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Abstract: We establish a version of the Cauchy integral formula for holomorphic functions on a polidisc,
with values in a complex Fréchet space X. We prove a vector-valued analog to Weierstrass’s theorem
on sequences of holomorphic functions f, € O(Q, X) converging uniformly on compact subsets of  C C".
We obtain a Cauchy-Kovalevskaja-type theorem, i.e., prove existence of X-valued C® solutions to the Cauchy
problem P(x,D)u=f on UCQ and (8/u/ox])|y-0 = @ on Up=UN{x, =0} j€{0,1,..,m~- 1}, where
P(x,D) = 3,4ema(X)D* and aq € C¥(Q), f€ CY(RQ, %) and 9 € C9(Qp, X), with 0 € Q CR" open and
Qo = Q N {x, = 0}. The existence of an open set 0 € U C Q and of a solution u € C¥(U, X) to the Cauchy
problem requires the structural condition a, .. o,m)(0) # 0 and relies, as well as in the classical case of scalar
valued solutions, on the Cauchy integral formula and on Weierstrass’ theorem for X-valued holomorphic
functions.
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1 Introduction

The present article studies holomorphic functions f: @ — X and their application to linear partial differential
equations with real analytic coefficients, where Q C C" (n > 1) is an open set and X is a complex topological
vector space. The need for vector-valued holomorphic functions arises mainly in the theory of 1-parameter
semigroups (cf. Arendt et al. [1]) and in analytic functional calculus (cf. Vasilescu [23]). For instance, families of
holomorphic functions depending continuously on a parameter t € [0,1] may be recast as holomorphic
functions with values in the Banach space X = C([0, 1], C) of all C valued continuous functions on the unit
interval [0, 1] Cf. also Barletta and Dragomir [2,3], Barletta et al. [4], and Dragomir and Nishikawa [14].
Holomorphic functions of one complex variable, with values in a complex locally convex space X, were
first studied by Grothendieck [17], who characterized the topological dual O(Q, X)* with Q C C open.
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Properties of X-valued holomorphic functions on analytic spaces were studied by Bungart [8]. Bungart’s
purpose in [8] is to extend Theorems A and B of Cartan (cf. [12]) to this more general class of holomorphic
functions. Cartan’s Theorem B for vector-valued holomorphic functions was also proved by Bishop (cf. [6]) by a
different methodological approach. To compensate for the lack of generality of the considerations in the
present article, let (V, @) be a Stein space, % be a coherent analytic sheaf over (V, (), and H(V, %) be the
space of cross-sections in . Let (W, ") be a closed subvariety of (V, ¢), and let B(W, ¢") be the Banach
space of bounded functions in H(W, ¢W). The restriction map H(V, ¢) - H(W, (") admits a continuous
linear right inverse B(W, (W) - H(V, () and the methods developed in [8] allow for a choice of this map
f +— F that can be represented by an integral formula:

F(z) = _[f dn, a1
w

where 1 is a holomorphic mapping of V into the space of bounded measures on W. In particular, if U C V is a
bounded domain, then there is a holomorphic mapping n from U into the space of measures on the distin-
guished boundary 9,U of U such that

f@) = J’fdnz, z€eU, (1.2)

ooU

for any function f holomorphic on the closure U of the domain. When U C C" is a bounded domain with C®
boundary, a choice of n with values in X = C*(A?""!T*(0U)) (organized as a Fréchet space) is available.
Precisely (by Theorem 20.2 in [8], p. 343) there is a holomorphic map a : U — X such that

f@) = Ifaz, zZ€U, (1.3)
ou

for any f € O(U). A question raised in [8], i.e., whether a can be chosen to be a kernel, has been explored in
[9], where the problem of building appropriate kernels that are holomorphic (anti-holomorphic) in the para-
meters involved (and not only real analytic, as is the case with Bochner-Martinelli formula, cf. [7] and [18]) is
taken up within the line of thought started in [24] with the Cauchy-Weil formula. Cf. also [10] and [11]. It should
be reminded that a related formula was discussed, together with its relationship to boundary kernels, in [5].
Both Cauchy-Weil and Bergman formulas hold solely for domains with particular boundary properties, while
for existence theorems leading to representation formulas such as (1.3), holding for arbitrary smoothly
bounded domains, one should rely on the findings in [8,15,16].

As a drawback of the approach in [8], the abstract existence theorems (Theorem 19.1 in [8], p. 340)
underlying the representations (1.1)-(1.2) do not provide explicit representation formulas, as required by
applications of sorts. In the present article, we aim to applications to the Cauchy problem:

P(x,Dyu=f 1in Q, 1.4)

oiu

- =@p. onQ=2Nn{x,=0}, 0<j<m-1, (1.5)
oxi J

Xn=0

P(x,D)= ) a,(x)D% 0€QCR"

|alsm

Qaq € Cw(g)y fe Cw(gx x)’ (0] € Cw(QO) %)

As well as in the case of scalar valued dependent variables, the Cauchy problems (1.4) and (1.5) may be
transplanted to the holomorphic category and then restated as the integro-differential equation:

v-Tv=f, (1.6)
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where T: O(%, X) » O(%, %) is the linear operator

m-1 Zm—j 1
v=- ay(2) " [ - om0, .
j=0 ez (m -j - 1) 0
Blm-1

The main ingredient needed in the treatment of (1.6) is a Cauchy integral formula involving a Bochner integral
on the distinguished boundary of a polydisc. The less general (as compared to the representation formulas (1.1)
and (1.2)) Cauchy integral formula is recovered to the case of vector-valued holomorphic functions by taking a
different approach (with respect to that in [8]), i.e., by extending the arguments in [21] from functions of one
complex variable (n = 1) to the case of functions of several complex variables (n > 2). A key step is to show that
weakly holomorphic functions with values in a complex Fréchet space are strongly holomorphic, and within to
establish the strong continuity of weakly holomorphic functions (cf. Theorem 2.1 below). The proof makes use
of a trick discovered in early works by Nicolescu (cf. [20]) and Ciordnescu (cf. [13]) itself relying on the fact that
weak and strong boundedness in a locally convex space are equivalent. We would deceive the reader if we
were not to mention that the solution to the Cauchy problems (1.4) and (1.5) does not rely solely on the Cauchy
integral formula (2.5) but also on its more refined consequences such as Weierstrass’ theorem (that we recover
to the case of uniformly convergent [on compact sets] sequences of vector-valued holomorphic functions in
Section 3 [cf. Theorem 3.1 there]) and on the truncated Taylor formula with integral reminder (a vector-valued
version of which is recovered, with a Bochner integral reminder, in Appendix B to the present article). To solve
(1.6), we use an algorithm'.</(T, %) learning from vy € O(%, X) and producing a sequence {,},>; that con-
verges to the solution. A hard analysis ingredient in the proof of the (vector-valued analog to the) Cauchy-
Kovalevskaja theorem, that is worth to mention, is the estimate (cf. [5.6] in Lemma 5.3) of the error committed
by «/(T, #) at step v, i.e,,
M(p)[ae™C(m)]"|zn|"

Plw(@)] < (1 - maXy<g<n-1lz)™’ a-n

pEPVEZ, zEB"
Here,
Wy = Vysg = Wy, Wy = TV, + 7,V 20,
F, v €O, %), B"C 9 CC"

The frankly didactical proof of (1.7) provides the explicit calculation of the constants in (1.7) (as paralleled to
the classical proof, where only existence of M(p) > 0 and C(m) > 0 is inferred):

M(p) = sup p[wo(2)], C(m) = by y M,

ZEB" j=1

a = max max sup|dg;(z)l,
0<jsm-1 BEB; ,c B

b = |Bol, By = {B € Z"" : |B| < m}.

