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Complex Variables and Elliptic Equations

Completeness theorems for the Stokes system

A. Cialdea * G. Nino |

To Prof. Massimo Lanza de Cristoforis on occasion of his 60th birthday

Abstract The linear Stokes system is considered and the completeness
(in the sense of Picone) on the boundary of a given bounded domain of
polynomial solutions is proved. The completeness is obtained in both L? and
uniform norms.

Keywords Completeness theorems, Stokes system, Partial differential
systems with constant coefficients.

Mathematics Subject Classification (2010) 42C30, 76D07, 35Q35.

1 Introduction

The aim of the present paper is to prove the completeness on the boundary of
a simply connected * bounded domain of polynomial solutions of the Stokes
system:

(1)

Av—Vp=0
V-v=0.

This completeness theorem concerns the Dirichlet problem and fits into
the framework of the so called completeness theorems in the sense of Picone.
This problem was posed long time ago by Mauro Picone and the very first
results in this direction were proved by Gaetano Fichera [9] for the Laplacian.

*Department of Mathematics, Computer Sciences and Economics, University of Basi-
licata, V.le dell’Ateneo Lucano, 10, 85100 Potenza, Italy. email: cialdea@email.it.

"Department of Mathematics, University of Geneva, 2-4 Rue du Lievre, 1211 Geneva
4, Switzerland. email: giancarlo.nino@unige.ch.

!By this we mean that both the domain and its complement are connected.
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Several other results have been proved since then. They concern different
boundary value problems for different partial differential equations. We refer
to [6] for an history of this problem and an updated bibliography.

Here we just note two facts. First, usually these results concern with a
boundary value problem for a particular partial differential equation. Quite
recently in [4, 5] the Dirichlet problem for a general scalar elliptic equation of
any order with constant coefficients has been considered and necessary and
sufficient conditions have been established to guarantee the validity of the
related completeness of polynomial solutions. Secondly, very little is known
about systems. There are available results only for elasticity [3, 11] and
thermoelasticity [6].

The present paper is organized as follows. Section 2 is devoted to some
preliminaries concerning potential theory. In particular we give some “jump
formulas” for the hydrodynamical potentials generated by measures and we
prove a uniqueness result for such potentials.

Section 3 concerns the construction of the system of polynomial solutions
of (1). This construction hinges on the results obtained in [1].

The completeness of polynomial solutions in [LP(X)]? and in [C°(X)]? are
proved in Section 4 and Section 5, respectively.

Finally in Section 6 we consider multiple connected domains and we de-
termine the closure in I” norm of the linear space generated by the system
of polynomial solutions.

2 Preliminaries

In this paper Q is a connected bounded domain of R3. The boundary of €2,
which we denote by ¥ is supposed to be C'. Throughout this paper, v is the
exterior unit normal vector on ..

As well known, a simple layer hydrodynamical potential (v, p) with den-
sity ¢ is defined as

vi() = — / bWz —y)do,,  i=12,3, (2)
p(z) = - / b;W)e;( — y)do (3)
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where ) 5 Lo
YT —y)=—— |75 [z —yl|,
A ||z —y| 2 0x,0x; ()
1 0 1
) G el

(1,7 =1,2,3) is the fundamental solution for the Stokes system (1).

The main results concerning such potentials can be found in the classical
monograph by Ladyzhenskaya [13, Chapter 3]. Among them we recall the
jump formulas related to the stress tensor

8vi 81}]'

Tij = —0ip +

Theorem 1 Let ¥ € C. Let ¢ € [LX(X)]>. Let T; be the stress tensor (5)
related to the potentials (2), (3). Let xg € ¥ be a Lebesgue point of ¢. Then

lim (T (2)vi(20) — Tik(2)vi(20)) = (o), (6)

T—T0

where x is a point on the inner normal to ¥ at xo and x’ is its symmetric
with respect to xg.

Proof. Under more particular hypothesis this result is classical. A proof
under the assumptions given here can be obtained observing that

1 0 1 0 1
Ti(e) = — [ 6,) |6 5
() 47T/2¢](y) [ kaxj |x—y|+ ]8xk\x—y\+
(7)
0 1 9 | la

— — T — o

kg Ox; |z —y| 0Ox;0x;0xy y v
and applying [5, Theorem 3, p.6-7] (see also [4, p.84]). 0

In the present paper we shall consider also potentials generated by mea-
sures, i.e.

vi(r) = — / vij(x — y)d,ui,, i=1,2,3, (8)
2

p(x) = — /Z ej(x —y)dpl, 9)
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where p = (ub, p2, %) is a vector measure with p/ € M(X) = [CO(X)]".

