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Abstract Using tools from Lorentzian geometry (arising from the presence of the
Fefferman metric) we prove a Takahashi type theorem (for a class of pseudohermitian
immersions covered by connection-preserving equivariant immersions among the total
spaces of the canonical circle bundles) thus relating the geometry of a pseudohermitian
immersion from a strictly pseudoconvex CR manifold M into an odd dimensional
sphere, to the spectrum of the sublaplacian on M.
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Mathematics Subject Classification 32V20 - 53C50

5 Introduction and abridged statement of results

This is the second part of the paper [4]. Section 6 is devoted to recalling the essen-
tials on the Fefferman metric (cf. also [3]). In Sect. 7 we study the geometry of the
second fundamental form of a pseudohermitian immersion ¢ : M — A covered by
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a connection-preserving equivariant immersion ® : C(M) — C(A). The main result
in Sect. 7 is Theorem 2 admitting the following

Corollary 5 Let ¢ M — SN+ pe pseudohermitian immersion of (M, 0) into
(S2N+1 @), Let Ah be the sublaplacian of (M, 6 = AO) where . = A o ¢ and
(i/2) (0 —9)|Z|> = A®. If there is a connection-preserving equivariant immer-
sion ® : C(M) — C(S*N+1) covering ¢ thenu’ = ZJ o jyi10¢ € Elgen(Ab , 2n)
i.e. each u’ is an eigenfunction of the sublaplacian Ay corresponding to the eigen-
value 2n. Conversely let M be a strictly pseudoconvex CR manifold of CR dimen-
sionn and ¢ : M — CNT! a smooth map covered by an isometric immersion
®: C(M) — CN*T! x C* of (C(M), Fy) into (C"H x C*, G) for some contact form
6 on M with G positive definite. Let w =Zlopand f =¢ o ®.If

Apul =pul,  Of==2f 0<j<N,
for some p € Rand | f| = 1 everywhere on C(M) then

w>0, ¢M)cC SNt/ 2n/p). (124)

Corollary 5 bears a close analogy to aresult by Takahashi [14], relating the geometry
of minimal immersions among Riemannian manifolds to the spectrum of the Laplace—
Beltrami operator of the given submanifold. In the context of our Theorem 2 and
Corollary 5 the role of the Laplacian is played by a second order subelliptic operator
appearing naturally on a strictly pseudoconvex CR manifold, the sublaplacian Ay.

6 Fefferman’s metric

A complex valued p-form w on M is a (p, 0)-form if To (M)]w = 0. Let
APO(M) c AP T*(M) ® C be the relevant subbundle. If M has CR dimension
n then the top degree (p, 0)-forms are the sections of A"PEOM) (a complex line
bundle over M, the canonical bundle of (M, T1,0(M))). There is a canonical action
of the multiplicative positive reals GL* (1, R) = (0, +-00) on A"T10(M)\(0). Let
C(M) = [A"T10(M)\(0)] /GL* (1, R) be the quotient space and 7w : C(M) — M
the projection, so that C(M) is the total space of a principal S'-bundle over M (the
canonical circle bundle). Let S2[C (M)]and Lor[C (M)] denote, respectively, the space
of all symmetric (0, 2)-tensor fields and the set of all Lorentzian metrics on C(M).
We endow S2[C(M)] with the distance function

o0 / 7 7IN\2 172 12
dgM (h,h)y = sup [trace(hc —h,) ] (125)
ceC(M)

where gjs is a fixed Riemannian metric on C (M) while h, b’ are the (1, 1)-tensor
fields determined by &, h' € S?[C(M)] with respect to g e.g.

gn(h(X),Y) =h(X,Y), X,Y e X(C(M)).
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Then Lor[C(M)] is an open set of the metric space (S2[C(M)], dé’ii) (cf., e.g.
Mounoud [11], p. 49). When M is strictly pseudoconvex for each contact form 6 (with
Gy positive definite) there is a Lorentzian metric Ly € Lor[C(M)] (the Fefferman
metric of (M, 0)) given by

Lo =7*Gg+2(7*0) O 0 (126)

where G@ is the extension of Gy to a symmetric degenerate (0, 2)-tensor field on M
given by Go = Gy on H(M) ® H(M) and Gy(X, T) = 0 for any X € X(M) while
© denotes the symmetric tensor producte.g. o« © f = (1/2){e ® B + B ® «} for any
I-forms «, B. Alsoo € C®°(T*(C(M))) is (cf. [7]) a canonical connection 1-form in
the principal bundle S' — C(M) — M given (cf. [10]) by

1 i 3z 0
= ——1d Niw, — =P de n— —2 9 . 127
o n+2{ v (“"“ 28 BB T 4 1) )] (127

Here y is a local fibre coordinate on C (M)

y 1 ' U) >R, y()=arg (%) , cen L),

with respect to a local frame {7y, : 1 < o < n} of T1,0(M) defined on the open set
U C M, i.e.cisrepresented as

c:[A (9/\91/\~-~/\9”)x], AeC\[0}, xeU.

