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Abstract. The paper deals with the weighted polynomial approximation
of functions defined on (0, +00), which can grow exponentially both at
400 and at 0. To this aim, we introduce interpolating operators of Her-
mite and Hermite—Fejér-type, based at the zeros of Pollaczek—Laguerre
type orthogonal polynomials. We prove that these processes converge
in weighted uniform and LP—norms and provide sharp error estimates
showing that the order of convergence is the same as the best polynomial
approximation, under suitable assumptions.
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1. Introduction

This paper concerns the weighted polynomial approximation of functions
defined on the real semiaxis RT™ = (0, 400), which can grow exponentially
both at 0 and at +o0o. To this aim the methods based on classical weight
functions on R*, such as Laguerre weights, are inadequate and so, as far
as we know, this topic has received attention in the literature only recently,
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when a new class of nonclassical exponential weights on the real semiaxis
have been introduced (see [5,10,13,14,18]).

To be more precise, normed spaces of functions, defined in (0, +00) and
unbounded at the boundary of the interval with exponential monotonicity,
have been introduced and extensively studied in [14] (see also [5,10,13,18]),
where Jackson’s theorem and Stechkin’s inequalities have been proved in
such spaces of functions using the one-sided approximation. Then concrete
polynomial approximation processes have been defined and the results have
been applied to numerical integration and numerical methods for integral
equations (see [4,9,15]). In particular, in [16] a Lagrange-type interpolating
polynomial, performing in LP the tasks of the best polynomial approximation,
has been introduced.

In this paper, generalizing the previous results, we will introduce Her-
mite and Hermite—Fejér type interpolating polynomials, proving their con-
vergence and giving the corresponding error estimates. The proofs are novel
because, without estimating the kernel of the operator, we will relate its be-
havior to that of the Lagrange polynomial based on the same interpolation
knots. The presented estimates cannot be improved because they show that
these processes converge with the order of the best polynomial approximation,
under suitable assumptions (cf. [1,2,17,19-21] where Hermite interpolation
processes have been considered, but for functions with different behavior on
unbounded intervals).

The paper is organized as follows. In Sect. 2 we first introduce our Her-
mite type interpolation processes and then we recall the weighted function
spaces where we are going to study them. In Sect.3, we state the results
dealing with the boundedness and convergence of the interpolation process,
providing error estimates in weighted LP norm with 1 < p < +00. The proofs
of the main results are given in Sect. 4.

In the sequel ¢,C will stand for positive constants which can assume
different values in each formula and we shall write C # C(a,b,...), when
C is independent of a,b,.... Furthermore, A ~ B means that if A and B
are positive quantities depending on some parameters, then there exists a
positive constant C independent of these parameters such that (A/B)*! < C.
Finally, we will denote by P, the set of all algebraic polynomials of degree at
most m. As usual N, Z, R, will stand for the sets of all natural, integer, real
numbers, while Z* and RT denote the sets of positive integer and positive
real numbers, respectively.

2. Preliminaries

2.1. Interpolation Processes
Let

w(z) = ave~ (= ") =, xVo(x), (1)
with z € Rt = (0,+), @ > 0, 8 > 1, v > 0, and let {p;,(w)},n be the
corresponding sequence of orthonormal polynomials having positive leading
coefficients. The properties of such orthonormal system have been studied
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in [6,14,18]. The zeros of p,,(w) lie in the Mhaskar-Rahmanov-Saff interval
Am = [5m,am]7 Le.

Em =20 <T1 < < Ty < Tmt1 "= Am,s

1
where €, = e (V/w) ~ (%) “*2 and ap = am(VW) ~ mF are the so
called Mhaskar-Rahmanov-Saff (M-R-S) numbers related to the weight /w.

Letting v(x) = (am — 2)(z — ) and ¢m42() = v(z)pm (w, ), for any
function f which is continuously differentiable on (0, +00), say f’ € C°(R"),
we denote by

Lo(w, fox) =Y (@) f(ar), (z)= Gm+2()

P Uy (k) (2 — 1)

and
m—+1

Hp(w, f,x) Z (@)1 = 2 (1) (x — 20)) (@) + (2 — ) f' (k)]

the Lagrange and Hermlte interpolating polynomials, respectively, based on
the zeros of ¢, 2. The Hermite polynomial can be also written as

m—+1

m(w, f, ) ZF (1= 205 (wx) (x — 1)) f (2x)

m—+1

+Zl2 Wz — zk) f (zk)

m(w;f, ) m(whfﬂm)

where F,,,(w, f) is the m-th Hermite-Fejér polynomial.
Now, with 8 € (0,1) and xp the characteristic function of Ay, =
[E0m, agm], We introduce the new operators defined as follows

