Anna Lucia Laguardia b Concetta Laurita ®, Maria Grazia Russo “*

4 Department of Mathematics and Computer Science, University of Cagliari, Via Ospedale 72, Cagliari, 09124, Italy
® Department of Basic and Applied Sciences, University of Basilicata, Viale dell’Ateneo Lucano 10, Potenza, 85100, Italy
¢ Department of Engeneering, University of Basilicata, Viale dell’Ateneo Lucano 10, Potenza, 85100, Italy

ARTICLE INFO ABSTRACT

MSC: A global approximation method of Nystrom type is explored for the numerical solution of a class of
65R20 nonlinear integral equations of the second kind. The cases of smooth and weakly singular kernels
45G10

are both considered. In the first occurrence, the method uses a Gauss-Legendre rule whereas in
the second one resorts to a product rule based on Legendre nodes. Stability and convergence are
proved in functional spaces equipped with the uniform norm and several numerical tests are given
to show the good performance of the proposed method. An application to the interior Neumann
problem for the Laplace equation with nonlinear boundary conditions is also considered.

47H30

Keywords:

Nonlinear integral equations
Hammerstein-type integral equations
Nystrom method

Boundary integral equations

1. Introduction

The goal of this paper is to develop a numerical method for the following integral equation

1 1

F» - / ky(x, ) f(x)dx — / ky(x, y)h(x, f(x)dx =g(y), yel-11], (€Y
-1 -1

where f is to be determined, k, k, and g are given functions, and h(x, v) is a known function which is assumed to be nonlinear in v.
Integral equations of type (1) have wide applications in models involving nonlinearities such as heat radiation, heat transfer,
acoustics, elasticity, and electromagnetic problems; see [1,2]. Some of these models are mathematically represented in terms of
boundary value problems having nonlinear boundary conditions which can be reformulated in terms of (1); see [3] and Section 6. In
applicative contexts, the kernels k; and k, of (1) are smooth and/or weakly singular. For instance, in the interior Neumann problem

for Laplace’s equation the kernel k; is smooth whereas k, is a combination of a smooth function and a logarithmic kernel, i.e.

ky(x, ) = p(x,y) + w(x)log |x — yl, )

with p and y smooth functions.
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Motivated by these applications, in this paper we treat (1) when the kernels are continuous functions and/or weakly singular at
the bisector as, for example, |x — y|Y, v> —1 and log |x — y|. Without losing the generality, we first consider the case when k; and
k, are both smooth and the case when k; is smooth and k, is weakly singular. However, our approach can be also applied in other
“mixed” situations, as, for instance, (2).

Let us note that if k; (x,y) =0, then equation (1) is the classical nonlinear Hammerstein equation

1
Fo - / ky(x, y)h(x, f(x)dx =g(y),  yel[-11],
-1
which is one of the most frequently investigated nonlinear integral equations, since it occurs in applications in numerous areas.
Several problems written in terms of ordinary and partial differential equations can be transformed into equations of Hammerstein

type through Green’s function [4-6]. An example is the following differential problem of the second order which describes the forced
oscillations of finite amplitude of a pendulum [7]

(3)

F,,(+d*sinF(y)=G(y), yel0,1]
F0)=F(1)=0,

where F denotes the amplitude of oscillation, the constant a # 0 depends on the length of the pendulum and on the gravity, and the
driving force G is periodic and odd. Problem (3) is equivalent to this nonlinear integral equation

1

F(y)+ / k(x,y) [G(x) — a*sin (F(x))] dx =0,
0

with k(x, y) the triangular function defined as

k(x.,y) = x(1-1y), xE[O,y].
' y1-x), x€lyl]

A further example is the well-known Chandrasekhar H-equation

O gvdx=1,  cec,
y+x

1
H(y)—cH(y)/
0

where s is a given function and H is the unknown. It models various physical problems such as the radioactive transfer and the
kinetic of gases and, setting f(y) = [H(y)]™', it can be written as an Hammerstein equation [4] in the unknown f().
Other contexts of application are the network theory, optimal control systems and automation [8,9].

Many interesting papers on the approximation of the solution of Hammerstein equations have appeared in the last few years. The
survey [4] provides a complete overview of methods that can be also applied to other kind of nonlinear integral equations. Detailed
examples of existing methods are collocation methods [10,11], degenerate kernel methods [12], discrete Legendre spectral methods
[13] also for weakly singular equations [14,15], and the more recent numerical techniques based on spline quasi-interpolation [16,17]
and Gaussian spline rules [18].

In this paper, first we determine the functional spaces which the solution of the equation belongs to, and study the mapping
properties of the involved integral operators by using suitable approximation tools. Then, we propose Nystrom type methods based
on the polynomial approximation. Although this approach has been widely applied to linear Fredholm integral equations of the
second kind (see, for instance, [19-22]), this is the first time that it is developed for nonlinear second-kind equations, according to
our knowledge. The Nystrom method is based on a discretization of the integral operators which involves the Gauss-Legendre rule
if the kernel is smooth or a suitable product rule, based on the Legendre nodes, if the kernel is weakly singular. Following [23], we
prove the stability of the method in spaces equipped with the uniform norm and we provide new estimates of the error, deduced
also thanks to the recent results given in [24]. Specifically, under suitable assumptions on the known functions, we prove that the
rate of convergence of the method is comparable with the error of best polynomial approximation in the functional spaces where the
solution lives.

We conclude the paper by applying the proposed method to the numerical solution of the interior Neumann problem for the
Laplace equation having nonlinear boundary conditions, following an approach which has been already shown in [25,3].

The paper is structured as follows. Section 2 details the function spaces in which equation (1) is considered and provides some
basic results concerning the error of best polynomial approximation. Section 3 focuses on the mapping properties of the involved
integral operators and on the solvability of equation (1). Section 4 and Section 5 deal with the Nystrom methods we propose when the
kernels are smooth or weakly singular, respectively. In both situations, a theoretical study is provided together with some numerical
experiments that show the performance of the method. Section 6 concerns an application of the described numerical approach to the
Laplace equation with nonlinear Neumann boundary conditions. Section 7 contains the proofs of our results.
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2. Function spaces and best polynomial approximation

Let us denote by C = C([—1, 1]) the Banach space of continuous functions on [—1, 1] with the uniform norm
Ifllc=Nflle= max |fCol,
xe[-1,1]
and let us introduce the Sobolev-type space of order 1 <re N
wr={fecC: Ve AC-1,1),1IfV¢|lo <o},
where ¢(x) = V1 —x% and AC(—1, 1) denotes the set of all absolutely continuous functions on (-1, 1). We equip W" with the norm

1A e = 1 o + 179" | co-

The space (W, || - ||y) is a Banach space.