Here {6 : 1 < o < n}isanadaptedlocal coframe (i.e. frame of T} o(M)*) determined
by
0%(Tp) = 8%‘ , 9“(T3) =0, 6%(T)=0,

and arg : S! — [0, 27). For each w € A”“*O(M)\(O) we denote by [w] € C(M)

the class of @ (mod GL™ (1, R)). Also p is the pseudohemitian scalar curvature of
(M, 6). With respect to {Ty, : 1 <« < n} we set

gag = LQ(TC{’ TE)a [gaﬁ] = [gaE]_l’
VTp =g ® T wp® € Q'(U),
Ry =Rs" 5. R isTs = RY (T3, To) T,
P = Raa N Ray = gVﬁ Raﬁ'

Here RV is the curvature tensor field of the Tanaka—Webster connection V of (M, ).
The restricted conformal class

[Fy] = {¢""Fy : u € C°(M,R)}

is a CR invariant (by a result of Lee [10], or Theorem 2.3 in [3], p. 128).
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Let X1 € X¥(C(M)) denote the horizontal lift of X € X(M) with respect to the
connection I-form o, i.e. X1 € Ker(o) and (dcn)XcT = Xy (¢ forany c € C(M). Let
S be the tangent to the S Iaction i.e. the tangent vector field S € X(C(M)) locally
given by S = [(n + 2)/2]9/dy. Then TT — § is timelike i.e. (C(M), Fy) is time
oriented by T1 —S.Hence (C(M), Fy)isa space-time. However when M is compact
(C(M), Fp) is not chronological (cf. Proposition 2.6 in [2], p. 23). Note that S is null
i.e. Fy(S,S) = 0. Hence m : C(M) — M is not a semi-Riemannian submersion
(its fibres are degenerate) (cf. also [13], p. 212). Nevertheless we may (in the spirit
of [12]) relate the Levi—Civita connection V% of (C(M), Fy) to the Tanaka—Webster
connection V of (M, 0).

Lemma 7 Forany X,Y € C*°(H(M))
FaX' YD) =gs(X.V)om, Fax'.Th =0, F(r’. 7T =0.  (128)
Moreover

vieyt = (Vxn)' - [@0)(X.Y) om] T' (129)
+ [o([XT,YT]) —2A(X, Y)on] s,

VAT = (x(X) + M), (130)
vfixT = (Ve X +MX)" +4do)xt, Th S, (131)
Vs =vixt = % ux), (132)
viirt=2vt, vis=virt=vlis=o, (133)

where MM : H(M) — H(M) and V € H(M) are, respectively, the bundle morphism
and the tangent vector field determined by

GoON(X),Y)omr = (do)( X1, Y, Go(V,X)omw = (do)TT, X, (134)

forany X, Y € H(M). Locally 9t and V are given by

i o i
mp=—— RS- —C 5L m,P =0 Mm0=0, 135
“ 2m+2) | 2+1) ¢ ¢ ¢ (135)

@ Springer
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Ve = gBy . V= ! ! o7+ i W (136)
B 2n+2) |4n+1)"F A

Proof The identities (128) follow from (126). Next for any tangent vector fields
X,Y, ZeX(CM))

2F, (v){;@?, Z) - X (Fg(?, Z)) 47 (Fg(Z, 5()) _ 7z (Fg(f(, 1?)) (137)
+ R ([%.7]).2)+ o (V. [2.%]) - o (7. 2] %).

Let us set X = xt, Y=Y'andZ=2Z"in (137) for any X, Y, Z € H(M). The

vertical distribution Ker(d) is spanned by S. Thus [by (126), (127)] Ker(dm) and

H(M)" C Ker(o) are orthogonal (with respect to F). On the other hand (by [8,9],
vol. I, p. 65) [X, Y]1" is the horizontal component of [X, YT] hence

Fy ([XT, YT] , ZT) — Fy ([X, Y1, ZT) — (7*Gy) ([X, i ZT)
—Go(IX,Y],Z) o = Gy (T [X, Y], Z) o = g9([X, Y], Z) 0.

Here [Ty : T(M) — H(M) is the projection (associated to the decomposition (3) in
Part I of this paper). Then (137) yields

26 (Vv 21) = XV (g (Y. 2y o)+ ¥ (80(Z. X) 0 1)~ 2 (g0 (X, V) 0 )
+eo (X, Y], Zyom +go (Y, [Z, XD o
—g (Y. Z], X)on
=2g (VYY, Z)om

where V& is the Levi—Civita connection of the Riemannian manifold. We recall [cf.
(1.61) in [3], p. 37]

V8 =V —-di+A) QT +1R0+20 0 ). (138)
Thus l'IHfoY = VxY forany X, Y € H(M). Also note that
T(C(M)) = Ker(o) ® Ker(dn) = HM)' & RTT) @ (RS). (139)
Consequently
Fo (V™. 21) = Go(VxY . Z) o = Fo((VxD)' L Z1)
yields

Vart=xnt+art 4+ (140)
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for some a, b € C*°(C(M)) (depending on X and Y). Note that (by 77,(S) = 0)
Fo(TT, 8) =2((*0) 0 o) (TT, §) =0 (5) = 1/2.
Then [by taking the inner product of (140) with S]
a=2F (Vyr'. s) =
by (137) for X = X", Y =Y" and Z = §]

= x! (FQ(YT, S)) Tyt (Fe(S, XT)) - S(Fe(XT, YT))

+F ([XT,YT] , S) +F (YT, [s, XT]) —F ([YT,S] , XT) _
[by (128) and [XT, S]1=0(cf. [8,9], vol. I, p-79)]