L (w, f,x) == Ly (w, xof,x) = Z le(2) f () (2)
T EAom
and
H (w, f,x) == Hy(w, xof, )
= Y B()1 =2 (x) (@ — 2x)) f (k)

TR E€EAom
+ Y B@)(@— ) f (wn)
T EAgm
= F)(w, f,z)+ G (w, f,x), (3)

where F is an Hermite-Fejér-type interpolating polynomial.

The idea of truncation have been used for the first time in [11,12] for
Gauss—Laguerre quadrature rules and then by several authors to obtain con-
vergent procedures for polynomial interpolation and numerical integration
with different kind of exponential weights on bounded or unbounded inter-
vals (see [5,8] and the references therein).
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Clearly, the Hermite type operator H; (w) maps a differentiable func-
tion to a polynomial of degree at most 2m + 3, but in general, it does not
map a polynomial to itself. Namely H; (w, f) € Pa,,43 but, for instance,
H (w, f,x) # 1 if f = 1. Moreover, the Hermite polynomial H}, (w, f) is
such that

H: (w, f,x;) =
m(w; f 1) 0, otherwise,

{f(ib”i% if x; € Agm,

and

d

1 (. ) ) = {fl(m’ it i € Ao,

0, otherwise,
We emphasize that H, (w, f) and F (w, f) are not truncated polyno-

mials but are polynomials on the real semiaxis, even if they interpolate only
a finite section of the function.

2.2. Function Spaces

As already announced in the Introduction, we are going to consider the oper-
ator H* (w) in a space of continuous functions in R™, having an exponential

behavior at 0 and/or +oo (for example f(z) = ew%+x3, x > 0). Here we limit

ourselves to recall the notions needed to state the main results of the paper.
Other properties will be shown in the section dedicated to the proofs (see
[10,13,14]).

Naturally, we consider the weighted approximation of the above func-
tions. Then, with

u(x) = x‘sa(:zz), o(x) = ef(z_%rzﬁ), (4)

r € RY = (0,+), a > 0, 3 > 1, § > 0, where o is the same weight as in
(1), for every 1 < p < +oo we will write f € LP if fu € LP. The space L?
will be endowed with the norm

+oo %
e =sul = ([ 1) < b0, 1< p<bon,
0

If p = 400 we consider the function space

Ly =0y = {f e CO®Y) lim (fu)(z) = o},

x—0

with the norm
[fllzge = fulloc = sup [(fu)(z)]
x>0
For smoother functions we introduce the Sobolev-type spaces
Wou) = W2 = {f e Ll f7 € AC(RY) and | £ ul, < +o0},
with integer s > 1 and the norm

I lwe = Ifully + £ e ullp,
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where p(x) = /r,1 < p < oo and AC(R™) is the set of all absolutely
continuous functions in every closed interval of RT.
To introduce a modulus of continuity, we consider the interval

I
Ih(c) = |:hn+2, 1 1:|
hs ™2
with h > 0 sufficiently small and ¢ > 1 fixed. Now, for every f € L?, 1 <p <
o0, s > 1 and t > 0 sufficiently small, we set

Qfa(f’t)uJ) = Sup ||(Afupf)uHLp(Ih(C))a
0<h<t

where

ol @)= 0 () (4 28 -2,

k=0

and define the p—modulus of smoothness wg, as follows

2

GET = O30 s+ 1l ((o:7))

* QEiIIF‘ifA H(f B q)uHLP<(t%7%,+oo>).

For s = 1 we will write w, and 2, instead of w}o and Q}O. We recall that
the behavior of w(f,t)up is independent of the constant ¢ of the interval
I},(c), as shown in [14].

With these moduli of smoothness we can estimate the error of best
polynomial approximation in LP. Letting

E(Flup = it [[(f = Pa)ully, 1< p <00,

the following Jackson

weak Jackson
vV A,

m Q0 7t u
Mdt, if QF(f,t)upt ' €L (6)

En(fup <€ /

and Stechkin type inequalities

s am am S i ° El(f)%
w(re), =) X() =9 o
u,p i=0 !
hold with C independent of f and m, as proved in [14].
From (5), (6) and (7) we deduce that the error of best approximation

characterizes suitable function spaces. For instance, with 1 < p < oo, we
have

m—0o0

Fel o medfun=0 & ln Bu(fu =0
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Moreover, for smoother functions, we have more concrete information about
the order of convergence. Namely, if f € WP(u), s > 1 and 1 < p < oo, we

get
Enlf) <C(F) 1o

with C # C(m, f).