The boundary behaviour of the stress tensor related to these potentials
is more delicate. In order to describe the behaviour of such potentials, let
us introduce a family of “parallel surfaces” ¥,. Let us denote by ((x) a
unit vector of class C'(X) such that ((z) - v(x) > By > 0. We can choose
po > 0 in such a way that the surface ¥, defined by z, = z + p((z), z € X,
is the boundary of a domain containing € (contained in Q) if 0 < p < po
(—po < p < 0). One can prove that if ¥ € C' such a vector does exist (see
(12, pp. 273-275]).

We have the following result.

Theorem 2 Let ¥ € C'. Let pu € [M(X)). Let Tj; be the stress tensor (5)

related to the potentials (8), (9). Then, for any ¢ € [C)‘(RS)]3, we have the
following “jump formulas”:

lim (/2 Vi(wp)vi(x,) Tin(xp) do, — Yilz—p)vi(z—p)Tir(7—p) dap)

p—07F .,
= [ i) dis.
p>
(10)

Proof. This result can be proved by means of [5, Theorem 5, p.11], keeping
in mind formula (7). 0

We give now the following uniqueness result.

Theorem 3 Let v be the potential (8), where pp € [M(ZJ. If v(x) = 0 for
any v € R3\ Q, then v(z) =0 for x € Q.

Proof. Let (¢, q) be a vector function belonging to [CQ”\(Q)F. We have

dq /
[ (B gt o= [ @ytobew - Tt doy, (1)
Q_, 4 b))

—p

where
Opi | 085
alll'j 81’2

Ty = bijq +

(see [13, p.53]).
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Since the vector v belongs to (WL (R3] (see, e.g., [5, Lemma 4, p.14])
and v(x) = 0 for x € R\ Q, we have

. / o
pligh - T (p)vivjdo_, = 0.

Moreover, denoting by @ a Holder continuous function defined in R? which
coincides with ¢ in ©Q ? | formula (10) shows that

lim Tij(v)pivj do—, =

p—>07L pr
lim (/ T (v)piv; da_p—/ T (v)piv; da,,) :/goi du’
=0t \Js_, 2, 2

Letting p — 07 in (11) we find

/vi <Ag0i+@)dx:—/cpid,ui.
Q dw; b

/UiA%d:czo
Q

for any ¢ € [02’)‘(5)]3 such that ¢ = 0 on X, and this implies the result.

This leads to

3 Polynomials solutions

In paper [1] a system of polynomial solutions of the Stokes system (1) has
been constructed. Unfortunately a small computational mistake led to a
wrong expression for the function ¢, which was used again in [2].

21t suffices to take
@(x) = inf {o(y) + Clz —y|*},
yEQ

where C' > 0 and 0 < A < 1 are such that |p(z) — ¢(y)| < C|z — y|*, for any z,y € Q.

URL: http:/mc.manuscriptcentral.com/gcov
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Theorem 4 Let v = (vq,...,v,) and q be a homogeneous vector polynomial
of degree k and a homogeneous scalar polynomial of degree k — 1, respectively
(k > 2). The vector (v,q) satisfies Stokes system (1) if and only if

v(r) = Hy(z) — = [2[>V(V - Hy(2)),
2o (12)
q(r) = —?V - Hy (),

Hy. being a harmonic vector homogeneous polynomial of degree k.

Proof. We shall not repeat the proof given in [1]. We just mention that the
sixth formula from the top at [1, p.317] has to be replaced by

QTLHk_Q(ZE) + 4((15 : V)Hk_g(l’) = VHk_l.

Repeating the proof given in [1] the reader will find without difficulties
that the right expression of the sought polynomials is (12). 0

By means of the previous result, we can easily construct a complete sys-
tem of polynomial solutions of Stokes system. By this we mean a system of
homogeneous polynomials such that any polynomial satisfying Stokes system
(1) can be written as a finite linear combination of vectors of this system.

We shall write it explicitly in the case n = 3. With the same idea it can
be written in any dimension.

Let us denote by {wisHs=1,...,2k+1;k=0,1,...) a complete system
of harmonic polynomials, i.e.

Wes = | @] Vs (%) (s=1,...,2k+ 1;k=0,1,...) (13)

{Yis} being the system of spherical harmonics.