2 Vector-valued holomorphic functions of several complex
variables
Let Q C C™" be an open set (n = 1), and let X be a complex topological vector space. A function f: Q » X is

weakly holomorphicin Q if A » f€ O(Q),ie, A ° f: Q - C is a holomorphic function, for every A € X*. Also
f:Q— X is strongly holomorphic if for any a € Q there is a neighborhood a € UC Q and a series

1 The same as in the proof of Banach’s fixed point principle.
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2ia0(Z — @)X, with x4 € X such that Zf;|=0(z - )%, = f(2) for any z € U. Strongly holomorphic functions
are weakly holomorphic, as well (because every A € X~ is linear and continuous). As to the converse, the
following facts are classically known, though only for n = 1 (cf. Theorem 3.31 in [21], p. 82). Let @ C C be an
open set, X a locally convex space, and f: @ —» X a weakly holomorphic function. Then (i) f is strongly
continuous. Let I'(Q) denote the set of all closed rectifiable curvesI' = {y(t) : a < t < b} inQ C C, and let us set

d
¢ ,Z €C.
-z

1
Indy(z) = %j ;
T

Let us assume that ¢o[ f(I')] is a compact subset® of X, for any I' € I'(Q). Then (ii)

[r@ac=0.r er@), miz) =0,z € c\e, @1
T
1
f(@) = %!«* - ()00, 2z € @, Inds(2) = 1, 22)
[r@dc= fraac, 23)
T, L,

I, € I(Q), Indrl(Z) = Indrz(Z), z € C\Q.

Let X be a complex Fréchet space. Then (iii) f is C-differentiable at each zy € Q, ie, the limit lim, ., (z — o) {f(2) — f(20)}
exists in the topology of X, for any z, € Q. The formulas (2.1) and (2.2) are, respectively, Cauchy’s theorem and the
Cauchy integral formula for X-valued holomorphic functions (cf. Theorem 1.5 and formula (1.59) in [22], pp. 4249,
for the scalar valued counterpart of (2.1) and (2.3)). Strong continuity of weakly holomorphic functions follows
mainly from the Cauchy formula for scalar valued holomorphic functions (cf. [21], pp. 83-84).

We recall that a subset E C X is bounded if for any neighborhood V of 0 € X there is a number s > 0 such
that E C tV for any t > s. Also E is weakly bounded if A(E) C C is bounded for any A € X*. It should be
observed that while basic notions make sense for an arbitrary topological vector space X, most basic results
require more specialized values. The assumption that X is a locally convex space (in statement (i)) is exploited
in two ways. First, any weakly bounded subset of a locally convex space is (strongly) bounded (cf. Theorem 3.18
n [21], p. 70). Second, for any locally convex space X the topological dual X" separates points on X (cf.
Corollary to Theorem 3.4 in [21], pp. 59-60).

Let Q@ € C" be an open set (n 2 2) and leta € Q. Let p = (p,, ...,p,) be a polyradius (p; > 0) such that the
polydisc P(a,2p) ={z € C": |z; - qj < 2p;;1 < j < nj} is contained in Q. Let X be a locally convex space. Let
f:Q — X be a weakly holomorphic function and let A € X*. Let us set a'’) = (@,..., @j) € €/ forany1<j < n.
As A ° f: Q — C is holomorphic, for every z € P(a, 2p)

A[f(Z)] - A[f(a)] = Z{A[f(a(]_l)) Zj: '--)Zn)] - A[f(a(])a Zj+1’ ---)Zn)]}=

j=1
(by the Cauchy formula)
=Li A[f(a(j_l): Gj» Zj+1, s Zn)] azi - J’ A[f(a(j_l)’ Gj» Zj+1, wsZn)] dz;
2 i G-z ! G- I
\¢-51=2p; 14-21=2p,

Let us set

M) = sup{]A[f(D]l : { € P(a, 2p)}-

2 If A C X then €o(A) is the closed convex hull of A.
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If z € P(a, p)\{a}, then

(A)le j d(j

n
1
<MWz -al) —
aroia p '

I¢j - a j=1Fj

A[f(2)] - Alf(@)] <

1G=51=2p;
byl - z1 2 1§ - ajl = |z - @l = 2p; - |z - | 2 p)). Consequently, the set
{lz - a[f(2) - f(@)] : z € P(a, p)\a}} 2.4)

is weakly bounded in X and hence strongly bounded, too. Let V C X be an open neighborhood of the origin
0 € X. As the set (2.4) is bounded, there is s > 0 such that

f2)-fla)etlz-alV,z € P(a, p)\{a}, t = s.

We recall that a subset B C X of a topological vector space is balanced if for any a € C with |a| <1 one has
aB C B. As every topological vector space has a balanced local base of neighborhoods of the origin (cf. [21],
p. 13), it follows that f is (strongly) continuous at the point a. We established the following:

Theorem 2.1. Let X be a locally convex space and let @ C C" be an open set (n = 2). Any weakly holomorphic
function f: Q - X is strongly continuous.

Let us get back to the one complex variable case (n = 1) and the statements (i)—(iii) above. Once statement
(i) was proved, one may conclude (by Theorem 3.27 in [21], p. 78) that the integrals J}f (0)d{ and Jr(( - 2)f({)d¢
are well-defined elements of €o[ f(I')] (as Bochner integrals, cf. Definition 3.26 in [21], p. 77, and Appendix A

with this article). Then formulas (2.1) and (2.3) follow from the ordinary Cauchy formula and Cauchy’s theorem
applied to the holomorphic functions A ° f for every A € X*. Similarly, when n > 2, we may state

Theorem 2.2, Let X be a locally convex space and let @ C C" be an open set (n > 2). Let a € Q and let
p = (py, -...p,) be a polyradius such that P(a,p) C Q. Let f: Q — X be a weakly holomorphic function such
that the closed convex hull of f[0oP(a, p)] is a compact subset of X. Then for every z € P(a, p),

[ NG - 2@ 506 g 25)

a0P(a,p)/™1

f(2) = (2 )"
Here, 3yP(a, p) = I'I'j7=181(a,-, p;) is the essential boundary of P(a, p) and SWzp,r) ={z €C : |z - zy| = r} with
Zp€C andr > 0.

Proof. By Theorem 2.1, the function f: Q — X is continuous. Then (by Theorem 3.27 in [21]) the integral

[ r©ONG - 274¢ < ol f@pia, )l

aPap) 7t

is well defined, and

N [ ol -27ac| =

aoPap) 7T d0P(a.p)

J’ A[f(()
I_lj 1((]

for any A € X*. Then (2.5) follows from the Cauchy formula for A ° f, and the fact that X* separates points.