— —S(g9(X,Y) om) + Fy ([XT, YT] , S) —  (bym.(S) = 0)
= (7*0) (X", Yo ($) = (1/2)0([X, Y o7

that is
a=—(dh)X,Y)om. (141)
Similarly (by taking the inner product of (140) with 7'1)
b=2F(Viyt T1) =
by (137)with X = X", Y =Y'andZ=T")
= x! (F@(YT, TT)) e (Fg(TT, XT)) 7t (Fg(XT, YT))
F ([XT,YT] , TT)+F9 (YT, [TT,XT]) o ([YT,TT] : XT).
On the other hand (as 6(X) = 6(Y) = 0)
FoX1, Y = *Go)(XT, TN = Go(X, T) o =0,

Fp(xt Y™, 1t =o(xt v,
Fo(IX", T, Y1) = Go(IX, T],Y) o,
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hence

b=o(X", Y +{-T(ge(X,Y) + go(IT, X1, Y) + g (T, Y], X)} o 7.
(142)

Also

280 (VY. T) = X(go(Y,T)) + Y(go(T, X)) — T(g9(X, Y)) + go(IX, Y], T)
=—-T(g(X,Y)) +go([T, X].Y)+ go(IT, Y], X) +0([X, Y])

leads to the identity

—T(go(X,Y)) + go([T, X1, Y) + go ([T, Y], X) (143)
=26 (VYY) —0([X. Y]).

Let us substitute from (143) into (142) so that to yield
b=20(VyY)—0(X, YD) +o(X", ¥
or (by 0 (VYY) = —(dO)(X,Y) — A(X, Y))
b=o(X", Y')=2AX,Y). (144)
Finally we may substitute from (141) and (144) into (140) so that to yield

vyt = (xn) - [@o)(X.Y)or] TT + [o([xT, Y'y—24X,7) on] S

forany X, ¥ € H(M). This proves (129). To prove (130) letus set X = X', ¥ = 7"
and Z = Z" in (137) with X, Z € H(M)

2F, (vf;TT, ZT) = x! (Fg(TT, ZT)) +7t (FQ(XT, ZT))
7t (FQ(XT, TT)) tF ([XT, TT], ZT)
+F (17 |20 x1]) = R ([0, 2] X7)
or
26y (VT 21) = o (X1, 1) + (T (80(X. 2)) (145)

+80(X, T, Z)+go([Z,T], X)}om.
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On the other hand
280 (VY'T, Z) = X(go(T, 2)) + T(g0(X, Z)) — Z(go(X, T)) + go (X, T1. Z)
=T(g(X,2)) +g([X,T],2) +go([Z,T1], X) — 0([X, Z])

yields the identity

T(go(X.2)) + go([X.T1. Z) + go(IZ. T1. X) =289 (V¥ T. Z) + 6([X. Z]).

(146)
Substitution from (146) into (145) gives
2F (VQTT , ZT) = {280 (V¥T, Z) +0(X. ZD)} o — o (X", Z1])
hence [by V§'T = 7(X) + J(X)]
2F, (v)f‘;TT , ZT) =2AX,Z)om —o(IX", ZM)). (147)
Next one has
VT =W ATt 4 s (148)

for some W € H(M) and A, u € C®(C(M)) (depending on X). Taking the inner
product of (148) with Z" leads [by (147)] to

W =1(X) +M(X) (149)

where 9 : H(M) — H (M) is given by (134). Taking the inner product of (148) with

S leads [by (128) and by (137) for X = X1, ¥ =TT and Z = S] to
1
1 =2F (VT 8) = Fy(X'.T11.8) = S 0(X. T)
ie. A =0 (as [X, T] € H(M)). Similarly

w=2FNuTh TH =0

@ Springer
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and (148), (149) yield (130). To prove (131)letusset X = 71, ¥ = Yt and Z = Z*
in (137)

2F, (Vf‘;YT, ZT) =7t (FQ(YT, ZT)) +Fy ([TT, YT], ZT)

cn (v [z ([ 27]. 1)
={T(g6(Y,2)) + go(IT. Y1, Z) + go(IZ, T1, )} o
—o(¥", 2

and substitution from
280(V{'Y, Z) +0(Y, Z]) = T(go(Y, Z)) + g6 (T, Y1, Z) + o (Y, [Z, T])

furnishes

26 (V3T 21) =280(V§'Y . )+ 0(1Y. 2D — o (YT, 21
or (by V'Y = V7Y 4+ J(Y))

Fo (Viixt, 2) = g (V1Y 2)+ @oyrt, 2. (150)
Consequently
ViYt = (vry + ma)t +a T+ BS

where [by (137) for X =TT, Y = Y" and Z = S, respectively for Z = T'!]

o =25 (Vv s) = F ([T 71] ) = %9([T, Y] =0,

g =2k (vt 1) =25 ([T 1] 77)

=20(T", Y") = -4 do )T, Y,
thus leading to (131). To prove (132) we set X = X1, ¥ = Sand Z = Z" in (137)
25y (Viys. 2t) =s (Rt zh) + R (. [27. x1])
= $(g(X, Z)om) + 1 0UZ XD o
and obtain

2Fy (V)’;‘;S, ZT) — (d6)(X. Z) (151)
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so that
F
Vi S =Wh4aTt +us

forsome W € H(M) and A, u € C°°(C(M)). Taking the inner product with 71 leads
to [by (151)] W = (1/2) JX. Also [by V¢ Fy = 0 and (130)]

r=2F (Vyis. s) =0,
w=2F, (vﬁis, TT) - 2{XT (FQ(S, TT)) —F (S, VQ;TT)}

- _2F (S, (t(X) + Sm(X))T) =0,

a~nd (132) is proved. Finally let us prove (133). To this end we set X=Y=7"and
Z =27"in (137)