For our aims, we also need to define the Sobolev space W' (D) for bivariate functions f : D — R, with D an open subset of R2.
2
It is the set of all functions f in D such that for every 2-tuple of nonnegative integers £ = (¢,¢,), with |£| = Z ¢; <r, the mixed
i=1
. . ’ 1ty ’ . .
partial derivatives D’ f = 7, exist and || D’ f||, < 0. We endow this space with the norm
ox.
2

dxl

I lwraoy =1l + Y, 1D flleo-

1<|12|<r
For functions of “intermediate” smoothness, we define the Zygmund space Z*, with A € R*, as follows

. Qu(f.1)
Z'=< feC : sup 7 <oo, k>1,k>41,

>0

where the main part of the ¢-modulus of smoothness Q’; (f,1) is defined as [26, p. 90]

Q';(f,l) = sup max |A’T‘ fOlL, L,=[-1+ (2k1)271 _ (2]”)2]’ @
O<r<tX€lke 77
with
: ik 7p(x)
A’T‘q,f(x)z i=§0(—1)'<i>f <x+ > (k—2i)>.

The space Z* is endowed with the norm

Qk(f.1)
Iflz2 =11/ Nl +sUP ———,
>0 t

and also (Z4, ]| - ||Z,1) is a Banach space.

From now on we will denote by C a generic positive constant that can be different in different formulas. Moreover will we write
C =C(a,b,...) to say that C is dependent on the parameters a, b, .... and C # C(a, b, ...) to say that C is independent of them.

Denoting by P,, the set of all algebraic polynomials of degree at most m, for functions f € C, let us now define the error of best
polynomial approximation as

E,(f)= P,:relgm I/ = Pullos -
It is well known that (see, for instance, [26] and the references therein)
feC < lim E,(f)=0,
m—oo

Moreover, it is known that the behavior of the best approximation error is strictly related to the smoothness of the function f. Indeed
in order to estimate E,(f), we can use, for instance, the following weak-Jackson inequality [27]

1
m

Em(f)SC/

0

Qk(f.0

dt, YfeC, C#C(m,f). (5)

On the other hand, it is also well known the so called Favard inequality, which says that

ED < lflyr VI EW ®
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where C # C(m, f). A stronger result is that both the Sobolev and Zygmund spaces introduced before, can be characterized in terms
of the best polynomial approximation error. Indeed, from [27, Th. 4.2.1, p. 40] and [28, Co0.2.2, p. 224] it immediately follows that

feW’«:»Em(f)=o(i), vren, @

mr

while by [27, Th.8.2.1., p. 94] and (5) it follows
er‘;»Em(f)zo(%), vieR*T\N. @)
m

We conclude the section with a very recent result [24] which provides a characterization of the error of the best polynomial approx-
imation of composite functions and that will be useful in the sequel.

Theorem 1. Let h : D — R, with D open subset of R?> and ¢ : (—1,1) — R? such that Im(c) C D. Assume that h € W' (D) and o(x) =

(x, f(x)) with f € W', then
2 r
Ey(ho0) <C (=) B, nllwe 11y

where C = C(r) is a positive constant independent of h and f, B, is the r-th Bell number, and the exponents s are defined as follows

s_{o, it 1 fllyr <1

" : ©)]
r, if | fllyr>1

3. The solvability of equation (1)

The aim of this section is, firstly, to investigate the mapping properties of the operators involved in equation (1) and, then, to
study its solvability in suitable subspaces of C.

We start with the case that both k;(x, y) and k,(x, y) are smooth functions.

Let us introduce the Fredholm operators

1
(Kif)(y)=/ki(x,Y)f(x)dx, ye[-11], i=12, (10)
2

and the so-called Nemytskii operator

(HNHx)=h(x, f(x), xe[-11]. (11)

Then, equation (1) can be written as

I-K)f=g, K=K'+K?’H (12)

where I is the identity operator.
It is well-known that if we assume the following hypothesis

[K1] The kernels k;(x,y), i = 1,2, are such that
1

sup /lk,(x,y)ldx<oo,
yel-1,1] :

1
1im/Ik,-(x,Y)—k,-(X,i)ldx=0, yel-1,1];
y=y

|

then the linear Fredholm operators K’ : C — C, i = 1,2, are compact, from which we can also deduce that they are completely
continuous; see, for instance, [29].
Moreover, if we assume that

[H1] The function A : [—-1,1] X R — R is continuous;

dh(x,v)
0

[H2] The partial derivative h,(x,v) = exists and is continuous for x € [—1, 1] and v € R;

then the Nemytskii operator H : C — C is well defined, bounded, and continuous because of the hypothesis [H1] (see, for instance,
[30]) and is continuously Fréchet differentiable on the space C thanks to [H2] (see, for instance, [11, Lemma 4]).

4
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Its Fréchet derivative, at f € C, is given by the multiplicative linear operator defined as

(H' N)PI(x) = hy(x, fN(x),  VpeC, xel[-11]

For our aims, it is also useful to introduce the linear operator

GHM =K HN+g(),  yel-1L1].

Let us note that if the further condition
[G1] The right-hand side g is continuous in [—1, 1];

is fulfilled, the operator G inherits the same properties as K2. Consequently, the composite operator GH : C — C is completely
continuous.
Let us now rewrite equation (1) (or equivalently (12)) as the following fixed point problem

fO=CNHW),  GH =K' N +GH ) =K +eW). (3)

Under the assumptions [K1], [H1], [H2], and [G1] the operator G is continuously Fréchet differentiable on the space C. For
each f € C, its derivative is given by

(NI =K' +(GH) ) = (K'$)(y) + [GH' f)pl(»), Vpecl, yel-1,1],
that is
1 1
(G Nl = / ki (x, y)p(x)dx + / ko (x, )Ry (x, f(x))P(x)dx. (14
-1 -1

Moreover, if

d?h(x,
[H3] The partial derivative h,,,(x,v) = % exists and is continuous for x € [—1,1] and v € R;
v

then the operator G also admits the second Fréchet derivative at f € C, defined as [23]
1

[(Q"f)(¢1,¢2)](y)=/kz(x,y)h,w(x,f(X))¢1(X)¢2(X)dx, 1.9 €C. (15)

-1

Remark 1. Let us observe that, if »# € W"(D) where D is an open subset of R? and r > 2, then the assumptions [H1], [H2], and
[H3] are satisfied.