Finally, the following condition

/ (f’)’pdt<+oo
0

1
t1+

implies the continuity of the function f in (0, +00) (see [13]).

3. Main Results

To study the convergence of our Hermite and Hermite—Fejér type processes
in weighted LP? —metric, we will use the following lemma.

Lemma 3.1. With the notation of Theorem 3.1 we have

1
k* P

<3 (1) + L2 ) s, |

p i=k
(8)
where C depends only on 0, if and only if the parameters v and § of the

weights w and u, respectively, satisfy (11), namely
! + ! < 0 < 3 + !
2 p K 2 p

We are now able to state our main results.

uv

Ly, (w, F)
w

Theorem 3.1. For any 1 < p < oo, let w and u be the weights (1) and (4),

namely w(z) = 27o(x) and u(z) = 2°0(x), where o(x) = e~ @ "+ 250,
a>0,8>1, and v,8 > 0. Then, for every function f such that f' € LP

and Qg,(f’,t)umt*l*% € L', we have
P\ 7
9)

* \/am
[ Hy, (w, fullp ~ ( Y. Awmy (fu)(zn) + == (" pu) (r)
and, consequently, for f € LY with pr(f, t)u,ptflff € L', we get

T EAom

| m(wvf)UIlp~< > AfﬂkI(J”U)(:rk)l’”> (10)

T €EAgm
if and only if the parameters v and § of the weights w and u satisfy

1 1 3 1

TRV 11

5T , <Y-0<g+ 5 (11)
Here the constants in the equivalences (9) and (10) depend on 0 and do not
depend on m and f.
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We point out that the assumption Q@(f’,t)u,pfl*% € L' implies the

continuity of f’ in (0,400) (see [13]).

Theorem 3.2. With the same notations and under the same assumptions of
Theorem 3.1, the following error estimates hold

. \/@ 1—0—% - Qs (f )u et
I = i Pl < € (o) / SR Gy e ful,
(12)

and
* am % (f’ ) 5 —cm”
7=t Nl < € (V) / Rell Do | pul, (13
where v = (1 — %) 2211 and the constants C,c depend on 6 but are inde-

pendent of m and f.
As an example, if f € WP(u), s > 1, then
1 = 25 il < € (Y22
and if f € WP (u) then

10 — 3o Pl < CY

and

117~ B, el < €22

Now we study the convergence of our Hermite and Hermite—Fejér type
processes in weighted uniform metric.

Theorem 3.3. Let w and u be the weights (1) and (4) and f € W°(u). Then
am
I Pl < € (1l + Y22l ) 05 (1)
and

I = B D)loe < CY By 3 (e o+ Ce™ | fuls (15)

with ¢ and C independent of m and f, but depending on 6, and M = {%mJ
~ m, if and only if

<y—6< (16)

1

2
Theorem 3.4. Let u(x) = u(z)log(l + o + 27 1), > 0. Then, under the
assumption (16), for every f € Cy, we have

[ (w; flulleo < Clft]loo (17)

and

107 = Bt )l < g (£, X2 0gm) —4Cemem e, (15
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with C, ¢ independent of m and f, but depending on 0, andv = (1 — %) 202(?;1.

4. Proofs

First of all we recall some polynomial inequalities (see [6,16,18]). Letting
v(z) = (am — z)(x — €4,), it is easy to deduce that

v(r) < amz, x € Ay, and  v(xg) ~ anTr, T € Agm. (19)

Moreover, we have

‘pm(w,x) w(z)v/v(z)] <C, x>0, (20)
- Azp/ w(xg)v/v(xk) (21)
[Pl (w, )| TV RV D
where, for z € Agn,
\V Am
Axp = Ty — Tf ~ - VT, (22)
&Mmm waVo@)| ~ B e ). (23)
Azgiy

For every polynomial, P,, € P,,, for any s > 1 and 1 < p < +00 the
following restricted range inequalities [6, 18]

HPmqu < C”PmUHLP(Am) (24)
and
| Pt o i\ 4y < Ce™™ || Pt (25)
hold with C, ¢ independent of m, P,,, where v = (1 — %) 223‘_1. Moreover,
the Bernstein type inequality takes the following form
1Prpully < ¢ Pl 1< p < o0, (26)

with ¢(z) = v/ and C independent of m, P,,.