Let us go back once again to case n = 1. Statement (iii) above required the further specialization of the
values X, i.e, that X is a complex Fréchet space. This guarantees that co[F(I)] is a compact set, where
F(z) = z7%(2),T = {{ € C : |{| = 2r}. Consequently, both Cauchy’s theorem (2.1) and the Cauchy integral for-
mula (2.2) hold for the holomorphic function F (and the proof in [21], p. 84, does apply). O

Let X be a complex Fréchet space and f: Q@ — X a weakly holomorphic function. For each a € C", we set

Qj,a = {Z eC: (aly eeey aj—l; Z, aj+ly eeey an) € Q}y

ija(z) = (al) weey aj—l: Z, aj+1) weey an): AS Qj,a-



6 —— CElisabetta Barletta et al. DE GRUYTER

Each f] « is weakly holomorphic in Q; , hence (by statement (iii) above) f/ « 18 strongly holomorphic in &; 4. It is
a natural question whether, under these conditions, the function f: Q — X is holomorphic. Equivalently, the
question is whether Hartogs’ theorem? holds for X-valued functions f with f; o holomorphic. We shall estab-
lish the following:

Theorem 2.3. Let X be a complex Fréchet space, Q C C" an open set (n 2 2), and f: Q - X a weakly holo-
morphic function. Then f is strongly holomorphic.

To establish Theorem 2.3, we follow the arguments in the proof of the classical Hartogs’ theorem (cf. [19],
Pp. 43-44). The proof is however easier because weakly holomorphic functions are already continuous, while
Hartogs’ theorem assumes only separate analyticity. To prove Theorem 2.3, it suffices to show

Theorem 24. Let X Dbe a complex Fréchet space, and let us consider the polydisc
Q={z€C":|zl<R1<j<n}, R>0. Let f:Q— X be a weakly holomorphic function. Then there is
0 <1 <R, and there is a power series },0Z"Xa With X, € X, converging uniformly on P(0,r) and such that
f(2) = Yjq=02%q for any z € P(0,r). Here,x = (1, ...,T).

Proof. Let D,(0) = {x € C : |z| <r}.As f: Q — X is continuous (cf. Theorem 2.1), it is Bochner integrable on the
product of circles

n
T,=[l{GeC:Igl=pL0<p<R,
j=1
ie, f€ LT, X,d{). Let 2’ = (..., Zp-1) such that|zj| < R for any 1 < j < n - 1. Note that D,(0) C Q, .. Also,
as argued earlier, fn’z, is holomorphic in &, ,, and in particular in D,(0). Hence, (by statement (ii))

1
1@ = o [ G ) Y 2dG 12l < p.
[&nl=p
For fixed z,..., z,- with |z] <R, 1<j<n -2, and fixed ¢, € D,(0), the function f(z, ...,Zn-1, ¢») is holo-
morphic in |z,-4| < p, and hence, we may repeat the aforementioned procedure. In the end, for any |z]| < p,
1<j<n,onehas

n
@iy z) = [ 46 [ G | 116 - 2)F G GG 26)
[Gl=p  1Gu-al=p lal=p =1
Let P(0,r) ={z€C": |z]| <r,1<j<n}, wherer=(r,..,r)and0 <r<p.Letz € P(0,r) and { € T,. Then

o

n Za
|-| ((] - Zj)_1 = Z (a+1 > (27)
j=1 lal=0
where a + 1= (& + 1,..., a, + 1) and the series in the right-hand of (2.7) converges uniformly for { € T, and

z € P(0,r). Let f,(z,{) = (/¢ Hf (). O

Lemma 2.5. For any z € P(0,r), the series Y,,.of, (2, {) is convergent in the topology of X, uniformly with
respect to ¢ € T,

Proof. Let # be a balanced local base (of neighborhoods of the origin in X). As every A~ f (A € X") is
continuous, the set f(7,) is weakly bounded and then bounded in X. Hence, for any V € %, there is s > 0
such that f(T,) C tV for any ¢ > s. Let us set

3 Cf. Narasimhan, [19], p. 43, for X = C.
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v a

sz, ()= ) Suz,{) = Y £,z 0.

a0 §4Y lal=0
As 314202%/¢%* is convergent (uniformly for { € T, and z € P(0, 1)), there is N > 1 such that
1
|Rvy(zx Ol < ;)V 2u>N,(€ T, |Z1'| <r,

where Ry, = s, — s,. Next, as V is balanced

Ry(z, Of (€) € Ryy(z, Of (Ty) C Rz, )V C V,
v2u>N,(€T,z€EPQ,r).

Hence, for each z € P(0, r), the sequence {S,(z, {)}»o is Cauchy in X uniformly for { € T,. O
By Lemma 5, we may integrate 3,,»of;, (z, {) term by term (integration with respect to { € T,) and obtain (by (2.6)):

f(2)= Y 2%,z € P(0,1),0<r<p,

|a|-0

[ a6 [ aga [ aeyonge .

X,
a” (Zm)“
[¢nl=p |¢n-1=p Gl=p

To end the proof of Theorem 2.4, we need to establish the following:
Lemma 2.6. The series 402X, converges in X uniformly for z € P(0,r).
Proof. Let 2 be a separating family of seminorms, determining the topology of X as a locally convex space. Let us set

V(p, k) = pEPKkEZ k21

1
S : -
XEX p(x)<k,

The collection % of all finite intersections of the sets V(p, k) is a convex balanced local base of X. Letp € 2
andk € Z,k =2 1. As f(T,) is bounded in X, there is s > 0 such that f(T,) C sV(p, k), i.e, p[f({)] < s/k for any
¢ € T,. Then (by Theorem Al in Appendix A to the present article),

pLf (O] s a s _
p(Xa) (27'[)” J d(n J d(n -1- (‘Hll (1 < k(Z]T)”J.(CHl = Ep |11|’
[Gal=p  |Gn-1l=p |Gl=p T,
and hence,
v 4 s v n s v r lal 1
2 z(< T o)<y 3 [l 3 H <
lal=p+1 lal=p+1 lal=p+1=1 laj=p+1\ P
for some N>1and anyv > pu = N. O

3 Weierstrass theorem

Let X be a complex Fréchet space, @ C C" an open set, and {f, },>0 C O(Q, X) a sequence of holomorphic
functions. We establish the following vector-valued analog to Weierstrass’ theorem.

Theorem 3.1. If{f, },>1 converges uniformly on any compact subset of Q, then the pointwise limit f = lim,f, is
holomorphic in Q, ie., f€ O(Q, X). Moreover, for every a € Z%, the sequence {D°,},>o converges to D%
uniformly on compact subsets of Q.
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Leta € Q and letr = (n,, ...,1;,) be a polyradius such that P(a,r) C Q. We need
Lemma 3.2. f € C(P(a,r), X).

Proof. Any strongly holomorphic function is weakly holomorphic, hence (by Theorem 2.1) each f, is strongly
continuous, and in particular, f, : P(a,r) - X is strongly continuous. We claim that f, : P(a,r) - X is also
strongly bounded. Indeed, as any A € X* is continuous, the (scalar valued) function A ° f, : P(a,r) - C is
continuous on the compact set P(a, r), and hence, the set {A[ f(2)]:ze P(a, 1)} is bounded, which is to say
that the set {f,(z) : z € P(a, r)} is weakly bounded. Any weakly bounded subset of a locally convex space is
strongly bounded, so the claim is proved. As X is a Fréchet space, its topology is compatible with some
invariant metric. So f, : P(a,r) - X, v 2 0, is a sequence of continuous and bounded mappings of metric
spaces, converging uniformly to f|pg . Consequently, f |5 is continuous. O

By the Cauchy integral formula,

n

wif, @)= [ de [ G [ 116G -2)%@G - G)dG 31
=1

1Gal=n  1Gue1l=Tt [Gl=rJ

for any z € P(a, r).