The analysis of the operator G is fundamental to state the existence of solutions of (13). Let us recall that a solution f* of (13) is
geometrically isolated if there exists a ball

B(f*.0)={f€C: I/ = ["llo <6},

for some 6 > 0 that does not contain any solution of (13) other than f*.

Let us also remind that the index of a geometrically isolated solution f* is the common value of the rotation of the vector field
I-K!'+GH over all sufficiently small spheres centered at f*; see, for instance, [31, p. 100] and [11, Section 2].

Next theorem, which can be deduced by the more general result [31, Theorem 21.6, p. 108], establishes the existence and the
uniqueness of a geometrically isolated solution f* of (13) with nonzero index.

Theorem 2. Assume that the operator G : C — C defined in (13) is completely continuous. Let f* be such that I — G’ f* is invertible, where
G' f* is the Fréchet derivative of Gf at the point f*. Then f* is a fixed point of G. Moreover, assume that 1 is not an eigenvalue of G' f*.
Then f* is the unique nonzero index geometrically isolated solution of equation (13) in C.

About the smoothness of the solution we can state the following result.

Theorem 3. Let K = K' + K2H where K', K2, and H are defined in (10) and (11), respectively. Under the assumptions of Theorem 2 if
sup lk;(x, )llyr <0, i=1,2, (16)
xe[-1,1]

then Kf € W for all f € C. Consequently, if also g € W the solution f* of (13) belongs to W".

5
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Now, we consider the case when equation (1) presents a nonlinear operator having a symmetric weakly singular kernel at the
bisector, i.e.

1 1
f(y)—/kl(x,y)f(x)dx—/kz(X,y)h(x,f(X))dx=g(y), yel-11], a7
e |
where
ko (x,y) = w()k™(|x = y|)

with y a smooth function on [—1, 1]. Typical examples of the kernel k*(|x — y|) are

K(lx=yD=Ix=yl*, u>-1,  k*(x—y|))=log|x—yl. 18)

About the solvability of this equation we have the following result.

Theorem 4. Assume that [H1], [H2], and [G1] holds true. If
[H4]

1 1

max /|k1<x,y>|dx+ max ||hv<x,'>||w/|w(x>k*<|x—y|>|dx <1

yel-1,1] xel-1,1]
=1 -1

then equation (17) has a unique solution f* € C.

Assumption [H4] is quite restrictive. Nevertheless in the case (18) it is possible to show that [K1] is still satisfied (see [29]) and
therefore Theorem 2 is still true for this special, but frequent, case.

Moreover in this special case, we can also state a result about the smoothness of the solution of the equation (17).

In what follows we adopt the notation

1
/u/(x)lx—yl"f(x)dx, u>=1, pu#0,
K NHo=97", , 19)

/W(X)IOglx—ylf(X)dx, u=0

-1

Theorem 5. Let K =K' + K# H, u>—1, where K!, H, and K* are defined in (10), (11), and (19), respectively. Assume that equation
(17) has a unique solution f* € C. If [H1] holds, v € C, and

sup [k (x, )l £z <0, 4>0, (20)
xe[-1,1]

then, for all f € C, Kf € Z* where s = min{A, u + 1}, when u # 0, while s = min{4, 1 — €}, with € > 0 arbitrarily small, when u = 0.
Consequently, if also g € Z° the solution f* of the equation (I — K)f = g belongs to Z*.

Remark 2. In the literature some estimates of the smoothness of the solution of Hammerstein integral equations with a weakly
singular integral of the type (19) are known (see, for instance, [32] and [33]). Here, for a more general equation, we give minimal

smoothness assumptions on the known functions, in order to determine the space which the solution of the equation belongs to.

4. The Nystrom method for the case of continuous kernels

We introduce, now, a numerical method of Nystrom type based on the Gauss-Legendre rule

1
/ Fdx =Y L f (o) +en(f), @1
e k=1

where 4 is the kth Christoffel number, x is the kth zero of the orthonormal Legendre polynomial p,,(x) of degree m, and e, (f) is
the remainder term. Let us recall that [26, Theorem 5.1.6]

len (N <4 Eypy (f),  VSEC. (22)
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First, let us approximate the Fredholm integral operators (10) by defining the discrete operator K ,'n as follows

(KD = D Ak (o0 f (), =12 23)

k=1

Now, consider the equation
I-K)fn=8  K,=K' +K:H (24
ie.

where f,, is an unknown function, approximating the solution of equation (13).
The next theorem contains some useful properties of the operators K,, essential for obtaining the stability and convergence of the
method. Here and in the following all the involved operators will be considered as maps of C into itself.

Theorem 6. Let K and K,, be the operators defined in (12) and (24), respectively, and let us assume that [K1] and [H1] are satisfied. Then,
the sequence {K,,},, is collectively compact and pointwise convergent to K.

Remark 3. Note that if, in addition to [K1] and [H1], the assumption [G1] is satisfied, from Theorem 6 we can deduce that the
sequence {G,,},, is collectively compact and pointwise convergent to G.

Now, in order to compute the unknown solution f,, of equation (24), which has the explicit form

P = D dichey (oo 1) ) = D Aycken (e Wy fr(1)) = 8(0),

k=1 k=1
let us collocate it at the points x; for i = 1,...,m. In this way, we obtain the following nonlinear system of m equations in the m
unknowns a; = f,,(x;), i=1,...,m,
m m
D181k = Aoy (e xDlag = Y Agka(xo x)h(xp, @) = g(x), i=1,...,m, (26)
k=1 k=1

where §; ; is the Kronecker symbol.
The solution (al*, ,afn) of system (26), allows us to construct the
Nystrom interpolant

S = Z Ailky (e, ag + ko (xg, IACE, @)1+ 8 (). (27)
k=1

Theorem 7. Assume [K1], [H1], [G1], and [H2] and [H3] in the ball B(f*,5), where f* is a fixed point of the operator G defined in
(13). Moreover, assume that 1 is not an eigenvalue of G' f* where G’ f* is given in (14). Then, for m sufficiently large, say m > my, the
operator G, in (25) has a unique fixed point f,, in B(f*,e) with 0 <e <é.