Now, we set

Bi(f, ) = w(@)l(x) [(1 = 20, () (@ — 2x)) f(2x) + (2 — 2) [/ (21)]
where [;, are the fundamental Lagrange polynomials.

Obviously, Bi(f,zx) = (uf)(zy). If & € [z — Ag’“,xk—k %} =: Iy
and x € Agp,, then

Bur,0)] < Co (17ul(a) + Y22\l ) (27)

Agk, using (19)—(22), we deduce |l ()| ~

In fact, since © ~ z, and |x — x| <
1. Then, it remains to prove that

11— 20 (zx)(x — zx)| < Co.
Now, using (21), we get
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/ 1"
I <Y (xk)A pl (w, zy) A
T R A e | R
Axk A’ij 2|1
= U — Tk * Tk — € + (Azp)? |py, (w, zx)\ w(aw) Vo) |

Taking into account that the first two addenda are bounded and ap-
plying two times the Bernstein inequality (26) and, then, (20) to the third
addendum, (27) follows.

Let us consider, now, the case x &Iy, i.e. |x — x| > %. We have

Bu(f.0) = ()it o) 2
Al‘k , ,
W= 28zl (1) ) fxr) + Awgf'(21) |
from which, letting C}, = (Iﬁ_ﬂikk) — 2Axl) (z1) and making explicit (), we

deduce

1) = wleoehonton () | oL 00 )

= u(m)v(x)pm(wvx)lk(x)F(xk)v (28)
where F'(z},) is the expression in square brackets.

We are now able to prove Lemma 3.1. The proof is quite similar to the
one in [16, Lemma 3.2]. For the reader’s convenience we will report its main
steps. In particular, to the sake of brevity we will only prove that conditions
(11) on v and ¢ are sufficient for the validity of (8). Concerning the necessity

of such conditions it is sufficient to repeat step by step the proof of Lemma
3.2 in [16].

Proof of Lemma 3.1, (11)<(8). Taking into account that

L P2 < ¢ s [ Lo R 2oy
wy/v v lgllg=1 A w(z)\/v(z)
—.C suwp Blg), (29)
lglla=1
it results
.

& Flauls) pn(w,) (@A)
Blo) =Y / ow)da

= v(z;)pr, (W, zj)u(x)) Ja, *— x5 w(z)/v(z)

F(xj)u(z;) ‘(fu)(x]) + ‘ff?”(f’gau)(xj)’
V(@) (W, zj)ul(z;) (uv?)(z;)ph, (w, ;)2 Ax;

using (21), v(z;) ~ anx; and C; < Cy, we get

J

9

F(z,)ulz,) PP o VRN £
S P,z )| < A% [(Fu)les) + o= (o) =g
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Therefore
Bly) < ijkm (Fu)eg) + Y2 () )| 0=
pm(w,7) _(w?)(a)
A FENoR
= fjmj (Fu)og) + L u)(a)| 470 TG,
where o
10(t) = /A m pm(w’x)Q(?: tpm(w’t)Q(t) Q(:C)(u::()s) v(x)g(x) .

- H mwﬂ,t — p(w, QO H L,t,
(p() wﬁ> pm(w,1)Q(1) (ng>

H is the Hilbert transform on A,, and @ is a positive polynomial that will
be specified later. Now, since v — d — % > fé, using Holder’s inequality and
Marcinkewicz’s inequality, we have

1
k* P

C m / P _5—3
Blo) < — | Y| (@) + L2 (Fou)(ay)| vy | a7 M aca.
am ]:E

Estimating the g—norm, we deduce

2
Rt B P (W e

_5_3
12707210 || pa(a,,) <

Li(Am)

+

0 (w)QH (

uv?
=9
Qv wy/v
Taking into account that ¢ + % -y > —Z%, the Hilbert transform is bounded
and the first norm is bounded by

La (Anz)

3
27703 < Cllgllqaz,

La(Am)

Vuwyo

using the estimate of |p,, (w)| and v(x) < Cay,z. Finally, choosing @ ~ wo’ g

NN

we get in a similar way

2703 m (W 71“}2
Pm(w)QH ( ) mQ)