Fy (vfiTT, ZT) —F (TT, [ZT, TT]) —oqz', T
or
Fy (vﬁTT, ZT) = 2oyt Zh (152)
so that
viaTt =2Vt AT + 1S
where V € H(M) is given by the second of the identities (134) and [by (137)]
r=2F (ViT!, $) =0, p=2F (V1" T!) =0,

and the first of the formulae (133) is proved. The second identity in (133) is an imme-
diate consequence of (137), VvFo Fy = 0, and (132). Moreover we set

i B P
—gPdg — —" ¢
28 9B T 41

o) = i a)a“ -
sothat o = [1/(n + 2)]{dy + m*0p}. Note that
dg®P ndg,z =0

as a consequence of Vgg = 0. Then

(08).

doo = i dwg® — ————d
0= T )
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At this point we need to recall (1.90) in [3], p. 55
Q= Rz 0" A O + WS, 02 no— W0 A (153)
where
Qo = dws? — wa” AwyP —2i0, ATP 20Ty AOP

while Wo’? , and Wf 5 are certain contractions of covariant derivatives of A%. Here we

set T(TE) = A%Ta. Let us contract & and 8 in (153). As A is symmetric
By AT = Az 0% NP =0, 6, A% = Agp 6% A 6P =0.

Also wg? ANwg® = 0hence Q4% = dwy®. Next [by (1.99)in [3], p. 56] R,z = Ra"‘m
hence

dog® = Ry 6" N O™ + (W 0™ — We6™) A . (154)
Then by (134)
1 3 Iy
Go(ON(X),Y) = iR z0°n0P — — 2 got (X, V), 155
e(M(X),Y) n—i—Z[l LA PTPEY ]( ) (155)
dp T
Go(V,X) = —i(w% e — w*or)t (X), 156

for any X,Y € H(M). Finally (155), (156) and d6 = 2i 848 N yield (135),
(136). The proof of Lemma 7 is complete. O

7 CR immersions covered by equivariant connection-preserving maps

Let M and A be strictly pseudoconvex CR manifolds of CR dimensions n and N =
n+k.Let 0 and ® be contact forms on M and A such that the Levi forms Gy and Gg
are positive definite. Let ¢ : M — A be a pseudohermitian immersion of (M, 6) into
(A, ©®).Let C(M) and C(A) be the canonical circle bundles. Leto € C*°(T*(C(M)))
and o4 € C®°(T*(C(A))) be the connection 1-forms associated to # and ®. Precisely
o is given by (127) and

1 A PA
= ar+ni (i) — - G6/%dG . — L2 —0)}.
74 N+2[ +”A(’ ) KT AN+ D) )]

Here I is a local fibre coordinate on C(A). Also G .7 and €2 jk are the local coefficients
of the Levi form G and the connection 1-forms of the Tanaka—Webster connection
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of (A, ©) i.e.
Gr=Go(W;, Wp, VAW, =Q;/*w,

with respect to a local frame {W; : 1 < j < N} of Tj o(A). A smooth map & :
C(M) — C(A) is equivariant if ®(ac) = a ®(c) for any a € S and ¢ € C(M).
Also ® is connection-preserving if

d oy = o. (157)

Through Sect. 5 we assume that there is a connection-preserving equivariant C*
immersion ® : C(M) — C(A) covering ¢ : M — A i.e. such that

s o) 2 ca) < §!

I I ma (158)

M A

is a commutative diagram. Then the pair (P, ¢) is a morphism of principal circle
bundles.

Lemma 8 Ler S € X(C(M)) and Sy € X(C(A)) be the tangents to the S'-actions.
Then

1) .8 =S4 and ©,.I" C Iy,

i) ®.XT = (¢ X)" forany X € X(M),

i) v(P) =v(g)T,

iv) @ is an isometric immersion among the Lorentzian manifolds (C(M), Fy) and
(C(A), Fo).

Here v(®) — C(M) is the normal bundle of the immersion ®. Also I’ C T(C(M))
and T'y C T(C(A)) are the horizontal distributions associated to the connection
1-forms o and o 4.

Proof If c € C(M) let a, : R — C (M) be the curve given by a.(t) = e'/c for any

t € R. Then S; = (da./dt);=o. As ® is equivariant & maps a. into ae () so that
(d:®)S: = Sa,@(c) for any ¢ € C(M). Next

I' =Ker(o), I'yx =Ker(oa),

hence [by (157)] @, maps I' into I'4. To prove (ii) let X € X(M). Then [by the
commutativity of the diagram (158)]

&, X" — (0. X)" € T4 NKer(dma) = (0).

@ Springer
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To prove (iii) we consider the decompositions

T (C(A)) = [(d:P) T(C(M))] S v(P)e, ¢ € C(M), (159)

T(C(M)) =HM)" @ RTT ® RS. (160)
Let & € v(¢). Then for any X € H(M)

Fo(@, X", &) = Fo(0: X", &1 = go(¢:X . &) oma =0,
Fo(@,T1, £1) = Fo(¢.T)', 1) = Fo(T] . £1) = Go(Tu, £) =0,
Fo(®,S, ") = Fo(Sa, 1) =2[(30) ©0a] (S4. &M
= 0E)oa(Sa) =2g0(Tx, &) = 0.