Theorem 8. Assume that the hypotheses of Theorem 7 are fulfilled. Let f* be the unique fixed point of G in B(f*, 6), for some 6 > 0. Assume
that 1 is not an eigenvalue of G' f* and, in addition, that for some r > 1,

sup |k;(x, )llyr < oo, sup |Ik;Co»llyr <oo,  i=1,2 (28)
x€[-1,1] ye[-1,1]
geEW’, he W' (D), (29)

where D is an open subset of R2.
Then, for m sufficiently large (say m > m), denoted by f,, the unique fixed point of G,, in B(f*,¢), with 0 < e <6, we have

15" = fulle=0( ). (30)

ml‘
4.1. Numerical tests

In this section, we consider some numerical tests to confirm the effectiveness of our method.

In all the experiments, first we solve system (26) by using the classical Newton method or the Matlab routine fsolve. Then, we
compute the Nystrém interpolant f,, given in (27), and the relative discrete errors on a grid of 10? equidistant nodes y;, i = 1,..., 100,
in [-1,1], i.e.
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Table 1
From left to right the numerical results for Example 1 and Example 2.

m & iter

m

4.87e-03 5
8 2.32e-07 5
16 2.22e-16 5

m & iter

m

4 4.88e-08 6
8 4.90e-16 6

Table 2
From left to right the numerical results for Example 3 and Example 4.

m &, iter  EOC,, m & iter ~ EOC,,
8 2.35e-04 4 3.85e+00 8 9.45¢-04 18  7.96e+00
16 2.15e-05 4 3.45e+00 16 4.77e05 65  4.31e+00
32 1.98e-06 4 3.44e+00 32 2.26e-06 21  4.40e+00
64 1.79¢-07 4 3.47e+00 64 1.03e-07 20  4.45e+00
128 1.59¢-08 4 3.49e+00 128 4.64e-09 20  4.48e+00
256 1.30e-09 4 3.61e+00 256  1.98e-10 20  4.55e+00
lf* = full
En= 7*"’ (31)
/1l
where || f|| = max " |f(y)| and f* is the exact solution.
i=1,...,10

The first two examples, in which the exact solution is known, aim to make a comparison with other methods available in the
literature. In the other two, the solution f* is not known, and then we consider as exact the Nystrém interpolant f5;,. Moreover, in
these specific tests, the known functions are not so smooth that we can show the efficacy of the method also in these cases.

In addition, we compute the estimated order of convergence

log(&,,/Em)

EOC, = =3

(32)

Example 1. Consider the Hammerstein equation

1
O / ITH(f) dx =" e—+ 1), <],
-1
whose exact solution is f(x) = e*. Such equation has been considered in [18,34]. In [18] the machine precision is achieved by solving
a nonlinear system of order 64, whereas in [34] the better convergence error is 10710, Table 1 shows that our method has a faster

convergence. In fact, the machine precision is reached by solving a nonlinear system of m = 8 equations in 6 iterations. This is certainly
due to the smoothness of the known functions which are analytic in [—1,1].

Example 2. Let us apply our method to the Hammerstein equation [35]

1
4
f) - / ycos (£x>ef(x)dx =sin <£y> - sinh(1) |y| <1,
2 2 b4
-1
where the right-hand side term is fixed so that the exact solution is f(x) = sin (% y). Also in this case, the kernel and the right-hand

side are analytic functions and then we expect a fast convergence. Looking at the errors (see Table 1) we can note that our method
reaches the machine precision with m = 16. We remark that the best convergence error of the method presented in [35] is equal to
1078,

Example 3. In this test we consider the complete equation of the form (1)

1 1

X+ 1 5

-1 -1

where kernels are both smooth and the right hand side term g € W,. Then, according to (30), the expected theoretical order of
convergence is O(m~2). The numerical results reported in Table 2 (on the left) show a better convergence.



L. Fermo, A.L. Laguardia, C. Laurita et al. Applied Mathematics and Computation 487 (2025) 129094

Example 4. Consider an equation in which the kernel of the nonlinear operator satisfies conditions (28) with r =3

1 1
f(y)—/(X+Y)f(X)dX—/|XJ’|%(f(X))3dx=ey+10g(3+Y), vyl <1.
21 21

Table 2 (on the right) shows, also in this case, that the numerical errors are better than the expected one, since the theoretical error
is of the order O(m™3).

5. The Nystrom method for the case of weakly singular kernels

Let us introduce a product rule which allows us to approximate integrals having kernels with weak singularity at the bisector of
the following type

1
I(f.»= / WOk (|x — y)) f(x)dx.
21

The quadrature formula is given by

m m—1
I(f.)=, [Ak > pi(xk>M,.(y)] &)+ ) =L () + 129, 33)

k=1 i=0

where 1 and x, are the kth Christoffel number and the kth zero of the Legendre polynomial p,,, respectively, M;(y),i =0,1,...,m—1,
are the so-called modified moments defined as

1
M,-(y)=/p,-(X)!//(X)k*(Ix—yl)dx, i=0,...,m—1, 34
-1
and r,,(f,y) is the quadrature error. From now on, we will denote the weights of rule (33) by

m—1

G =4 O pxOM(y),  k=1,...m.
i=0

Next theorem provides the assumptions assuring the stability of the quadrature formula (33) and an estimate for the remainder
term (see [26, Theorem 5.1.11] and [36]).

Theorem 9. Let us assume that the kernel k* and the function y satisfies

1
ly ()k*(Ix = yDI
sup [ ————=dx
Iylsl_1 Vo(x)

1

sup / w()K*(|x = y]) (1 +log" w()k*(|x = y])) dx < oo,
yi=
1

< o0,

where log* w(x)k*(|x — y|) = logmax {1,y (x)k*(|x — y|)}. Then, for each f € C one has

sup sup |Z,,(f, )| < Cll fll >
m|yl<1

and

sup |1, (f, )| <CE,,_,(f), (35)
IyI<1

with C # C(m, f).
Now, let us describe the Nystrom method for solving equation (17) which we also write as

I-K)f=g K=K'+K*H

where H is given in (11) and
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1 1
K' )= / ke fxydx, (K2 ()= / Wk (|x = yD f(x)dx.
-1 -1

For this purpose, we introduce the operators

(K, () = ﬁ; ki e f(x), (K () = zﬁ; e (S (xg)s (36)
and consider the eq;ation i

I-K)fu=8  Ky=K,+K:H,
ie.