Lemma 3.3. For any z € P(a,r),

im [ K@= [ RO,

doP(a,r) doP(a,r)

where

E(O) = 16 = )7, (0. F() = [1(g - )7 ).
j=1 j=1

Proof. If X and Y are metric spaces, let C(X, Y) denote the metric space of all continuous and bounded
functions F: X —» Y with the distance function dw(F, G) = sup,cydy(F(x), G(x)). The uniform convergence
f, = f on compact subsets of Q yields convergence of F, to F in C(8,P(a, r), X), i.e., dw(F, F) = 0 as v — o,
Let# = {p,, : m 2 1} be a countable separating family of seminorms on X determining the topology of X, and
let us set

o

1 p,x-y)

P € %;
L2 T p -y )

dx(x,y) =

so that dx is an invariant metric on X compatible to the topology of X. For any € > 0, there is v; € Z. such that
for any v 2 v,

€>do(R,F) = sup dx(F(2), F(2)),
ZE€9yP(a,r)

i.e, for every z € 9yP(a, r),

_ 21 paB@)F@) _
€ > dx(F(2),F(2)) = 20T p (B@.FQ) sup{Sp(v, z) : m > 1},
where Sp(v, z) = ZL":lZ"‘pk(E,(z), F(2))[1 + p(E(2), F(2))]™}, that is, for any v > v;, any z € 9,P(a, r), and
anym €N

2Me
1-2"m¢

Pn(E(2) - F(2)) <
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yielding

po| | B@ac- [ FOacls [ puB@ - FQOlC< 196P(a, ).

doP(a,r) doP(a,r) doP(a,r)

12’"

Here, |A| is the Lebesgue measure of A C R?", Let N € N and let
9-(m+1)
s N) = —_— ’N = s
€M N) = N VT V) = Ve
so that
[ B@dc- | Fodze vip,, N

doP(a,r) doP(a,r)

for any m, N € N and any v = v(m, N). However, as well known, {V(p, N) : p € 2, N € N} is not a local base
for the topology of X. Instead, the family # of all finite intersections B = V(p,,, N1) N...N V(p,,,, Ni) is a local
base. Let v(B) = max{v(m;, N;) : 1 < i < k}. Then

| RO~ [ Fodces
8yP(a,r) doP(a,r)

for any v 2 v(B). O
Let us pass to the limit with v — o in (3.1). Then (by Lemma 3.3)

i@y = [ a6 [ e [ TG -2 - GG, (62

T A T A |Gl=ry =1

and hence, f € O(P(a, 1), X). By (3.2), together with Lemma 8.6 [23], p. 29, f is holomorphic in each variable
separately, and then (by Hartogs’ theorem together with our Theorem 2.3) f € O(P(a, r), X) for arbitrary
a € Q, and hence, f € O(Q, X), thus proving the first statement in Theorem 3.1.

Let now K CC Q be a compact subset. There is a compact subset A C Q such that A D K. As f, — f for
v — o uniformly on 4, for any p € £, and any N € N, there is v(p, N) = 0 such that for any v = v(p, N), and
any z € A:

1, @) - f(2) € V(p,N)
or p(f,(z) - f(z)) < 1/N, which yields

1
I, = fllpa< T v(p, N).

Here, for every F € C(Q, X), we adopted the notation:
IFllp,xc = sup p(F(2)).

z€K

We also write briefly || |lmx = [|*[lp,.x [s0 that {||-[l,x : m €N, K C C Q} is a family of seminorms on C(, X)
organizing it as a complex Fréchet space]. Let a € K and let r = (n3, ...,1,) be a polyradius such that
P(a,r) C A. Then

f,,f€ OP(a,r), X) N C(P(a, 1), X).
Lemma 3.4. For every F € O(P(a, r), X) N C(P(a, 1), X),

Fiz)= ) (2~ (D"F)(a) z € P(a, ). (33)

ac”Z .
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Moreover, for every a € Z, one has DF € O(P(a, r), X) and
al
PulDFY@)] < ¢ IFllm (34)
where K = P(a, ).

Statement (3.3) for n = 1 is Lemma 8.6 in [23], p. 29 (an immediate consequence of the Cauchy formula for
X valued holomorphic functions of one complex variable), while statement (3.4) for n = 1 is formula (8.3) in
[23], p. 29. Similarly (3.3) and (3.4) follow from the Cauchy integral formula (2.5) in Theorem 2.2. The proofis left
as an exercise to the reader.

By Lemma 3.4, one has D%, Df € O(P(a,r), X) and

e

Pl(DY)@ = DX@] € 5 1, = Tl ey < o 1y = Flls <

for any v 2 v(p,,, N).

4 Cauchy problems versus integro-differential equations

Let X be a complex topological vector space. Let & C R" be an open set with 0 € Q, and let P(x, D)u =
Yiasm@a(X)Du be a PDO of order m, with coefficients a,: Q@ —> C. Let f:Q—~ X and 91 Q ~ X,
0 <j<m-1, where Q = Q N {x, = 0}. The Cauchy problem is to find a neighborhood of the origin U C Q
and a solution u : U — X to P(x, D)u = f in U such that

o

J
0%y Xn=0

=9 on p=UN{x=0,0<j<m-1 4.1)

We seek to establish a vector-valued analog to the classical Cauchy-Kovalevskaja theorem, i.e.,

Theorem 4.1. Let X be a complex Fréchet space, Q C R" an open neighborhood of the origin, and let
f € C¥Q, X) and 9 € C¥RQ, X),0 <j < m -1, be given functions. If a, € C*(Q) and

ago,...,0m)(0) # 0, 4.2)

then there is a neighborhood of the origin0 € U C Q and a unique solutionu € C“(Q, X) to the Cauchy problem
4.1) for P(x,Dyu = f.

As well as in the classical scalar valued case, it suffices to prove Theorem 4.1 for 9 = 0,0<j<m-1,and
a,..,o,m) = 1. More important, the Cauchy problem (4.1) may be replaced with a formally similar problem in
the holomorphic category. Indeed let u € C“(U, X) be a solution to

dlu
Px,Du=f inU,—=0 onl, 0<jsm-1 4.3)
ox/]
There is an open set & C C" such that O = Q, and there are holomorphic extensions to © of the real analytic
functions a, and f, i.e., functions @, € O(Q) and f € 0(Q, %) such that dy)g = a, and f lo = f.Similarly, there
is a connected open neighborhood of the origin U € © and a holomorphic function & € O(U, ¥) such that
Ug = U and illy = u. Throughout, if A C C" is a set, then Ag ={(z, ...,z,) € A : z; € R,1<j < n}. Then
R | ~ :
P(z,D)ii=f in U’F=0 only 0<js<m-1, 4.4
Zfl
where 0; = U N {z, = 0} and
olal

P(z,D) = 3 &2)Df,Df = o g
1 es n

|alsm
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Viceversa, if ii € O(U, %) is a solution to (4.4) for some open set 0 € UcQ thenu=i|y withU= Uy is a
solution to (4.3), where a, = d, |y and f = f ly.

Letii € O(U, ¥) be a solution to (4.4) with G,..,m = 1. We may assume w.l.o.g. that the set U is balanced in
the z, variable, i.e., (z’, tz,) € U for any z € U and any |t| < 1. Here, z’ = (z, ...,Z,-1) S0 that z = (z’, z,). Let us
consider the C* function ¢ : [-1,1] —» X given by

U(t) = 1(z', tzy), |t| < 1.