Therefore [by (159), (160)] £ € v(®), i.e. v(¢)" S v(®). Equality holds because
both v(¢) and v(P) have rank 2k. Finally let us note that ¢*G@ = G@ This follows
from (14) in Part I of this paper and

(@*Go)T, X) = Go(Ta, ¢+X) =0 = Gy(T, X)

for any X € X(M). Hence [by (126), (157), and (158)]
@*F@ = o* {n;k‘é@ =+ 2(71’2@) @GA} =Fy.

Lemma 8 is proved. O

Let gy and g4 be fixed Riemannian metrics on C(M) and C(A) respectively. Let
us endow Lor[C(M)] and Lor[C (A)] with the distance functions dgof\’l and dgj [given
by (125)]. Then

Proposition 6 Let M and A be two compact strictly pseudoconvex CR manifolds. Then
for any connection-preserving equivariant immersion ® : C(M) — C(A) covering
the pseudohermitian immersion ¢ : M — A the map ®* : S2[C(A)] — S2[C(M)]
is a continuous surjection of [ Fg] onto [ Fg].

Proof For each Fefferman metric H = ¢¥°"4 Fg on C(A) (with V € C*®(A, R)) one
has ®*H = "7 Fp wherev = Vo¢ € C*°(M, R). Hence ®* [Fg] C [Fp]. Equality
holds because each C°° function on ¢ (M) extends smoothly to a function on A. Let
{X;:1<j<2N+2}bealocal gs-orthonormal (i.e. g4(X;, Xi) = d;;) frame of
T (C(A)) defined on the open subset I/ C C(A). Then

2N+2
H(Xj)= > " Fo(X;, Xi) Xk
k=1
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on U. In particular
trace [(H)?] = 2V ™) || Fg |12 (161)
where the (pointwise) norm of Fg is taken with respect to g 4. Consequently by (161)

dgi(Hy, Hy) = sup |e"TAE) — 2l Fo ||
ceC(A)

for any H; = ¢"i°"AFg and i € {1,2}. Let {H,},>1 C [Fo] be a sequence of
Fefferman metrics such that H, — H as v — oo for some H € [Fg]. Then for any
€ > 0 there is v¢ > 1 such that

eVu°7TA _eVoT[A ||F@|| <c

forany v > v, everywhere on C(A). Here H, = ¢"7°"4 Fg for some V, € C*(A, R).
We claim that || Fg|l is bounded away from zero. Indeed as A is compact C(A) is
compact as well hence inf.cc(a) [Folle = O yields (by the Weierstrass theorem)
Fo, = 0atsome c € C(A), acontradiction (as Fg . is nondegenerate on 7.(C(A))).
Leta = inf.cc(a) | Folle > 0. Then eV —eV < ¢/aforany v > v ie. {eV"}Uzl
converges to ¢" uniformly on A and in particular on ¢ (M). Let v, = V, o ¢ and
v =V o¢. Then {e"},>1 converges to e” uniformly on M. Finally as M is compact
|| Fg |l (computed with respect to gj) is bounded from above and

dy (®*H,, ®*H) = sup | — ") |Fy|| -0, v— oo.

ceC(M)

O
Theorem 2 Let M and A be strictly pseudoconvex CR manifolds. Let 0 and ® be
contact forms on M and A such that the Levi forms Gg and G are positive definite.
Let ¢ : M — A be a pseudohermitian immersion of (M, 0) into (A, ®). Then (i)
any connection-preserving equivariant immersion ® : C(M) — C(A) covering
¢ : M — A is a minimal isometric immersion of (C(M), Fy) into (C(A), Fe). In
particular (i) if A = SN then

a(®)(V, W) = tancgan+1y [ae(tp o @)(V, W) (162)
forany V,W € X(C(M)). Here
w=p"" o (it x j oW : CS™) = Vo

while W : C(SN*th — 2N+ s §Uand p @ Vyyp — CNFL < (C\{0)
are, respectively, the the natural diffeomorphism induced by the (N + 1, 0)-form
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N = jys1@dZoANdZy N ANdZN) on S2NHL and the biholomorphism given by
pUZ.ED) = (Z/¢, ¢N*?) forany [Z, £] € Viv4a. Also

Viea = [C s @O /vszs Ivaz =15 e C:eM2 =1y,

and tanc gan+1y Lal T(VNy2) — T(C(S2VNTY) is the tangential projection associ-
ated to the decomposition

T.(Vny2) = [(dcco) TC(C(SQN“))] ® E(W(p))e, ce C(S*NTh,

Finally (iii) if f/ = ZJ o wo® (0 =<j=N)and f =§ oo P (withrespecttoa
local coordinate system (Z7 , ¢) on Vy42) then

Ofl =2nff, Of =-2f. (163)

Here Ll is the Laplace-Beltrami operator of (C(M), Fy) and® = 16.Also» = Ao ¢
where A € C®(S*N+1Y is given by

O=A0, ©=(/2) 5., @-3)1z>.
To prove Theorem 2 we first establish

Lemma 9 Let a(P) be the second fundamental form of the isometric immersion ® :
C(M) — C(A).

@)X, ¥ =[a@) (X, VT, (164)
a(@) (X", TT) = nor [Ma (4. X)]", (165)
a(@)(xt, $) =0, (166)

a(@) (T, T1) = 2nor(V)), (167)
a(®)(S, S) =a(P)(S, TH =0, (168)

forany X,Y € H(M). Here M4 : H(A) — H(A) and V4 € H(A) are the bundle
morphism and the vector field determined by

GoMA(X), X)oma = (doa) (X, &',
Go(Va, XM oma = (doa) (T}, XN,
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forany X, X' € H(A).