Theorem 5 Let v = (vy,vy,v3) and p be homogeneous polynomials of de-
gree k and k — 1 respectively (k > 1). The vector (v,p) satisfies the Stokes
system (1) if ,and only if, it is a linear combination of the following 6k + 3

URL: http:/mc.manuscriptcentral.com/gcov

Page 6 of 17



Page 7 of 17

oNOYTULT D WN =

ocouuuuuuuuuuudhDdDDDBDDAMDMDMDAEDAEDNWWWWWWWWWWNNNNNNNNNDN=S =2 @O aQaaa0
cowvwoOoONOUMMNWN—_,ODVVONOOULLDdMNWN OOV OONOUPDMNWN—_,rODVONOOULLDdMNWN-_,ODOVUOONOOUED WN = O

Complex Variables and Elliptic Equations

polynomials:

1 9 1 9 1 9 2k—1
<wks+2(1_k)|x| allwks, 2(1_k)’$| 8216%57 2(1_k)’33\ 531%:5; — O1Wks |,

! L 1 2%—1
(m|$!2312wk5, wks_"m’“f‘Qanwks, m’x\zagzwks, — aQWks)a

L ! 1 2k—1
<2(1—k') |$’2813wk57 2(1—]{3) |$’2823wks; Wks+ 2(1—/{;) ];(;|2833wk3, Ta3wks);

(s =1,...,2k + 1), wgs being the harmonic polynomials (13).

Proof. The result follows immediately from Theorem 4 and from the well
known fact that any harmonic polynomial can be written as a linear combi-
nation of elements of {wys}. O

We denote by {Wy} (k=0,1,2...) the system constituted by the vector
polynomials

(1,0,0,0),(0,1,0,0), (0,0,1,0), (0,0,0, 1),
(2,0,0,0), (x3,0,0,0), (0, 21,0,0), (0, :cg,o 0), (0,0, z1,0), (0,0, z2,0),
(

(x17_x27070)7 X1 —3, )7

and all the polynomials given by (14) (s=1,..., 2k + 1; k=0,1,...), ordered
in one sequence.

Clearly any polynomial solution of Stokes system (1) can be written as a
finite linear combination of elements of {WW}}.

4 Completeness in LP(Y)

We start with the following Lemma, in which we denote by w; the 3-
dimensional vector given by the first three components of Wj.

Lemma 1 Let Q be a bounded domain with a C' boundary and such that
R3\ Q is connected. Let p = (p', p2, p®) € [M(2)). If

/wkdu:O, k=0,1,2,..., (15)
>

URL: http:/mc.manuscriptcentral.com/gcov
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then

/%j(a:—y)du; =0, (i=1,2,3),
by

for any x € R*\ Q, where v;; ¢ is the fundamental velocity tensor.

Proof. The following expansions hold:

Z |?J|k X )
|x|k+1 k(cosy

S 1 Iyl’“ 1 |y[*
|z — y| :Z — Xk(cosv)+2k+3| ‘Hle(cosy)
k=0

where X}, (t) denotes the Legendre polynomial

1 dt X
gt~ Y

and cosy = - y/(|z|[y]).
If we fix x # 0, these expansions uniformly converge in any compact set

contained in the ball |y| < |z|. The first expansion is very well known. For
the other one, see [8, p.196].
By means of the spherical harmonic addition theorem, we get

oo 2k+1
,$_y, =D D (@) wnsly
k=0 s=0
oo 2k+1
=yl =3 > s (@) wis(y) + Ts() [y (3)]
k=0 s=0

where wys are the harmonic polynomials (13) and

o) = e ()

1 1 x 1 1 T
S :_——Ys T b S :——YS T .
Xisl®) = = T et <|x|> e l0) = g e (m)

URL: http:/mc.manuscriptcentral.com/gcov



Page 9 of 17

oNOYTULT D WN =

Complex Variables and Elliptic Equations

From (4) we find

O 1 0?2
A~ (x — 1) = — ¥ - — =
(@ — ) hx—m 51 y\]

oo 2k+1
_51] Z Z )\ks wks (16)
k=0 s=0
oo 2k+1 2 82
- 2
22 2 (o) )+ o) )
We remark that 9
v_ S
8y¢wk (?J)

is a divergence-free harmonic vector. Therefore it satisfies Stokes system (1)
(p = 0). Consider now the sum of the first and the last series in the right
hand side of (16). The generic term we obtain is equal to

() na(0) + 5l 5l (0) =
1

(o) (=84(2K + ) + 350 lnn))

Let us fix £ and s and denote by ®;;(y) the function

2

2 Ty e )

and by ®; the vector (91, iz, Pi3). Since A(|y|*wis(y)) = 2(2k + 3)wps(y),
we have