3
< CIH(9)llaca,,)am
L#(Ap)

3
< Cllgllqam.-
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Summing up, we deduce

=

K P
Vam
B(g) <C Z (fu)(z;) + T(flsﬁu)(l’j) Az,
j=k
and replacing the above estimate into (29), we deduce (8). O

Proof of Theorem 3.1. Using the restricted range inequality (24), with 1 <
p < 400, we have

[1Hy (w, Full, < CILH;, (w, flullLea,,)

< s [ au@)g(e)de
llglla=1
=: sup A( )
llglla=1
Letting
Ty = min{xk > ng}, T = max{xk < agm},
A.Z‘k A.Tk
Iy = [%-87%1@4-]» I = UIk,
we get

Ag) = {/I—i-/Am\I}in(f,m g(x)dz

.
- Z/ S Buhe) sato+ [ \IZBk(fw) ()da

Jk k
= Bj(f,l‘ dm+ By, fa
X_:E/IJ 2/75

/m\IZBk (f2)

=T1+71y+Is.
Concerning 77, we use (27) and the Holder inequality to get

7 sci(fu@jw“jﬁf'm(xn) | stots
j=k

J

kZ <fu ;) ‘/:?If’soul(xj)) (Daj)s ( / j |g<:c>|%zac>é

k* P
Z (|fu| )+ Y |<w]>) Azy | lglly
=k
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Aml

For Iy + 73, since |x — x;| >

o+
Iy +1I3 < /A u(x)v(x)pm (w, ) Z lg(z)F(x
m h=k

from which, using (20) and the Holder inequality, we have

, we use (28) and we obtain

g(z)dx

Vuwyo

Then, using the Lemma 3.1 together with the estimate of 7;, and taking into
account that the other inequality is trivial, (9) follows. O

To+1I3 < || Ly, (w, F) lallg-

P

To estimate the error of the previous interpolation formulas, since
H? (w, P) # P, we need some additional properties of the operator H}, (w).

Let M = L J ~m and Aj,, = A, \ Agm, then VP € Py we have

+0
P = Hy(w, P) + T(P) = F},(w, P) + G, (w, P) + T(P),
where I'(P) = Hp, (w, (1 — xp)P) with

v 1 2«
< —Ccm < < —_ —_—
eyl < ce Puly, 1o v (1o ) (520
and
|G, Phull, < CYZ2 [ Ploull,, 1< p < oc. (31)

Moreover, we will also use

> anipub < gl + (L) [ Selllny

TrE€EAom

and, if P is a quasi-best approximation of f € LP,

Nor s
[ Py o [T B L ey
0

t1+1/p o t1+1/p

{17 = Pty + Lmpgrut, o (50) o

Proof of Theorem 3.2. We first prove (13). With P € P, best approximation
of f € L, using (10), (31) and (30), we have

IS = Fo(w, Plully = [I(f = P) + Fy(w, P = f) + GF,(w, P) + T(P)]lp

<|I(f = P)ullp +€ < > Aml[(f - P)U](%)I”)

TR €Agm

v/ Am —em?
+C =P pully + Cem ™ || Pully

Vam
< C[|(f = P)ullp +CT||P/SOU||p
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=

C< > Aﬂ%|[(f—P)U](fﬂzc)|”> +Ce™ ™" || Pull,.

TR EAgm

Moreover, recalling (32)—-(34), (13) follows.
Now we prove (12). Since

and estimating ||[f — F, (w, f)]u|l, we get

I1F = Hlow, F)lully < CYE2 | gull, + |G, fuly + TP

Using (9) (with f =0)

1 Vam
. Vam Van \ T Qe (' D
|G, Fully < CY2 | full, +C i et
and

I1F = H, o, Pluly < CY2 | u,

1+ Vom ’
(35)

Now, let ¢ € Pas—1 be the best approximation of f' € L and let @ be one
of its primitives. We have

I[f = Hy(w, lully < ClI[(f = Q) — Hy(w, f — Q)Jull, + [T(Q)lp-
Using (35), we get

I1F = Hi o, Pl < €Y By ()
141w
() [

HIT@lp + TP lp-
By (33) the first and second addenda are dominated by

1+ Vam Qr
am us«ap
( ) / 1+1 Bl Dups g,

L@l + TPl < Ce ™ || full,
Then, (12) follows. O

and

Proof of Theorem 3.3. Let x € Ay, and x4 < x the closest zero to x. Recall-
ing (28) and using (19), we have
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[ (w, Plullse < [[lfullse + 1 @tt]loo]

S+3—
<1+ Y ( ) ATk

2 <Agm, |x N I’k‘
k#d+1

The sum can be written as

=D + D =85+5%.