Lemma 9 follows from Lemma 7 and the Gauss formula
Vg(";(d)*? = o, vgg? +a(®)(X,Y), X,YeX(CM). (169)
Indeed if X,Y € H(M) then

vle

ot @Y=V @t = (by (129)

(9 X)1
A U 1
= (Vi x0.¥) —1@O)@.X . 9.7)074] T]

~2{on) (6.1, @N1) + g0 (Ca@:X), du¥) 0ma) S4 =
(by the pseudohermitian Gauss formula (24) and identity (38) in Part I of this paper)

= &, (V) + [a()(X, V)IT — [(dO)(X,Y) om] &, T
—2{(do)(xﬂ Y + AKX, Y)oyr} @,

and a comparison of the normal components yields (164). Next

Fq _ vk _ vk T _
Vorx1 @I =V 2 @D =V 0 Ty = [by(D]

= [24($X) + Ms (@ 201" = 7 X)T +Mp (4. X)]
while a calculation based on the very definitions shows that
tan {M4 (¢ X)} = M(X). (170)

The explicit calculation of the normal component is more tedious (and is not required
by the proof at hand). A comparison to (169) (for X=X"andY = T1) leads to
(165). Similarly the Gauss formula (169) together with (132), (133) yields (166)—
(168). Lemma 9 is proved. To prove statement (i) in Theorem 2 let H(®) = [1/(2n +
2)]trace p,(P) be the mean curvature vector of ® : C(M) — C(A). Let {E, :
1 < a < 2n} be a local orthonormal (i.e. go(E, , Ep) = S4p) frame of H(M). Then
{EaT ,TT+S:1<ac< 2n} is a local orthonormal frame of T (C(M)) (with respect
to the Lorentzian metric Fp). Consequently [by (164), (166)—(168), (iii) in Proposition
3 in Part I of this paper, and T | a(¢) = 0]
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2n
2+ 1) H(®) = D a(®)(E], E})
a=1

+a@) (T +5, T +8) —a@) (Tt =5, TT =5
=Q2n+DH@' =0.

The proof of statement (ii) in Theorem 2 requires some preparation. For every
real hypersurface A C CN*! the canonical circle bundle is trivial i.e. C(A) ~
A x S' (a principal bundle isomorphism). Indeed the (N + 1,0)-form n =
J¥dZoANdZy AN --- ANdZy) determines a global section in C(A). Here j : A —
CN*1 is the inclusion. Let 2 ¢ CNM*! be a smoothly bounded strictly pseudocon-
vex domain. By work of Fefferman [5,6], there is a smooth defining function u of Q2
satisfying the complex Monge—Ampere equation

_ u du/dZy B
Jw) = det(au/az,- 22u/dZ; afk) =1 a7n

to second order along A = d€2 and such that

W*h = Fg

5 (172)

i.e. W*h is the Fefferman metric corresponding to the choice of contact form O =
i/2)j* (5 - 8) u(Z). Also W : C(32) — 92 x S!is the diffeomorphism induced
by n while / is the Lorentzian metric on €2 x S' whose construction we briefly recall
below. First one sets (cf. [5,6] or [3], p. 150)

H(Z,¢) =tV Du(z), ZeQ, ¢eC\{0},

and considers the (0, 2)-tensor field G on 2 x (C\{0}) given by

N+1 82H
A B=0 0ZA07Zp

Here Zy4+1 = ¢.Byaresultin [5,6] G is a semi-Riemannian metric. It may be written
explicitly

w(Z) _ — gD 1
G=— " ¢V D2qr 0dt + >—— Qu) O | =d 173
TERA ¢OdT+ = (0w 0 |z dt (173)
N
£ |2/ N+ (1 ) = 2/(N+2) 0%u a
+ > (=d¢) o @u + —dZ; ©dZ.
N1z \g9)emrid jg_:o 902,92’ k

Then & may be found by taking the pullback of G to 2 x ! and passing to the limit with
Z — 9. From now on let @ = By be the unit ball in CVN*! so that A = §?N+1,
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Thenu(Z) = |Z|2 — 1 is an exact solution to (171)i.e. J(u) = 1 everywhere in CN+H
and (173) becomes

1 1Z)2 -1
(N+2)?%  |¢?

+ NLH [(7,- d77) © a;TE + d?g o (7 d?,-)“

where Z/ = Z;. The group Iy42 ={¢ € C: ¢N+2 = 1} of complex roots of unity
of order N + 2 acts freely [by setting a - (Z,¢) = (aZ, a¢) forany a € Iy and
Z e CNTl ¢ € C, ¢ #0]on CNT! x (C\{0}) as a properly discontinuous group of
holomorphic transformations hence the quotient space

G = ¢/ N+D [dzf ©dZ;+ dr ©dt

Visz = (CVF1 X @©\(0D) /Ins2
is a complex (N + 2)-dimensional manifold (cf. [1]). Also the map
p: V2 — CVH o @\(oh,
p(Z.ch) = (? ;N”), [Z.¢1 € Vo,
is a biholomorphism. Let us set
Go=dZ/ ©dZ; —d¢ ©dt. (174)

The right hand side of (174) is Iy ;-invariant hence gives rise to a globally defined