=055 (2k + 3) wis(y) +

A (=2 3) o) + 3 50 (o)) = 2K+ 3) 5

This shows that A®; = Vp, where

awks
=(2k+3 . 17
p=(2k+3)5 17)
Moreover ®; is divergence-free, since
6@1-]- 8wks 1 2
9
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We have then shown that the vector ®; satisfies Stokes system (1) (where
p is given by (17)). In view of (16) we can write

—y) = Z Cin()vn(y)

uniformly for y € Q, provided that |z| > R, where R = (max, g |z|)/r. Here
cin, are scalar functions and vy, are vector homogenous polynomials satisfying
Stokes system.

Orthogonality conditions (15) imply

/ ’ng dl/Jy Z Czh / )duy =0

for any x such that |z| > R. The potentials on the left hand side being
analytic in the connected domain R?\ €, the thesis follows. 0O

We are now in a position to prove the completeness of {wy} in the LP-
norm.

Theorem 6 Let € E_]R?’ a bounded connected domain with a C' boundary
and such that R3 \ Q is connected. The system {wy} is complete in the

subspace of [LP(E)]g
{fe [LP(Z y/f yda—O} (18)
(1<p<o0)

Proof. In order to prove this result, it is sufficient to show that if ¢ &
[L4(2)) (¢ =p/(p — 1)) is such that

/d)-wkdcr:(), k=0,1,2,...,
by
then ¢ = cv . Thanks to Lemma 1, we have

/ o (y)vij(x — y)do, =0, reR? \ﬁ, 1=1,2,3.
5

10

URL: http:/mc.manuscriptcentral.com/gcov

Page 10 of 17



Page 11 of 17

oNOYTULT D WN =

Complex Variables and Elliptic Equations

The simple layer potential (v, ve, v3, p), where
wia) = uiona) = = [ 5l = 1),
(@) =pl0.2) = = [ iw)eile ~ 9)dor,
b

satisfies Stokes system (1) for z ¢ . In R®\ Q we have v = 0, and then
Vp = 0. The set R?\ Q being connected, we find p = ¢ in R* \ Q. On the
other hand, we have that the potential representing p vanishes at infinity and
then p = 0 in R?\ Q.

Theorem 3 shows that v = 0 (and then Vp = 0) also in Q. Then the
potential (3) is equal to a real constant —c in € and vanishes in R?\ Q.

Therefore
T;j _ (5@‘0 %1’1 Q, _
0 in R\ Q.
In view of jump formula (6), we get ¢ = cv a.e. on ¥ and the Theorem
is proved. 0O

We note that this completeness Theorems implies the Runge property for
Stokes system (1). Indeed we have:

Theorem 7 Let A be a domain such that R® \ A is connected. Let U =
(u,p) € [C®(A)]* be a solution of system (1) in A. For any compact set
K C A there exists a sequence v, of polynomials solutions of (1) such that
U — u uniformly in K.

Proof. Let €2 be a bounded domain with smooth boundary such that K C €2,

Q C A and R\ Q is connected. Because of the completeness property proved

in Theorem 6 there exists a sequence v,, of polynomial solutions of (1) such
that v, — wu in [L*(0Q)]*. In view of classical results, this implies that
v, — u uniformly in K. 0

5 Completeness in the uniform norm

The problem of the completeness in uniform norm is much more delicate, as
it involves potentials generated by measures.

11
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Theorem 8 Let ) C R? be a bounded connected domain with a C* boundary
such that R3\ Q is connected. The system {wy,} is complete in the subspace

of [C°(%))°
{fe [00<2)}3\/2f-uda:o}.

Proof. In order to prove this theorem, it is sufficient to show that if u €
[M(2)]? is such that

/wkd,u:() k=0,1,2,..., (19)
by

then
du = cvdo (20)

where ¢ is a real constant and o is the (n — 1)-dimensional Lebesgue measure
on ¥. Equation (20) means that ;1 < o (i.e. p is absolutely continuous with
respect to o) and that the Radon-Nikodym derivative of p with respect to o
is cv, i.e.