As (80i/0z])(z’, 0) = 0 for any 0 < j < m - 1, the truncated Taylor development of i (with the rest in Bochner
integral form, cf. Appendix B to this article) is expressed as follows:

m-1_j 3j
_y U9y . 0) = :
v = ZOFW(O) + Ru-a(t; 0) = Rna (5 0),
t
1 dmy
. - — m-1__1T <
Bnca(6.0) = s {(r Ol (@OdT 1 S 1
Moreover, ¥(1) = @i(z) and Y(1) = Rp-1(1; 0) imply
1
ii(z) = Zn' J(l - " y(z, tzp)de 4.5)
(m _ 1)! . ’ n ’ *
where we have set for simplicity
Ve oW, 1)@ = 2Le, 2 e,

n

It will be useful to observe that the functions J : U-%,s20,
1
k@ = [a-om@, ),z e 0,
0

satisfy the following recurrence identities

Lemma 4.2. For any s 2 1,

9
" (2) = §J,_1(2) - A + 9)J(2). (4.6)

Zna—

Proof. For any fixed z € {7, et us consider the function o :[0,1] —» X given by ¢(t) = v(z’, tz,). Then
F do 0
v
Ji@) = {(1 - 00, 500 = 2y (@ ),

so that

1
dJ; 1 s do
5 ()= Zn{t(l (-, (0.
Finally, integration by parts [together with the elementary identity %{t(l -t =A-t)T-Q+ )t -ty
yields (4.6). O

Formula (4.5) reads

'

4@ = -

Jn1(2),2 €T,
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hence (by Lemma 4.2)
Zm 1

D)= @),

The iterative calculation of partials leads to

ail zm
2] @ G- o @05 S
or
i zm )
: W - ym 47
az,{(z) e 1)IJ'(1 M Ily(z, tz,)de %)

for any 0 < j < m - 1. Next, let us consider the linear operator
T:00U,%) - 0(,%),
g=-3 3 a5 j(l - "D )@ tz)dt
J=01Blsm~j
for any g € O(U, X), where
Al

ozl .ozl

D} Bezi.
Then
olalii

f = P(z,D)ii = Ae2)— =
f=P@Dyi= 3 & )azf‘1 .0z

|alsm

My de,...om =1

omi ! Bl mt N Bl olii
62 + Z Z aﬁl(z)—l =y + z z (llgj(z)iﬁ1 B, 3 7 =
n j=0|Blsm-j 0z, 6zn '9z] j=0|B|<m~j 027" ...02,"1'\ 92y
(by (4.7)
2+ Y T 4 O ,j(l - OO, ) = v - .
j=01Blsm~j !
Therefore, for every solution v € o(U, %) to the equation
v-Tv={, 4.8)

the function i defined by (4.5) is a solution to the Cauchy problem (4.4) with d, .. 0m) = 1.

5 Cauchy-Kovalevskaja theorem
We need the following:
Lemma 5.1. Let m € N be a positive integer, and let C > 0 and y € (0, 1) be constants. There is € € (0, 1) such that

-m

<y (5.1

C|zn|ll - max|z;
1<j<n

for any z € B,(0).
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Proof. Note that
-m

<Ce(l-¢g)y™m,

Z € B(z) ® max|zj| <e=>1-max|z|21-¢e= C|zn|[1 - max|z
1<j<n 1<j<n 1<j<n

Let us consider the monotonously increasing function ¢ : (0,1) — (0, +=) given by ¢(¢) = Ce(1 - &)™ In
particular ¢ is bijective, hence for any y € (0, 1), there is a unique ¢, € (0, 1) such that ¢(¢,) = y. Therefore,
for every z € B,(0),

-m

Clzy|

1 - max|z|
1<j<n

S Ce1-¢g)™ = ¢(g) = y. O

Let 2 be a separating family of seminorms on X determining its topology as a locally convex space. By
Theorem 1.37 in [21], pp. 27-28
(a) Every p € Z is continuous,
(b) A set EC X is bounded © every p € £ is bounded on E.

Lemma 5.2. Let p € # and let f € O(B", X) such that

B
a- maxlsjsn|zj|)b

p(f(2) < (5.2)

for some constants b > 0 and B > 0, and every z € B". Then for every multi-index a € Z} and every point
z € B",

Beld(b + 1)...(b + |a|)
(1 - max;gjen|z;)P9!”

pl(D;)(2)] < (.3)

Proof. It suffices to prove (5.3) for |a| = 1 and apply the resulting inequality to the derivatives of f. Also, we
may assume w.lo.g. thata = (0, ...,0,1) € Z!. For every z € B", there is a polyradius p = (p,, ...,p,) such that

ZPJ.Z <1,z € P(0, p), P(0, p) C B".
j=1

Let us set g = p; - |zj| s0 that € = (g, ...,&,) lies on the cube I", where I = (0, 1). Therefore, P(z, €) C P(0, p).
Next, let us set

m'-maxlzls'-e-—l_mz = p, = |z + ——
2 gz 10T T 1+p PT P T
so that
n-1 n-1 2
1-m
200= 2zl +g)P<1- [IZnI + Z],
A 1+b

and moreover, z € D,(0) and D,(z,) C D,(0) C D1(0). Here, D;({) = {C € C : |{ - {o| < r}. Let us consider the
planar domain

Dp,a={(EC < p, 1C - zo| > €}
Then D,, C D4(0) and
oD, = {(eC:|{l=ptU{{eC:|{-2z|=¢}= aDp(O) U 0D¢(z,) C 0D1(0).

Let us consider the function f,, : D,(0) - X given by f({) = f(z’, {). Then f,, € C(D,(0), X) N O(D,(0), X)
hence (by the Cauchy formula)

U S N S
1@, 0 =50 | w0,

0D,(0)

and then
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f

%

| oo @ 0 G4)

0D,(0)

Let us set

0= o @ O

Then w € C*(T*(M) ® X), i.e.,, w is a X valued differential 1-form on M = D;(0)\{z,;}. As { = ﬁf(z’, () is
holomorphic, the differential 1-form w is closed, i.e., dw = 0. Consequently (by the Stokes theorem),

O—Idw— Iw=> Iw— Iw

D¢ Di(p) De(zn)

and (5.4) becomes

of 1
3@ =3 ()(( T €

or (with { = z, + ee'?)

2

—f( )= ! J' (77, 7, + £e)df.

Let us set z.(0) = (z’, z, + €e') for the sake of brevity. Then
Mg <Mz + &€ (5.5)
and (by Theorem Al in Appendix A, the assumption (5.2) in the current lemma, and (5.5))

L/
azn

21

Bd6 < B
27'(8 [1 - myel? e -m,- el

P Ip [/ (2(0)]d0 < —

On the other hand,

“m,) b 1 1
(1—mz—s)”=[1—mz— 1+b] =(1—mz)”[1— 1+b] 2(1—mz)”[1—5] 2;(1—mz)”,
hence,
_f Be(1 + b)
aZn( 2| = (1 - m)b*t -

Let % C C" be an open set such that B™ C %, and let 7, vy € O(%, X). Next, let v, w, € O(%, ¥),v 2 1,
be defined recurrently by

Vys1 = TV, + F, Wy, = Yy — 1, ¥ 2 0,

Lemma 5.3. For any seminorm p € 2, nonnegative integer v € Z ., and point z € B"

-my

plwy(2)] < M(p)lae™C(m)l"lz,|"|1 - max |z]| .6)

M(p) = sup plwo(2)], C(m) = by, Y m,

ZEB" j=1

a= max max sup|ds;(z)l,
0<jsm-1 BEB; ,c/n

by = max IBI |Bol, Bj = {B € Z{ ™" : |Bl < m - j}.