.o . . . 2(N+2) . .
semi-Riemannian metric G of index 2 on V7. In other words Rz( *2) s the uni-

versal semi-Riemannian covering space of (Vy42, Go). A calculation shows that
p*G = Gy. (175)

Let¢ : M — S?N*1 be a CR immersion from the strictly pseudoconvex CR manifold
M and let 6 and © be contact forms on M and S?*+! such that ¢ is a pseudohermitian
immersioqof (M, 0) into (SN *1, ©). There is a C* function A : SZ¥N*! — (0, +00)
such that ©® = A®. Let ® : C(M) — C(S*Nt) be a connection-preserving bundle
map with base map ¢. Let us consider the immersion

L O > CVH (0D, t= (vt X D o W,
andsetig=p Lo If &g =190 Pand A = A o ¢ € C>®°(M) then [by (172)]

CD*F(:) = Fé , G = F@ s CDSG() = Fé, (176)
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where 6 = A 6. The various metrics and isometries introduced so far are summarized
in the diagram below

(M,g5) <— (C(M), Fy)
o 1o
(52N+4’g©) ;21_(C(32N+4)’F6)_;£> (2N 5 STy
il VN1 X i
(Vwi2.Go) = (CV*1 x (C\{0)). G)
By the Gauss formula for the immersions ®¢, ¢y and &
tanc g2 [ (®)(V, W)] = tanggon, [vg,%)v(mo)w]
— DV W =V0, B W — D,V W =a () (V, W)

for any V, W € X(C(M)). The identity (162) is proved. For each B € X(Vn42) we
denote by B? € X(CN*! x (C\{0}) the tangent vector field given by

By =(d,-1(,)pP)B,-1(,). vy €TV x (C\{0).

One has
p
N I (177)
8Zj BZ]‘
) p—g—l/(N”) 79 +(N+2)¢ 0 (178)
ac) 9ZJ ac |’

To prove statement (iii) in Theorem 2 we first establish

Lemma 10 The mean curvature vector of the isometric immersion ®q : (C(M), Fy)
— (Vny2, Go) is given by

2(n+1) H(Pg) = — [(ﬁfj) % + (ﬁf) %] + complex conjugates
(179)

where U is the wave operator of (C(M), Fy). Also fl=27)o®yand f = o Dy.
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Proof Forany X € X(C(M))

0 0
(dPo)X = X(f’)ﬁJrX(f, = +X(f)—+X(f)

with respect to the local coordinate system (Z/, ¢) on Vy». Hence
( oy x ([dPO)X = X%( f’) -+ X%(f) —g_ + complex conjugates.  (180)

Let {X, : 1 < a < 2n + 2} be a local orthonormal (i.e. F3(X,, Xp) = €4 34p Where
€] = -+ = €41 = 1l and €340 = —1) frame of T(C(M)). Then (180) and the
Gauss formula for ®( together with

2n+2
(2n +2) H(®o) = D €qa(®0)(Xa» Xa)
a=1
yield (179) as Ois locally given by
2n+2 e
O =— > X2 - VP Xow} . weccmy.
a=1

Lemma 11 The tangent vector fields &1, & € X(CN*2\{¢ = 0}) given by

s__l Z'_a _|_ 9 _{_{i_l’_Zi
"Toon |7 ezi T ez, e |
s——l zZl— 9 +Z-—8 (N+3)|:§—+g“ 8}
T Cx azi "oz, ¢ oL

form an orthonormal frame of the normal bundle v(jy 41 x j1) — SNt x Stie.
GGr.5) =1 G&. &%) =-1, G@¢, &) =0 (181)
Here Cy = /(N +4)/(N +2).
Proof Note that
. — 1 _
G(/dZ7, 3/9Zk) = Eé,ﬂ , G(9/dg, 9/95) =0,

. _ 1 —
G(3/3Z7, 3/3C) = mzj/g,
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everywhere on S?V*1 x §1. Foreachn > 1letn, = >7}_(z/ 8/9z/ +7; 9/97;) (the
unit normal to 2"~ ¢ C").If N; = ny41 +an; witha € R then G(N,, Np) =
14+ (a+Db)/(N+2). Then& = (1/Cy) Ny and & = (1/Cn) N_(y+3) satisfy the
requirement (181). O

Lemma 12 Let Ly = /(N +2)(N +4) and n1, n2 € X(Vny2) given by (n,)P =
&, fora € {1,2}. Then

1 1
nm=-—{N+3)nyp+m}, m=——{ny+N+3)n},
LN LN

is a local frame of v(19) — C(SZN+D),

The proof follows from (177), (178) and Lemma 11. At this point we may take
traces in (162) to get

tanc(SZNJrl) [H(CDO)] =0.

Therefore [by (179)]

AN A 0
(Df]) 377 + (Df) & + complex conjugates = A1 i1 + Aam2

for some Ay, € C®(C(S2V+1)) 5o that (by Lemma 12)

~+ (N+3 1 ;

Of/ = - — fr, 0<j <N, (182)
Ly Ly
. 1 N+3
Of =(—xr — ) f 183
= (gom- ") s (183)

Let us contract (182), (183) with f ;j and f respectively and use
O(uv) = @u) v + u (Dv) — 2 Fy(Du, Dv), u,v € CH(C(M)),

where Du is the gradient of u i.e. Fé(ﬁu , X) = X(u) for any X € X(C(M)). We
obtain

(N +3)a1 —da=Ly Fy(Df’, DF)), (184)