Sn=Cnfm with G f, =K, [fn)+8 (37

where f,, is an unknown function.
At this point, in order to compute the solution f,, of equation (37) which has the explicit form

m m
Fn) = D A G D (e = D e MACegs Fr(x10) = 8,
k=1 k=1
we collocate it at the points x;,i =1, ..., m, obtaining the nonlinear system

m m
(8 — Ak Cop x)la = Y e (xDh(x, a) = g(x), i=1,...,m, (38)
k=1 k=1
in the m unknowns a; = f,,(x;).
The solution (a7}, ..., ay,) allows us to construct the Nystrom interpolant as follows

m m
Fa) = D Ay (ki g + Y (Mg, @) +g()-
k=1 k=1
The difficulty in applying this procedure is the construction of the entries of the matrix of the nonlinear system (38) and, in particular,
the computation of the constants ¢, (y), k =1, ...,m, for fixed y. Indeed, by their definition, the crucial point is the computation of the
modified moments (34), that can be carried out only for some special kernels k*. Fortunately, for kernels of type (18) the modified
moments can be exactly computed by using the well known recurrence relations for Legendre polynomials [37]. Moreover, as we
have already underlined, in this case Theorem 2 still holds true, and therefore Theorem 7 follows also for equation (37), that means
(37) is unisolvent.
Concerning the convergence, in the special case (18) we have the following result.

Theorem 10. Assume the hypotheses of Theorem 7 and Theorem 9 are true. Let f* be the unique fixed point of G = K' + KrH + gin
B(f*,5), for some 6 > 0. Assume that 1 is not an eigenvalue of ¢' f* and in addition for some A >0, —1 < u <0,

sup ||k (x, )]l z4 < o0, sup Ik ¢, )l 22 < oo, (39
xel-1L,1] yel-1,1]

min {4, 1 + u}, u#0,

s —
gEZ", wheres= { min {A,1—¢€}, u=0, e> 0 arbitrarily small.
Then, for m sufficiently large (say m > my), denoted by f,, the unique fixed point of G, in B(f*,¢), with 0 < e <6, we have

157 = fullo=0(2).

N

Remark 4. The assumptions of Theorem 10 assure that f* € Z*, 0 <s < 1. If >0 and 1> 1, then s could be greater than 1. In this
case, we can apply Theorem 8 recalling that f* € W,

5.1. Numerical experiments

In this subsection we give three numerical experiments to show the performance of the method. As in the regular case, we consider
the relative discrete errors as in (31). To solve the numerical system (38), we used the classical Newton method or the Matlab function
fsolve.

10
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Table 3

The numerical results for Example 7.
m &, iter EOC,,
8 2.93e-03 6 2.01e+00
16 7.81e-04 6 1.91e+00
32 2.03e-04 6 1.94e+00
64 5.16e-05 6 1.98e+00
128 1.25e-05 6 2.05e+00
256  2.51e-06 6 2.31e+00

Example 5. Consider the equation proposed in [15]
1
1
o - / lx = )72 (f(x)*dx =g(), yeEIO, 1],
0
1 16 2 ! 32 543 Ly 3 .
where g(y) =[y(1 —y)]2]+ syt 22(1—»)7 + gy(l -2+ 5(1 -2 - 32— 2y(1 —y)2 — 5(1 —¥)2 and the exact solution is

1
f(x) =[x(1 —x)]2. The best convergence error in [15] is 10~* whereas our method produces an error &, =1.97e — 14. The numerical
results definitely overcome the theoretical expectation but this is due to the fact that the function A(x, f(x) = x(1 — x) is a polynomial
and the product rule is exact.

Example 6. Let us test the method to the following equation already considered in [15],
1
f»- / log|x — ylsin(zf(x))dx=1, ye€]0,1],
0
where the exact solution is f(x) = 1. Transformed the equation into [—1, 1], it becomes
1 1
f <%1> - %/logly—xlsin <7rf (%))dx— g/sin (nf <XT+1)>dx= 1, Iyl <1,
| -1

The best convergence error in [15] is 10~* whereas in our case we have &, =6.66e — 16.

Example 7. Consider the equation

1 1

. S S VAN S MY sy |
f» /x yf(x)dx /Ix ¥ 1+f(x)2dx y+1 <l
-1 -1

In this case, we do not known the exact solution. For increasing values of m, Table 3 reports the relative errors exhibiting a better

1
performance than the expected one according to the theoretical estimate, which is @(m™ 2), as also confirmed by the estimated order
of convergence reported in the last column.

6. An application to Boundary Integral Equations

In this section, we show an application of the Nystrom method described in Section 5 for the numerical solution of a nonlinear
boundary integral equation (BIE) arising from the reformulation of a nonlinear boundary value problem (BVP) for Laplace’s equation.

Let us consider the interior Neumann problem over a bounded simply connected planar domain D C R? with smooth boundary
I. It consists in finding a function u € C*(D) N C! (5) that satisfies

Au(P)=0, PeD,
40
WP) _ hP.uP)+gP).  PeT. “o
onp

where np denotes the exterior unit normal to I at the point P, while the function A(P,v) defined in I' X R is nonlinear in v and is
assumed sufficiently smooth.

It is known that (see, for instance, [25]) the harmonic function u satisfying (40) is the solution of the following nonlinear BIE of
the second kind

11
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up)-1 / w05 [log|P - 0l]do(0) - 1 / R(0.u(0))log| P - 0|do(Q)
Q
r r

1 (41)
=;/§(Q)10g|P—QId6(Q), pPer
r
which can be deduced from Green’s representation formula for u
1 0 1 ou(Q)
u(P)=>— / s, [log|P - Q1] do(Q) - 5~ / ang 0EIP-Qldo@.  PeD, 42)
r

taking into account the boundary condition in (40).
Once equation (41) has been solved, one can use the known function « on I" along with its known normal derivative on the boundary
given in (40) in order to compute the unknown solution u on the domain D using formula (42).

Hence, we are interested in the numerical solution of (41). In order to transform the BIE (41) into an equivalent 1D integral
equation on the interval [—1, 1], firstly we introduce a parametric representation of the curve I"

Y(x)=((x),n(x) €T, x€[-1,1]. (43)
We assume that y traverses I in a counter-clockwise direction (i.e. it is such that the domain D is on the left of ) and &, 5 € C2[-1, 1],
with

Iy’ (x)] #0, Vx e[-1,1].