0<j=m-1
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Proof. The proof of Lemma 5.3 is by induction over v € Z.. Let P(p, v, z) be the predicate in (5.6). Let p € 2.
Then p[wy(z)] < M(p) is equivalent to P(p, 0, z), so that P(p, 0, z) is true for any z € B". Letv € Z,,v > 1,
such that P(p, v, z) is true for any p € 2 and any z € B". Note that, independently from the induction
hypothesis

Wys1 = Vyrz = Vyr1 = TV + F = (Tv, + F) = T(Vyeq — V) = Twy,

hence for every z € B" (by the very definition of T)

@ =-3 3 a5, Gy j(l— O w2, tz,)dt.

j=0 pez! ] D!
|Blsm~j
Consequently,
|z - 5
Wwy41(2)] < aziltm”Dwztzdt
p[wy(2)] ]ZMG;J Bl G = 1),J( I pl(Dfw,)(Z, tza)] 57
|Blsm-j

Foranyz €B"and any 0 < t <1,
Itz = 2| + |zl < ||2|F + |z = [|2If <1,
hence ¢(z") = w,(z’, tz,) is well defined and (by the induction hypothesis) P(p, v, (z’, tz,)) is true, i.e.,

M(p)lae™C(m)]"t" |z,|"
(1 - maxy<k<p-1l2zc)™

plo(z)] < (5.8)

is true. The function wav is holomorphic in a neighborhood % of B", so in particular wav € O(B", %) for
every B € Z""1, At this point, it should be observed that (5.8) is equivalent to the hypothesis (5.2) in Lemma 5.2,
provided the data in Lemma 5.2 is replaced as follows:

B [Bn—l

f ¢

B| |M(p)laemc(m)]t” |z,|"|

b my

Therefore, we may apply Lemma 5.2, so that to conclude that (5.3) holds with the new data, i.e.,

M(p)lae™C(m)]*t" |zy|eP(my + 1)...(mv + 1B

(5.9)
(1 - maxy<g<p-1|2i))™* P

pl(DLw,)(Z', t2)] = pl(DPY)(z)] <

Thus, (by (5.7) and (5.9))

m-1
plwya(2)] < M(p)lae™c(m)]Y Y Y |dg(2)
j=0 pez™!
|Blsm~j
. 1
m-j+v,lpl
y |Za| T Ve (mv + 1)....(mv + 1B It"(l _ i
1 - maxigenalz)™ ' (m-j-Dt 4
m-1
= M(p)laemC(m)]V ) Y |dp,(2)|
j=0 ezt
|Blsm-j
m-j+v,lpl
N |Z,| ™ T*Ve (mv + 1)....(mv + |B|)B(V cLm- ),
(1 - maxycgen-alzd)™ W (m - j - D!

where B(r, s) = J;t’ “1(1 - t)s~1dt is the Euler function of the first kind, hence
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I'(v+ DI'(m - j) _ vilm - j - D!

Bv+1lm-j) = - —,
( D ITv+m-j+1) w+m-j!
Also

IZn|V+m_j < |Zn|‘}+1; elfl < em,

my+|| mv+m
[1 - max |z > (1 - max |z s
1<ks<n-1 1<k<n-1

so that

aM(p)[ae™C(m)]"|z,|"*'e™E,
- maXlskSm—ﬂZkDm(Wl)

plwy.1(2)] £ , (5.10)

. W+ m—) ,v=>1.

~ m-1 vimv + D)...(mv + |B])
b ZO ﬁgBj

We claim that the sequence {§,},>1 C (0, +) is bounded by the constant C(m). Indeed

m-1 .
vi(mv + 1)...(mv + m - j)
0<& < ) IB| =
pr v +m-))
m-1 .
mv +1).(mv+m-
<y 3 T * Do + m = )
j=0 (V+m_])!
mv+1+mv+1mv+2+ +mv+1mv+2 myv+m
™oy 41 v+l v+2 7 v+l v+2 T v+m

Let us consider the monotonously increasing functions f] : [1, +0) > R given by fj(x) = (mx +j)/(x + ) for
x=1and1<j<m,and let us note that limxﬂmfj(x) = m. Finally,

m
0<& <byym =C(m). O
j=1

Then (5.10) implies P(p, v + 1, z), and we are done.

Let us recall that Lemma 5.1 builds a number 0 < ¢ < 1 starting with the data (m, C, y), where m € N,
C > 0,and 0 < y < 1. An inspection of the proof of Lemma 5.1 shows that its output € depends on the constant C.
Let us apply Lemma 5.1 with the input data (m, ae™C(m), y), where m is the order of the given PDO and
0 <y <1is arbitrary. By Lemma 5.1, there is € = ¢,(m) € (0, 1) such that*
ae™C(m)|zy|
(1 - maxjcgenlze)™

(5.12)

for any z € B(0). By Lemma 5.3, for any nonnegative integer v € Z, and any z € B"

-my

p[wy(2)] < M(p)[ae™C (m)]”IanV[l - 15133,351'2"'

hence (by (1 - maxy<x<n-1lzx]) ™ < (1 — mMaxy<r<n|zi|)™! together with (5.11))

plwy(2)] < M(p)y”
for any z € B(0). As Yoy < = the series Y,.ow, converges uniformly on B(0) (cf. also Appendix C to this
article). Let us set

©

v
W= D Wy, Sy = D Wy
v=0 k=0

4 Unlike the notation suggests, the constant € depends on the full differential operator P(z, D,) (rather than on its order alone).
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so thats, = Z,‘:zo(vm = Vx) = Vy41 — Vg. Thus, for any p € 2 and any N = 1, there isv(p, N) € Z. such that for
any v 2 v(p, N) and any z € B,(0),

Vy41(2) = (Vo + w)(2) = s5y(2) ~ w(z) € V(p, N),

ie., the sequence {v,}, converges to v = vy + w uniformly on B.(0). In particular, v € C(B,(0), X). Let
£:=(g ..,£) € Z}. Then P(0, &) C %. Therefore,

Vv € O(P(O’ 8)7 x) n C(P(Ox 8)7 x)y v € Z+:
hence (by the Cauchy integral formula),

1

w(z) = )y

[ NG -2 t)dG . dg,

0P(0,8) /71
for any z € P(0, ). Passing to the limit with v — o yields

1
(2mi)"

v(z) =

[ NG -2 000G .., 512

3oP(0,£) /=1

for any z € B,(0). On the other hand, the right-hand side of (5.12) is a holomorphic function in B.(0) C P(0, &)
so that v € O(B(0)). By (the vector-valued analog to) Weierstrass’ theorem (i.e., Theorem 3.1) for every
a € 7%, the sequence {D%,},o converges to D € O(B,(0), X), uniformly on any compact subset of B.(0).
Hence, (by the very definition of T),

lim Tv, = Tv

y—00

on any compact subset of of B,(0). Let § > 0 such that Bs(0) C B.(0). Then

v =limvyy = lim(Tv, + #) =Tv + F
Y00

v

on Bs(0), that is v € O(Bs(0), X) is the unique solution to the integro-differential equation (4.8) on Bs(0).
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Appendix
A Vector-valued integration

Let X be a topological vector space such that X* separates points on X. Let Q be a compact Hausdorff space and
let u be a Borel probability measure on Q. If f: Q — X is a continuous function and €o[ f(Q)] is compact in X
then there is a unique y € ¢o[ f(Q)] such that

Ay = [ pdune .
0

IQf du =y is the Bochner integral of f.