T <Agm Tr<Tg_1 Td+1<Tk
k#d+1

Then

Fd-1 o+3- t
51§C/ E) 7 o d

xr—t

1,%
<c/ W
YPrETI(1—y)

90 B dy 1*A§f dy 1
< + ~
- /0 Yot /; -y [

being 0 < 6§ + % — 7 < 1. Concerning S, since == <1 we get

Am
Sy < / —— ~logm
1+A$7’;d Yy —
and (14).
We omit the proof of (15) because it is quite similar to the one of (14).
O
Proof of Theorem 3.4. We write F;,(w) in the following form
u(@)Fy(w, foo) = (@)l (@) f (xr)
TkEAgm
T — Tk 20 (xp) Az _
Ly Aot [log(l | @hia).
Tk €Agm
(36)
We have
S+3— 2
T Axy,
S w0 <l fule (1 v (2) T (G2) )
TLEAgm TR EAgm k k
Ta-l  pNOF3—Y dt
<C|fullso [ 1+ Az / —
Il ( 0T w o
\/am 5+2 - dt
Td+1 (t - '/'U)2 .

Letting ¢t = zy we have

Td-1 S+3— -4
[ e e
€o t (.13 - t) T Jo y6+§77(1 - y)2
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being 0 < § + % — v < 1. Moreover, since in the second integral x < t and
recalling that § + % — v > 0, letting t = xy we get

[

Td41
Ax dy
<C— Y3
T Jipae \f(y —1)?

Az 2+5F Ea dy
code [T
z { 1442 2+42 \/y(y* 1)

A Az\? [ o0
<A (Hx)/ Lﬁ/ Wl
z z 1y (y—1) 2 Yz

Summing up we have

()
Y ul@) (fu)(zr) < Cllfulloo-

T €EAgm u(xk)

To estimate the second sum in (36), we prove that

2 (xx) Az ‘No( 1 ) (37)

am

log(1+ 2= + zf) logm
We have
A /!
2[/ A _ 21} (xk)A pm(waxk)A
)y = U A+ B A,
and

!
v (mk)Axk < \/am\/xfkéleHOO <C,/am VTE Qm + Em
m

v(zk) amTr M Gy Tk 2
1— 1
§C‘/am aml _ (\/am> 2a+1.
m am€7’2n m

Moreover, letting Q(z) = 2~ + 2 (i.e. w = e’Q), using arguments similar
to [7, Lemma 5.1] (see also [3]), we have

7 —a 8
Pl )| g1 - /() < 20 TP
p;n('lU,J?k) T
Then,
pgz(wv'xk) Azk \ Qm ar” % + ﬂzﬁ

<cC .
Pl (w,zg) log(l+x=+2P8) = m Jzglog(l+z=* + 2F)

For zy, “close” e, (for example, z < 1)

p;/n(wvxk) Amk: < C\/ Qm, x—a—%
P (w, k) log(1 + 27 +2f) =7 m log(1+ ;")
Lol

<C,/am Em 1

7 m log(14emt) - logm
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and for xy, large (for example, © > 1),

Pl (w, zy) Az, <C\/am 83
P (w,xp) log(1+27* +2%) =7 m log(1+ )

_1
C\/am a;i 2 1

m log(1+ am) ~ logm’

Therefore, (37) follows.
Coming back to the estimate of the second sum in (36), using (37), we
get

S et | SIS ] )

. |log(l+ 2 +a7)

< C 3 (£)6+§4Axk|af|(xk)chmHOO,

being 0 < § + 3 — < 1, then (17) follows.
Finally, we prove (18). Since

f=Fo(w, f)=(f = P)+ F(w,P - f) + G}, (w, P) + T'(P),
with P € Py; best approximation of f € Cz, we have
I = Fon(w, f)]ullo

I
< I(f = Pulloo +Cl|(f — P)it]|oe +C—2"

1P pulloo + TPl

log m

{n(f P)ifloe + 5™ | P ||oo}+r<P>||oo

logm

sc%(f» ) +Cem ™ | fulloo

and (18) follows. O
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