Moreover, in order to achieve higher orders of convergence for the numerical method and, consequently, more accurate approxima-
tions of the solution, we adopt some already known regularization strategies (see, for instance, [38-42]) considering a smoothing
transformation ¢,(x), such that

— q —1. -
¢q(x)={ I4+@x+19,  xe[-1,-1+¢], (44)

1—(1 =), xell-ell

for some small ¢ > 0 and some smoothing exponent g > 1. Note that in the case ¢ = 1 we have ¢,(x) = x, which means that no
smoothing transformation is applied.
Then, by introducing in (41) the change of variables x = 7(x) and y = y(y) with

7(x) =7 (9, (%)) = (&, ). (g, () =: E(x),7i(x))  xe[-1,1]. (45)
we can rewrite the BIE as follows

1 1

u(y(y)) — / ki (x, Yu(y (x)dx — % / (7 (), u(7 M7 ()| log [7(y) — 7(x)|dx
-1 1 -1 46)
—-1 [ ey eoltog ) - polax,
-1
where
' (OLEG) = EW] = & )(x) = ()] x£y
_1 [EQ) = EWP + 1) =AW ’
ki(xy) =~ 21Nl —1 0 NEN
7| 187" (x) — i’ ()" (x) .
T 282+ (1] '
Now, first we split the logarithmic kernel log |7(y) — 7(x)| as follows
tog 70) = 7 =tog LET 4 10g 1. ()

Then, following a numerical trick in [43] (see, also, [44]) in order to avoid numerical cancellation, when |x — y| < eps (eps denotes

the machine precision) we use the approximation

[7(y) = 7(x)
|x =yl

Now, setting f(x) = u(7(x)), h(x, f(x)) = h(y (%), u(7((x)),

log ~log|7' (x)|.

12
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1._ _

;lV/(x)llogW(x)l [x —y| <eps,
p(x,y) = SN

l|)7'(X)| log M otherwise,

m [x =yl

w(x) = 2171, ka(x,) = p(x,3) + w(x)log |x — y|, and, finally,

1

gy = —% /g(;‘/(x))l}‘/'(x)l log [7(y) — 7(x)ldx, (48)
|

the integral equation (46) takes the form

M =@HW».  with (Gf)y) =K W)+ K H () +g(») (49)

with the operators K;, i = 1,2, and H defined as in (10) and (11), respectively.
In order to approximate the solution of (49), we apply a Nystrom type method which is a combination of the methods described
in sections 4 and 5. More precisely, it consists in solving the following approximating equation

with the operator G,, defined as

) = (K, )W)+ (KL H () + (),
where K,ln is the operator given in (23), while K,i is the operator defined as follows

(K2N0) = D [0 y) + 0w ()] £ ().

k=1

The collocation of equation (50) at the Legendre zeros leads to the nonlinear system

S = (G f)(x), k=1,....m, (51

whose solutions are f,,(x;), i=1,...,m.

Once computed, these values can be used in order to construct an approximation of the harmonic function u, solution of the boundary
value problem (40), at any point P of the interior domain D. First, using the parameterization (45) in (42), for any P = (xp,yp) € D
we represent the potential u(P) as

1 _ _
1 / 7' (OIE(x) = xp] = &' x) = yp

]
s = - — d
SRSV (N TR S RS

(52)

1
+ / [, £(2) — EFCNINF ()l 1og | e p. ) — 7C0)|dx,
e}

where f is the solution of the integral equation (49). Then, we approximate the potential u in (52), by the following function

i elEGx) — xp] = E (xli(x;) — ypl
[E(xk) —xpl? + [7i(x) — ypl?

X 3p) =2 Y A S
k=1 (53)

m
1 iy - z _
5 2 A (G (i) = EGGe)] 17 (el og (e yp) = (e, k) |
k=1
where the solutions f,,(x;), i =1,...,m, of the solved nonlinear system are employed.
We observe that in the computation of the right-hand sides of such system the function g(y) given in (48) needs to be evaluated at
the collocation points. When we are not able to compute analytically the integral, proceeding as in [44], we approximate it taking

into account (47) and using a proper combination of the Gauss-Legendre formula and a product quadrature rule with a large number
of knots.

6.1. Numerical experiments

In this subsection, we are going to show some numerical examples in which the method described in sections 4, 5 has been applied
for approximating the solution of the interior Neumann problem (40) in some planar domain D with smooth boundary I'.

13
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Table 4
Errors for the potential u in Example 8.
q=1 q=2
m lu—w,lic Nu—wu,llp  lNe—w,lle Nu—uw,lp

6.93e-02 2.71e-01 4.5%-01 3.58e-01
16 2.36e-03 5.94e-02 1.14e-02 1.42e-01
32 3.94e-04 4.98e-03 6.60e-05 1.48e-02
64 1.01e-04 3.65e-05 5.92e-07 1.21e-03
128 2.56e-05 3.8%-08 3.76e-08 2.5%-05
256 6.44e-06 2.45e-09 3.19e-09 2.84e-09
512 1.61e-06 1.53e-10 1.98e-09 1.71e-14

Table 5
Errors for the potential u in Example 9.
g=1 q4=2
m lu—w,lle Mu—w,llp  Nu—w,llr lu—uw,llp

5.27e-01 6.28e-01 6.71e-01 8.71e-01
16 5.65e-02 9.57e-02 9.83e-02 1.95e-01
32 1.23e-03 6.01e-03 1.84e-03 1.52e-02
64 7.58e-04 2.23e-04 3.38e-05 1.20e-03
128 3.16e-04 1.00e-06 6.53e-07 2.60e-05
256 9.89¢-05 4.54e-08 4.21e-08 5.54e-09
512 2.70e-05 3.06e-09 1.53e-09 3.18e-10

The reported error ||u—u,, || is the maximum error at the node points on I" while the error ||u—u,,|| , represents the maximum error
at 600 points sampled randomly in the interior domain D. Moreover, in our tests, whenever necessary, we have used as smoothing
transformation ¢(x) (see (44)) the following one adopted in [39,40]

2[5 (1-2)"ar
-2 ar

Example 8. We consider the problem (40) defined on the planar region D bounded by the ellipse I" of equation

d)q(x): 1, xel[-1,1], g=>1.

for given values of (a, b). We choose the function % as follows (see [25])
h(P,v)=v+sinv,
and the function g such that the exact solution of (40) is the harmonic function

u(x,y) =e* cosy. (54)

Table 4 contains the numerical results obtained by applying the numerical method (51), (53) in the case (a,b) = (1,2).