Theorem A1. Let X be a Fréchet space, and let 2 be a separating family of semi-norms on X determining the
topology of X as a locally convex space. Let u be a positive Borel measure on the compact Hausdor{f space Q.
Then for any continuous function f: Q - X,

pffdu < I(p ° fldu,p € 7.
Q Q

Theorem Al is proved in [20] only when X is a Banach space (cf. Theorem 3.29 in [20], p. 81). We provide a
proof holding for every Fréchet space X. We make use of the following corollary to Hahn-Banach theorem (cf.
Theorem 3.3 in [20], pp. 58-59).

Corollary A2. Let X be a locally convex space and let xo € X. Let 2 be a separating family of seminorms
determining the topology of X. For every p € & there is A € X* such that Ax, = p(xo) and |Ax| < p(x) for
any x € X.

Once again, the proof in [20], p. 59, is confined to the case where X is a normed vector space.

Proof of Corollary A2. A function A : X — C as in thesis of Corollary A2 may be built as follows. If x; = 0, we set
A = 0.If xy # 0 let # be the 1-dimensional space spanned by X, i.e., ) = Cx,. For a fixed seminorm p € 2, let
us consider

1% - C,f(Ax) = Ap(xp), A E C.
One checks easily that f: % — C is linear. Moreover, for every x = Axg € %,
If 0Ol = 1Ap(xo)| = 1AIp(X0) = p(AXo) = P(X).

At this point, one may apply the Hahn-Banach theorem to the dataQ) = Cxg and f: ) — C and p to produce a
linear functional A : X —» C extending f such that |[Ax| < p(x) for any x € X. As p : X — R is continuous, it
follows that A is continuous at the origin, and hence on X. Finally, xo € % and hence A(Xg) = f(xo) = p(xo).

Let us apply Corollary A2 for xo =y = _[Of du and p € 2. We may then consider a linear and continuous
functional A € X~ such that A(y) = p(y) and |Ax| < p(x) for any x € X. In particular, for x € f(Q),

IAf(s)] < p(f(s)), s € Q.
Finally,

p|[rdu| = po) = A0 = [ o frau = | [ea e prau| < fia e fidu < o o . O
Q Q Q Q Q
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B Taylor’s formula with Bochner integral reminder

Let X be alocally convex space over R, on which X* separates points, and let f € C**%(U, X) where U C R is an
open set. Let ty € U and let us set

n

Rt f,t)= Y —(t - )P (), (A1)
k= 0
Ru(t; f, t0) = f(t) = Bi(t; f, to). (A2)

Lemma A3.
(i) The reminder is of order o(|t — ty|"), Le.,

1
gga_twnaftw—

(ii) The reminder admits the integral representation formula

t
Ru(t; f, t0) = %I(t - S D(s)ds.

Proof. (i) Linear and continuous functionals A € X* commute with derivatives of any order. Hence,

where A(f) = A ° f. As A(f) is a scalar valued function of class C**1, for any t € U, thereisa = a(t, ty, A(f)) €
[0, 1] such that

(t - to)n+1 dn+1A(f)
(n+1)! det

where € = (1 - a)t, + at. Consequently, as A(f) is of class C"*? the representation formula (A4) implies

Rt A(f) t0) - 1 d™A(f)

}LI}: (t _ to)n+1 - (n + 1)! dentt (to). (A5)
On the other hand (by (A3)),
Rn(t: A(f)’ tO) _ 1 _ .
(t _ tO)n+1 - (l’ _ to)n+1 [A(f(t)) B(t; A(f)’ tO)] l(t t )n+1 ”(t f to)|,

hence (by (A5)) for any sequence {t,},>; C U with lim,_«t, = ty the limit

lim A

1
o [(tv _ to)n+1Rn(tv; f) tO)]

exists and is finite. Consequently,

1
A (tv _ to)n+1 n(tVy R
is a bounded set for every A € X, i.e., the set
1
E-= WRA(},;f,%)ZVZl cX
4
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is weakly bounded. From now on, we assume that X is a locally convex space. By Theorem 3.18 in [20], p. 70,
every weakly bounded set in X is also strongly bounded. Hence, for any neighborhood V of 0 € X, there is
sy > 0 such that E C sV for any s > sy, ie,

mRn(tv; fito) €ty -~ to)sV
for any v 2 1. Consequently, the sequence
(tv _ t())n n\ty; J, t0

vz1

is strongly convergent to 0 as v — .
(ii) Let X be a topological vector space on which X* separates points. By a classical representation formula

nd"+1(A ° f)

ar (s)ds

Rt M), ) = €= )

for any t € U. Then
t
1
ARG £, t0) = — [ = sy D(s)as| = 0
e

for any A € X*, where J't:(t - s)'f(*D(s)ds is a Bochner integral. As X* separates points, we may conclude that

t

Ru(t; f, ty) = %I(t - D (s)ds (A6)

[}

foranyt € U. g

Lemma A4. Let X be a locally convex space on which X* separates points. Let U C R be an open neighborhood of
to € R and let F € C™Y(U, %) such that F(ty) = F'(ty) =...= F™(ty) = F™D(ty) = 0. Then

[ .
}1}2[@ - to)"F(t)] =0

Proof. A(F) € C™(U,R) for every A € X’ and (by applying repeatedly the classical 'Hospital theorem),

d a dnt
OAE@) . gAEO] @ AEO)] gl AEO)] 1 - _
B = ™~ B G D ) T A G D - 1) o ey et @I=0
hence
im JAE@)

v (b, = to)™1

for any sequence {f,},>; C U such that lim,_.t, = t;. Consequently, the set

WF([},):VZ:[ cx
v

is weakly bounded, and then strongly bounded, in X. Then for any neighborhood V C X of 0, there is s > 0
such that

1
———F(t,)) €(t - ty)sV,v =1,
@ E-©
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F(t,,)] 0 strongly in X. O

yielding liqum[ ETAT

Let X be a Fréchet space. Let A C R™ be an open set and let f € CX(4, X) and X, € A. There is R > 0 such
that Bp(xp) C A. Let w € R" such that ||w|| = 1, and let us consider the function
F:(-R,R) » X,F(t) = f(xo + tw), |t] <R.

Then F € CK((-R, R), X) and then by Taylor’s formula with a reminder for X valued functions of one real
variable, cf. (A1) and (A2)]

K
Fit)= ) FF(/)(O) + Ri(t; F, 0). (A7)
j=0J*
On the other hand,
F®()=h! ) —(Daf)(xO + tw), (A8)

|al= h

and by choosing

= (X = Xo), t = ||x = Xol|, X € Br(xp),
[Ix = Xol|

the formula (A7) becomes

700 = Fx - i = 3 222 b0y 1 mac- ol o 0)=

j=0

[for (A8) with t = 0]

k
“S - xoll Y — T ey + s £ x0),
j=0

|a| ]a' ||X X |||Cl

where we have set
1(X; f, Xo) = Re(|Ix = Xol|; F, 0),

t
F(t) = fixo + 5o ———(X ~ Xxo)|, [t| <R.
lIx = xoll

The Taylor formula we seek for is
-y Wm0t SR Xo)

lajsk

D )(x0) + 1e(x; £, Xo)- (A9)
Next let us assume that f € Ck*%(4, X) so that F € C**%((-R, R), ¥), and hence,
t
Ru(t; F,0) = lJ'(t — §KFOD(5)ds
k 3 bl k! b
0

where from (by (A8) forh = k + 1)

[x=xoll
x-x)* s
n(x f, %) = { G xO||—s>k<k+1>'|algmm< f)[xO+m<x-xO> ds

or (by a change of variable r = ||x — xo|| — §)

[x=xoll
k+1 X r
. == — XA afyx - - A10
1(x; f, Xo) - X0||k+1|a|§<+1(x Xo) { rk(D f)[x T Xo||(x xo)ydr. (A10)
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Let X be a Fréchet space. Let 2 be a separating family of seminorms defining the topology of X as a local
convex space.