A —(N+3)=LyFyDf, DF). (185)
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On the other hand ®§Go = F} yields
2€a8ap = Xa(f)Xp(f ) = Xa(f)Xp(f) + complex conjugate
hence (multiplying by €, and contracting a and b)
2n+2=FyDfl, Df;)—Fy(Df. Df). (186)
Therefore (184)—(186) imply A; + Az = 2(n + 1)Cy. If Ay = p then

A 2 1 i
DfJZ[CNM_%]ij 0<j=N, (187)

_ 24+ DIN +3)
Of = [CN N ]f. (188)
Next [by (184)(186)]
1 A oA
=AW D D DT+ t2). (189)

Lemma 13 Let ¢ : M — S?N*! be a pseudohermitian immersion and ® : C(M) —
C(S*N+1Y q connection-preserving equivariant map covering ¢. Let us consider

w =27/ o jyriopeC®M,C), 0<j<N.
Then f7 is the vertical lift of u’ i.e. f/ = u/ om. In particular
Of = (Apul)om (190)
where Ay, is the sublaplacian of (M, 0).

The verification of the first statement requires a rather pedantic notational distinction
among the (local) complex coordinates (Z/), (W-/, n) and (Z/, ¢) on N1, CN+! «
(C\{0}) and V4, respectively. Here Z/ = W/ o p forany 0 < j < N. Let

HN+1 :(CN+1 X C\{O} N CN+]’ 7TN+1 :S2n+l X Sl N S2N+l,
be the natural projections so that
jn+tomng1 = Tygr 0 Gngr x j1). W/ =Z o Ty
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Also the diagram

C(52N+1) l) S2N+l X Sl

Al TNt

S2N+1 — SZN+1

is commutative. Then

LthJT=ZjOjN+1O¢OJT=ZjOjN+1O(T[AO<D)
=27/ o jnr10o(@ns10W)od =Z/ o[Mys10(jns1 x j1)]oWod
=Wj0Lo<D=(Wjop)o(p_lot)o(D:Zjotoo(D:fj. O

We recall that the sublaplacian of (M, 0) is the second order differential operator
Apu = —div (v”u) . ue CHM),

where Lx (60 A (d9)") = div(X) 0 A (d6)" for any X € X(M). Also Lx denotes the
Lie derivative. As [J (the wave operator of (C(M), Fp)) is S Uinvariant it admits a
natural push-forward 7,[J (defined on C 2(M )). By a result of Lee [10], 7,0 = Ay
(cf. also Proposition 2.8 in [3], p. 140) thus yielding (190). O

Let {E, : 1 < a < 2n} be a local Gg-orthonormal frame of H(M). Then
{(X on)’l/zEaT, hom) 12Tt +8):1<a< Zn} is a local Fj-orthonormal

frame of T (C(M)). Horizontal lifting is meant with respect to the connection 1-form
o. Then (by Lemma 13)

2n
A oA 1 ; _
Fy(Df,Dfj) = —— HZEaT(ff)EJ(fj)
a=1
+ T+ YD T+ - T =SH(H T - S)(7j)}
2n
1 ; _
= ma: [Ea(u/) 071] [Ea(uj) 071].

Let Gy11 = dZ/ ® dZ; be the canonical flat metric on CV*! and £, = A~'/2E,,.
The Webster metric g¢ and the metric induced on § 2N+1 by Gy actually coincide.
Then (by Lemma 4 in Part I of this paper) g5 = (jn+1 0 $)*G 1 so that

.. 1 o B .
bap = 8(Ea. £y) = 3= | Eaw) Ey(@p) + Ea(iy) Ey(a))]
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or (by contracting a and b)

2n
2n = % > Es)) E ().

a=1
We may conclude that
Fy(Df’,Df;)=2n (191)

so that [by (189) and (191)]

1
nw=—1_[2n(N+2)+2n+2].
Ly

This yields the multipliers of f J and fin (187), (188) thus leading to (163). Theorem
2 is proved. O

At this point we may prove Corollary 5 (as stated in Sect. 5). The direct statement
there follows from (163) in Theorem 2 and (190) in Lemma 13. As to the converse let
us set &g = p~! o ® so that ®;5Go = Fj. Since ® covers ¢ (i.e. TIy11 0P = pom)
it follows that u/ o 7 = f/ where f/ = ZJ/ o ®. Therefore (Jf/ = u f7 so that (by
observing that Lemma 10 holds for any isometric immersion ®q : C(M) — Vy42 of
(C(M), Fp) into (Vy+2, Go))

PN A d
2n+ 1)H(®g) = — (Df/) 377 (Df) % + complex conjugate

.0 a
=—pf/ 377 T 2f 3% + complex conjugate.

On the other hand for any X € X(C(M)) the vector fields (d®o)X and H(Pg) are
respectively tangent and normal to ®¢(C(M)) hence

0=2(n+1)Go((dDo) X, H(Pp))
—% X(f) fj+ X(f) f + complex conjugate

= S XUFT)+XAfP)

so that £/ f = R? for some constant R > 0. In particular

0=0(f77;) = (OF7) T+ 707, =2 F;(Df 7, D)
= 2,u,fj?j —ZFé(bfj , BTj)a

0=0(1/1) = (Or) T+ rOF =2F;(Df . DIy = =41/ =2F;Df . D).
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Let us subtract the two previous equations and use (186) (a consequence of <I>z§ Go=F,

alone). We obtain . f/ ?j +21f1>=2(m+1)ie uR?=2n. O
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