,ui(A):c/uida, 1=1,2,3,
A

for any Borel set A C X.
Lemma 1 shows that conditions (19) imply

vi(:v):—/%j(as—y)dui:(), reR*\Q, i=1,23.
2

Theorem 3 allows to conclude that v(z) = 0 also in €.
As in the proof of Theorem 6, there exists a real constant ¢ such that

, —c ifz e
= — - — d — ! .

and then

12
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Let ¢ € [C* (R?’)}g. In view of Theorem 2, we get

/2%' dp' =

— lim ( 5 @Z)z(xp)l/k(l'p)ﬂk(l‘p) dap_

p—0+

Doyl Ti(ry) da_p) _

X—p

lim ¢ Yi(z_p) vi(z_,)do_, = c/ Yiv;do .
>

+
p—)O E*p

Because of the arbitrariness of ¢, we have y < ¢ and du = cvdo. 0

6 Multiple connected domains

In this section we consider domains which are connected but not simply
connected. Saying that 2 is a multiple connected domain, or - more precisely
- an (m + 1)-connected domain, we mean that €2 is an open connected set of
the form

Q=2\J9, (21)
j=1
where each Q; (j = 0,...,m) is a bounded domain of R* with connected

boundaries ¥; € C' (j =0,...,m) and such that
ﬁjCQo and ﬁjﬂﬁk:@ ],k':]_,,m,j%k}

For such domains the polynomial solutions are not complete in the sub-
space (18) anymore. We are going to determine the closure of the space
generated by such systems. What comes out is that such a closure can be
described by means of the boundary values of the solutions of some trans-
mission problems.

In the following Theorem, writing 7;;(v, p) we mean the stress tensor (5)
related to the vector (v, p) and the suffix * (7) will denote the limit from the
interior (exterior) of €.

Theorem 9 Let 1 < p < co. Let 2 be the (m + 1)-connected domain (21).
Suppose [ = (fu, fo, f3) € [LUX)P (q=p/(p—1) ifp>1ig=00ifp=1)

13
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18 such that
/f-wkda:(), k=0,1,2,.... (22)
M

Then there exists (v,p) solution of Stokes system 3

Av — =0, in
vmVpEh (23)
V-v=0, in
satisfying the boundary condition
v=0, on 3, (24)
and such that, denoting by (v®,p™) the solution of the BVP
AvW —vph) =0, in Q
Vo =0, in Qp, (25)
v =y, on X,
(h=1,...,m), we have
=Tt (v, ) N
fi=T; (v, p)v; = T; (", p"M vy, on Xy, h=1,...,m.

Proof. As in the proof of Theorem 6, conditions (22) imply that the poten-
tials

wle) == [ K- oo, =123 @0
s
o) == [ Bwee - vy, (28)
2
vanish in R3 \ Q.
Let us denote by (v,p) the vector given by (27)-(28) for x € Q. This

vector satisfies Stokes system (1) and the boundary condition (24). In view
of (6) we get also the first equation in (26).

3This and the other BVPs are considered in suitable spaces of potentials with L?
densities. See [7, Theorem 23] for further details.

14
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For any 1 < h < m, the vector (v, p®)) given by (27)-(28) for x € Qy,
is solution of the BVP (25) and f satisfies the condition (26) on X; because
of (6).

Conversely, suppose (23)-(26) are satisfied. From the Green formula (see
[13, formula (10), p.53] and writing the vector Wy as (wg1, Wia, Wi 3, Wia) =
(W, Wiy), We get

/f‘wkdff: f‘wkd0+z fwpdo =
z o h=12h
/ jjier(Uap)Vj'IUki do + Z/ (Tg(v,p) - T (v(h),p(h))) Vijwy; do =
o h=1 " Zh
/ﬂ'}r(vaP)ijki do — Z/ ﬂ;(v(h),p(h))ujwki do =

(h) ;3 _
/Tw (W, Wra ) Vjv; do — E / > T (wg, wga)vyv;  do =
s

m

Z/ (ﬂ-}*(wk,wm) ~ T (wk,wk4)> vjv; do .
Zh

h=1

The integrals in the last hand side vanish, because

/ (a

T (Wi, wia) = T (W, Wia).

In fact the first derivatives of vectors W), have no jumps across ¥, since they
are C™ all over the space R3. This shows that (22) are satisfied and the
theorem is proved. 0O

As a Corollary we can describe the linear space generated by {wy} as the
orthogonal complement of a certain linear space.

Theorem 10 The closure in [LP(X)]® of the linear space generated by the
system {wy,} is constituted by the vectors G € [LP(X)]® such that

/F-GdazO,
2

for any F € [LY(X))? given by (26), with (v,p) and (v pM) (h=1,...,m)
satisfying (23)-(25).

15
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Proof. It follows immediately from Theorem 9. 0

Finally we mention that a complete system in a (m+1)-connected domain

could be obtained as done in [9, 10] for Laplace equation and elasticity.
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