Example 9. In this second example, again taken from [25], we solve the interior Neumann problem (40) defined on the same domain
D considered in the previous example. Here, we assume the boundary condition defined by the nonlinear function

(P, v)=|v|v’

and the function g chosen such that the exact solution u of (40) is the one given in (54).
The obtained numerical results are shown in Table 5.

Example 10. We consider the amoeba-like domain D bounded by the curve I" having the following parametric representation

y(x) = R(z(x + 1)) xe[-1,1]

with R(x) = €% cos? 2x + 50 ¥ sin?2x (see Fig. 1).
We assume as exact solution of the BVP (40), with the nonlinear function A(P, v) = v°, the function

u(x, y) = sin(x) cosh(y)

14
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Fig. 1. The boundary I'" of the domain D in Example 10.

Table 6
Errors for the potential « in Example 10.
g=1

m llu = |l Ml = u, |l p
16 4.23e-01 4.72e-01
32 1.99¢-01 1.09e-01
64 5.68e-03 8.61e-03
128 3.25e-05 1.38e-04
256 1.94e-07 6.71e-08
512 4.86e-08 1.42e-12

and determine the corresponding function g at the right-hand side of the Neumann boundary condition. The errors occurred in the
computation of the solution at the nodes of curve I' and at some random points in the interior domains are reported in Table 6.

We observe that we have obtained accurate numerical results already without using any smoothing transformation (¢ = 1), even
better that those obtained for g > 1, when one needs larger values of m in order to achieve higher accuracy.

7. Proofs

In this section, we collect the proofs of all our main results. From now on, for the sake of simplicity, when we handle with the
norm of an operator 7', we will omit the subscript C — C in the norm, that is we set ||T'|| = ||T'||c_c-

Proof of Theorem 3. For any fixed x € [-1,1], let P, (x,y) and Q,,(x,y) be the polynomial of best approximation with respect to

the variable y of k;(x,y) and k,(x, y), respectively, i.e.

E, (ki (x, ) = 1k (x, ) = Py, )l oo
and introduce the operator £,, defined as follows

1

1
(lémf)(y)=/Pm(x,y)f(X)dX+/Qm(X»y)h(x,f(X))dx.
-1

-1

E, (ky(x,)) = lkp(x, ) = @ (%, )l o

Denoted by K = K' + K?2H where K', i=1,2, are given in (10) and H is defined in (11), we have

1 1
I(ﬁf)(y)—(lémf)(y)ls/Ikl(x,y)—Pm(x,y)IIf(X)IdX+/Ikz(x,y)—Qm(x,y)IIh(x,f(x))ldx
-1 -1

15
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1 1
< sup ki (x, ) = P, 9| [ [f(x)|dx + sup |k2(x,y)—Qm(x,y)|/Ih(x,f(x))ldx.
2

|x|<1 |x]<1
-1

Then, since K, f is a polynomial of degree at most m, for any f € C, it follows
1

E,(Kf)<2] flle |Slllpl E, (ki(x,)+ lSlllpl E,(ky(x,)) [ 1h(x, fF()|dx.
x|< x|<
-1

Therefore, by the assumptions (16) on the kernels k;, i = 1,2, and on the function A, and by applying (7), we deduce that f € W".
Hence, if g € W', the solution of equation (12) f=Kf +geW’. [

Proof of Theorem 4. For simplicity set

Cf=K'f+K*Hf +g,

with K! and K? defined as in (10), and with k,(x, y) = w(x)k*(|x — y|), while H is defined in (11). Then the solvability of equation
(17) is equivalent to the existence of a fixed point of the operator G in C.
Then, for f|, f, € C, we get

1 1
I6f1 =62l < Dax /|k1(an)||f1(x)—fz(X)| dx+/ lw (k™ (Ix = yDIACx, £1(x)) = h(x, f,())| dx
—1 -1

1 1
<fy = fallo max /|k1(X,y)|dX+ max ”hu(xa')”oo/IW(X)llk*(lx_yl)l dx
yel-11] xel-1,1]
21 el

Therefore, under the assumption [H4], we deduce that G is a contraction mapping on C and consequently it has a unique fixed
point. []

Proof of Theorem 5. We want to estimate E, (K f) in order to apply (8) and deduce the class of the function K f.
First of all we underline that

E (Kf)<EK'f)+E,(K'Hf).

About E, (K 1 ), proceeding, for instance, as done in the proof of Theorem 3 we have
E,K'f)<C Sup By (ky(x,), - € #Clm

and hence, under the assumptions (20), we get
EK'f)< S c#Cm)

Therefore from (8) we deduce K lrezr
Consider now E, (K*H f). Using inequality (5), we deduce

1

E, (R'Hf)<C /

0

QY(KMH /1)
%dn C#C(m, f), k=1 (55)
Thus, we have to estimate the main part of the modulus of continuity of K*H f. We can proceed following step by step the proof of
Lemma 4.1 in [45]. Therefore, since we are assuming that [H1] holds true and y € C, we get

e, u#0, k>1+u,

k u < .
Q5 (K Hf,f)_C”/’l(sf)”oo”W”oo{tlogt—l’ u=0, k>1,

and, consequently, by (55) we have

1

R u#0, k>1+4pu,

E, K'Hf)<C

logm u=0, k>1.

m

From these estimates and (8) we get that KrH f €Z", where r=1+ u when pu # 0, while r =1 — ¢, with e sufficiently small, when
u =0, and the theorem follows. []

16
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Proof of Theorem 6. First, note that the well-known Gauss-Legendre formula (21) is convergent. Therefore, the sequences { K ,’n .
i=1,2 given in (23) are collectively compact and pointwise convergent to the integral operators K' i = 1,2 defined in (10); see for
instance [46, Theorem 12.8]. Consequently, the assertion follows taking into account that the operator K,, is the sum of the operator
K! and the composition of K2 with the operator H in (11) (see, for instance, [31, p.74]). [

Proof of Theorem 7. The existence of a fixed point f,, € B(f™, ¢) for the operator G,,, for m sufficiently large, say m > my), follows by
[23, Theorem 3]. In fact, the first four hypotheses of Theorem 3 in [23] are guaranteed by Theorem 6 and the use of our assumptions.
In addition, the fixed point f* has nonzero index and is isolated, i.e. f* € B(f™,¢,) with 0 < ¢y <. This can be deduced by [31,
Theorem 21.6, p.108] or [47, p.136], taking into account that g verifies [G1], A satisfies [H1] and [H2], and 1 is not an eigenvalue
of ¢ f*.