Lemma AS5. Let A C R" be an open set and let f € C**%(A, X). Let Xy € A and R > 0 such that B(x,) C A. Then

P0G £, X0)] S Mia [1x = x|+ % [max sup p [(DF)((1 - T)x + Tx)] (A11)

<7<l
for any p € 2 and any x € Bg(xo).

Here, M, is the cardinality of the set {a € Z : |a| = ¢}.

Proof of Lemma A5.

(=l

k+1 r
plr(x; f, xo)] € " x; = X% rkp|(DY)|x - ————(x - xp)||drs
[Ix = Xoll¥ 1|a|Zk+1]|-|1 ! J [Ix = Xol|
@s M=1bg = x71% < [x = xol[“)
[IX=xoll r
<|k+1) I rkdr|x Y sup  p|(DY)|x - ———(x - xq)
0 la|=k+10<7<||x=Xo|| lIx = Xoll
< My X - Xl  max  sup  p|(D9)|x - ——(x - x|
lal=k+1g<p<||x-xo| lIx = Xol
Setting 7 = r/||x — Xo|| € [0, 1], one may conclude that
plr(x; f, Xo)] < M1 [|X = Xollkﬂl max sup p[(DY)((1 - T)x + xo)]. O

al=k+lp<r<1

C Series in Fréchet spaces

Let X be a topological vector space and let {x,},59 C X.

Lemma A6. If 3 . (X, s convergent, then x, — 0 in X asv — o,

Proof. Let W be a neighborhood of the origin in X. As the map (x,y) » x -y is continuous, there
is a neighborhood of the origin V C X such that V-V C W. Let §, = -0, and S = lim,-«S,. There is

N=N(V)21suchthatS,-S€V foranyv = N.Hence, x, = (S, - S) - (Sy-1-S)EW foranyv=N. 0O

Let X be a Fréchet space and {X,},>0 C X. Let 2 be a family of seminorms defining the topology of X as a
locally convex space.

Lemma A7. If Y,_p(X,) < © for every p € 2, then the series Y,.X, is convergent in X.

Proof. Let g,(p) = Y _op(x) and Su= Yh-o%. Let p € 2 and k € N. As {0,(p)},20 C R is a Cauchy sequence,
there is N = N(p, k) = 1 such that |oy(p) - 0y(p)| < 1/k for any u > v > N. Then

1
p(sy -8y < |Gu(p) - gy (p)l < E:H >vz2N,
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that is {S,},»0 C X is a Cauchy sequence in X. Yet the topology of X (as a Fréchet space) is compatible to a
complete invariant metric, and hence, {S,},s¢ is convergent in X. O

Let X be a complex Fréchet space and {x,},s9 C X.

Lemma A8. If there is zy € C\{0} such that ,.¢zgX, is convergent, then },.,z"x, is convergent, for any
Z € Dy, (0). Also 2,542"x, is uniformly convergent for z € Dy(0) for any 0 < r < |zo|.

Proof. As zjx, » 0 in X as v~ o, for any p € Z and any k € N, there is N = N(p, k) 21 such that
|zo|'p(%) < 1/k for any v = N. If z € D, (0) then p(z'x,) < q'/k, where q =|z/zo| so that 0 <q<1.
Therefore, ,_,p(z'x,) < ® so that Y,,2"x, is convergent in X. Finally, for each 0 < r < |z, one has
1r)
su (Z"x)s——]. ([l
e PR = 5 Tzl

The convergence radius of },,z"x, is

|zo] : ZZ(;’XV is convergent in X
vz0

R = sup

For each p € 2, we set €(p) = limsup,_,p(%,)"". If 0 < £(p) < o let z € Dy4py(0) so that |z|¢(p) < 1. Then
|z|[£(p) + €] < 1for some e > 0.As £(p) + € > £(p), there is N = 1 such that £(p) + &€ > p(x,)"/" for anyv = N.
Thus,

p(z'x) = |z"p(x) < (zI[¢(p) + €])”

so that Y,_op(zx,) < o.

Proposition A9.
1) If0 < é(p) < a for some a > 0 and any p € 2, and we set

R =inf

e&fpeyl
then R > 0 and the series }.,-,z"x, is convergent (respectively divergent) for any z € Dr(0) (respectively for
any z € C\Dg(0)).

() If0 < &(p) < = forany p € 2 yet, there is a sequence {p;}j>1 C Z such that lim;..£(p;) = « or £(p) = o for
some p € 2, then },,5,2"x, is divergent for any z € C\{0}.

(3) If¢(p) = 0 for some p € 2, then let us set

Py={p€ Z:¢(p)=0}R=Iinf

ep) P g

If sup{é(p) : p € #\Z,} < =, then R > 0 and the series ,.,z"X, is convergent for any z € Dy(0), while if
sup{é(p) : p € P\Py} = », then R = 0 and (2", is divergent for any z € C\{0}.

Proof. (1) If R = 0, then for any & > 0 there is p, € 2 such that ¢(p,) > 1/¢. Hence, ¢(p,) - © as ¢ - 0%, a
contradiction. Hence, R > 0. Let z € Dg(0). Then 3,_,p(z'x,) < « for any p € 2 hence, Y,,,z"x, is convergent.
If in turn |z| > R, then |z|¢(p,) > 1 for some p, € 2. Hence, there is § > 0 such that |z|[¢(p,) — 6] > 1. On the
other hand, ¢(p,) - 6 < ¢(p,) hence, for any n > 1, there is v(n) = n such that

€(po) -6< po(Xv(n))llv(n)-

Consequently, there is a sequence {V;};>1 C N such that
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1<y <vy<... too, €(p0) -§< po(xvj)llvj’ jz1
Finally,
Po(2"ixy) = |z]"po(xy) > |z]M[e(py) = 8]% > 1,j 2 1.

Yet p, is continuous, so 2,¢z"x, is divergent.
(2) Let £(p;) —  as j — c. Then, for any A > 0, there is j(A) 2 1 such that for any j 2 j(A) and anyn > 1

there is v = n satisfying pj(xv)“V > A. Given z € C\{0}, one may pick A =1/|z| and choose j, = j(A).
Consequently, there is a sequence 1 < v; < v,<... 1 o such that

P jo(zvkka) >1, k=1,

so that (by the continuity of the seminorm p;) the series 2u502"X, is divergent. A similar argument may be
provided when ¢(p) = « for some p € Z.
(3) Let p € #,. Then for any ¢ > 0, there is n, > 1 such that

P(Xv)l/" <&V 2V
Let z € C\{0} and let us choose 0 < € < 1/|z|. Then
p(ZVXV) < (Elzl)vx V2 n&‘!

so that Y,_op(z'x,) < . If 2, = 2 then },,,2"x, is convergent for any z € C. If 2\#, # @, then let

R = inf

1
— 1 p € P\Pyr.
ep) P °’

The remainder of the proof is similar that of part (1) (when sup,e,,¢(p) <) and part (2) (when
SuppE;’)\,’?ge(p) = ), O
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