Let us now prove the uniqueness by showing that

If =CuNllew >0, VfEB™e), (56)
i.e. f cannot be a solution of (25).
First, let us note that for sufficiently large m, the operators (I — g;n 7L, fFeEB(f*e),0<e< €, exist and are uniformly bounded
w.r.t. m, i.e. there exists a constant C # C(m) such that
IT-¢,H'<2¢c,  feB( e, m=my, (57)

where, for ¢ € C,

(S, NP = Y, Akt (i NPCe) + X, Ahea (g, Wy (g fIb(x), v € [=1,11.

k=1 k=1

This can be obtained by proceeding as in the proof of [23, Theorem 4] by virtue of [H1] [H2] and [H3].
Now, for f € B(f*,€) we have

F=Cu(N=U =G ful(f = i) = (G() = G f) = G S f = )],

and then, using the reverse triangle inequality,

If =G leo 2 =G, fulllf = Frlloo = NG(F) = Gou(f) = G i f = Fud)llco- (58)
Therefore, by (57), since f,, € B(f*,€e) we have
1
— / —
=G, full > T (59)

In addition, from [H3] we can deduce that G,, admits the second Frechet derivative given by

[(g;;f)(¢17¢2)](y) = Z Ak (s VI (s £ 50Dy (X ) o (X, ¢1,9,€C,
k=1
and we have

max{[|G" fIL NG, fI} <C\. € =Ci(f*.8), C #Ci(m), [feEB(.05),

with || - || denoting the norm of a bilinear form from C X C — C, and G f given in (15).
Standard arguments [48, Chapter 17, p. 500] lead to

C
NG () = G ) = G S f = Fudll o 2 —71 I = fullZ = =€ CiILf = frlloo-
Therefore, by applying (59) and the above inequality in (58), by fixing € < (2CC;)~!, we have

If =GPl =
namely (56). []

1
56 =< If = fulls  m>my fEBUO),
Proof of Theorem 8. First let us prove that

1" = fulleo CNG = GC) f* llos (60)
where C # C(m). To this end, let us proceed as in the proof of Theorem 4 in [23]. Then, by (13) and (25) we write

S = In=Gl" = Cnfom-

Therefore,

17
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T =G I = f)=C=C)f* =[G = )= G f* (= ),
or equivalently
[ = fu=U =G MG = C)f* =[G (fn = F*) = G f* (= [,

from which it follows
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1% = fulloo SN =G fY™ NG = G oo F NG = ) = G f * fo = o}

By applying

=g, H7<c,  m=m
and [48, Chapter 17, p. 500]

16U = S = G f* U = s < 1 = fl,
we have

1" = Fullee < ; GGl

cc
= fullo
Taking e < (2CC,)"!, since f,, € B(f*,¢€), we get

17 = Fulls S — Gz G =G0

-5e

from which we deduce (60) being the denominator less than 1/2.
Now, by using the definition of G and G,,, we have

C=C)f* =K'= K)f*+(K* - K2)H f*.
By (61) and by applying (22), we deduce

1 = Fulloo SC[IK = KD f* Nl + I(K? = K2V H £* oo

[Sup len (ki G O]+ sup len (ko (s MAC, f ))I]

Iyl<
<C | sup Ep,_(ky (. 0)f™) + sup Eyp,_y (ky(, ARG, f) |
lyl<1 lyI<1
Therefore, by exploiting the following estimate

Eyp(f112) W fill En(f2) + 21 follo En( 1), VS1, o €C,

we have

IIf*—fmllmSC[llf*ll SUP Ep1(ky () +2 sup ey G Moo Em1 (F7)

lyl<

+12C, )l SUP E, 1 (ky(3))+2 sup 12 Dl o By (R, S7)

lyl<

Now, by the assumptions (28) on the kernels k; and taking (6) into account, we get

1 = Fulls C sup iyl [ 1 N +2Em,1<f*>]
Iyt m
5D [y Com)lr [ VAC )l +2 By (G S D)
IyI<1 m

|

(61)

Moreover, note that by the hypothesis (29) on g and by virtue of Theorem 3, we can deduce that f* € W'. Therefore, we can apply

Theorem 1. Then, we obtain

1/ = fallw < — <Sup ey Gl L e + sup 2o lwr [1AC, f )l + 27 Byl Allwyr ) £ IIWr]>,

Iyl

from which the assertion. []
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Proof of Theorem 10. The proof can be led following step by step the proof of Theorem 8, just by substituting operator K2 and K,%,
with K# defined in (19) and K:; defined in (36), respectively, and arriving to the following inequality, also using (35),

17" = Falleo <€ [IK" = KDl + ICRY = K27 o

=C [Sup ley (kg G, )./ )] + sup Irm(h(',f*)vy)l]

[yl<1 [yI<1
<C [sup Eyp Uy o)) + sup E,_y(h(-, f* ))] (62)
lyl<1 lyl<1

where C # C(m, f).
For the first term in the brackets, under the assumptions (39), using (5), and the same arguments in the proof of Theorem 8, we
get

sup Epp (ki o9 7 )<C”f ”ZS. (63)

Concerning the second term, by (5) we have

F Qb £).0)
Eptfysc [ = (64)

0

and then, it is crucial to estimate the modulus of smoothness Q’; (h(-, f*),1). Under the assumptions we made, we can consider k = 1.
By the definition (4), we have

[A,,h(x, £ ()] = h<x+r@,f" <x+r@>>—h<x—1?,f" <x—‘r@>)
o(x) ., o(x) Px) . p(x)

h< +T—,f < T))—h(x—TT,f <X+TT>>

+ h<x ‘r@ fr < %x))>—h<x T@ f* < —T@))

T (x) + T(x). (65)

IA

By using the derivability of 4 with respect to the first variable, we get

T,(x)<t

L (as (x+3ow))| e [x=Foex+ Jow] (66)

and similarly, by the derivability of 4 with respect to the second variable, being f* continuous, we write

Bepf @] & € [x = S0t x+ Zow). (67)

oh T ‘
1,092 |52 (3= Fowns @)
Hence, by combining (66) and (67) in (65) and considering that we are assuming s € W, we have

|8 h £ < WAl [7+ 8,0 770

from which we can conclude that

Q,(h(, f*).0 < |lAlly [t +Q,(f*.1)] .
Therefore, since by Theorem 5, it is f* € Z*, by (64) we get

1 1 C
Ep s (hCf ) < Clllys [+ =] <=l

The assertion follows by combining the above result and (63) into (62). []
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