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Spectrum sensing is a key aspect of next-generation cognitive
radars that make use of the perception-action cycle to improve their
performance while endowing cohabitation with other systems. Aware-
ness of the electromagnetic (EM) environment surrounding the radar
is demanded to adapt its behavior to the changing scene. 2-D spectrum
sensing is usually carried-out on uniformly spaced grids, over which
the angle of arrival (AOA) of diverse (unknown) sources is estimated
along with their frequency occupancy. To mitigate the performance
degradations of on-grid methods, this article proposes an off-grid 2-D
profile recovery strategy where the atoms are no longer fixed according
to a given pool of nominal AOAs, but some flexibility is allowed to
infer off-grid angle displacements. Hence, the angle-frequency profile
recovery process is formalized as a regularized maximum likelihood
estimation capable of exploiting the inherent block-sparsity of the
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overall profile. The resulting challenging optimization problem is han-
dled through a maximum block improvement (MBI)-based method,
which provides an estimate of the three variable blocks involved in
the process, viz., noise power, 2-D profile, and angular displacements.
Furthermore, in order to enhance the reliability of determining the
space-frequency occupancy map and accurately estimating the angle
displacements, three refinement strategies for the 2-D spectrum profile
are suggested, suitably leveraging Bayesian information criterion and
false discovery rate paradigms. The proposed framework is then
validated through numerical simulations in some realistic EM envi-
ronments, also comparing the three proposed refinement strategies.

[. INTRODUCTION

Spectral cognition plays a crucial role in next-generation
cognitive radars, which leverage the perception-action cy-
cle [1]. Given the characteristics of overlapping frequency
emitters, a key objective of cognitive radars is to employ
waveforms that enhance radar performance while main-
taining spectral coexistence [2], [3], [4], [5], [6]. This
requires electromagnetic (EM) awareness of the opera-
tional scenario, achieved through dynamic estimation of the
spectrum occupancy, which is necessary for flexible and
efficient use/management of the frequency resources [7].
In this context, many spectrum sensing algorithms have
been developed, mainly in the field of communication net-
works, to address spectrum scarcity in certain frequency
bands and to increase the degree of utilization of certain
regions of the spectrum whose occupancy changes in time
and space [8], [9], [10]. From the perspective of cognitive
radar systems, obtaining precise information about the lo-
cation of interference in both the frequency and angular
domains enables more efficient use of space-time system
resources. This accurate situational awareness allows the
radar to dynamically allocate and optimize its operational
parameters, boosting its performance while guaranteeing
cohabitation with overlaid infrastructures. Furthermore, in
a hostile environment the gathered 2-D spectral information
is extremely useful to counter interference sources, via an
appropriate shaping of the radar space-frequency response.

There are two major categories of approaches for spec-
trum sensing applications [11], [12]. The methods in the
first group (a.k.a. supervised processes) take advantage
of the inherent characteristics of signals transmitted by
licensed emitters. For instance, waveform-based sensing
algorithms, which correlate the measurements with known
transmitter patterns, belong to this class [9]. Alternatively,
unsupervised techniques can be employed, relying on sta-
tistical properties of the collected measurements, such as
the data sample covariance matrix [13] or cyclostationary
parameters [14] (e.g., condition number, largest eigenvalue,
and trace). More recently, the authors in [15] and [16]
devised two-dimentional (2-D) space-frequency sensing
techniques that enforce block sparsity during the recovery
phase, hence extending the sparse learning via iterative
minimization (SLIM) algorithm developed in [17] to the
block-sparsity scenario. It is worth noting that the SLIM has
found a large application also in many other contexts [18],
[19]. In some cognitive radar applications, the number of
emitters surrounding the receiving system is far less than the
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total number of space-frequency bins. As a result, a sparse
model can be utilized to describe the received signal, and
a sparsity-based signal recovery framework can be used to
estimate emitter parameters, such as frequency occupancy
(i.e., bandwidth) and location. Indeed, using sparsity on
noisy inverse problems paves the way to the estimation
of the unknown parameters with a better reliability than
traditional methods, as also demonstrated with tests on
real-recorded data in [20].

The above presented methodologies typically rely on a
grid of possible unknowns, where each bin accounts for an
angle of arrival (AOA). However, in many applications, grid
selection is a hard task that in general leads to estimation er-
rors [21] induced by the resulting mismatched signal model.
To overcome the aforementioned limitation, off-grid strate-
gies can be employed. In these approaches, the algorithm
operates on a fixed grid while simultaneously estimating
the grid offset along with the recovered signal [22], [23],
[24], [25], [26], [27]. In addition, interpolation schemes
can be used to minimize estimation errors [28], [29], or grid
adjustments can be made dynamically during the estimation
process [30]. In such cases, the devised techniques, which
are often primarily focused on 1-D scenarios, can realize
some approximations of the atoms. Generally, the off-grid
direction-of-arrival (DOA) sparse recovery methods [21],
[31] improve grid-based approaches by representing di-
rection of arrival (DOA)s as deviations from predefined
grid points. This family of techniques relies on a fine
enough initial grid and an appropriate perturbation model,
allowing for a balance between accuracy and computational
efficiency: these methods represent a viable solution for
real-time applications with moderate to high resolution re-
quirements. In contrast, gridless sparse recovery (e.g., [32],
[33], [34], [35]), works directly in the unconstrained state
parameters, removing the need for a predefined grid. While
this class of algorithm may provide superior accuracy and
resolution, it requires higher computational demands [for
instance, atomic-norm-based gridless techniques require
(in general) solving a semidefinite program] and exhibits
a strong sensitivity to array manifold mismatches (always
present in practical applications [36, Ch. 5]) than the off-
grid counterpart. Finally, gridless methods are sensitive to
modeling errors [37], [38]. Other interesting gridless DOA
estimation methods can be found in [39] and [40], where
the Newton method is exploited for sinusoid signatures
detection over an oversampled discrete Fourier transform
grid followed by a specific parameters refinement strategy to
face with manifold mismatches. The framework presented
in this article belongs to the family of off-grid algorithms,
being more general than gridless methods, such as those
based on atomic norm [32], [33]. In practice, gridless
methods usually require specific structures in the array
manifold, such as Vandermonde in the case of uniform
linear array, which unfortunately might not hold true in
practice, leading to model mismatches and performance
degradations.

To counteract the performance limitations discussed
earlier and to fill the gap in [16], which relies on an on-grid

8642

setup, this article introduces an off-grid 2-D profile recovery
strategy. Unlike methods that depend on a fixed set of
nominal AOAs, this approach offers flexibility by adjusting
the atoms to accommodate off-grid angle displacements.
Consequently, the recovery process of the angle-frequency
profile is framed as an regularized maximum likelihood
(RML) estimation, aimed at exploiting the inherent block-
sparsity of the entire profile. The resulting optimization
problem is tackled using an minorization-maximization
(MM)-maximum block improvement (MBI) approach. This
method iteratively refines the estimates of three main vari-
ables, viz., noise power, 2-D profile, and angular displace-
ments. Specifically, by iteratively focusing on each block,
the MBI improves the the accuracy of the angle-frequency
profile recovery. This approach simplifies the optimiza-
tion process by breaking it into more manageable compo-
nents and making use of the problem’s inherent structure.
In addition, to improve the reliability of determining the
space-frequency occupancy map and to accurately estimate
angle displacements, three refinement strategies for the 2-D
spectrum profile are proposed. In the former, the profile
refinement is performed using the Bayesian information
criterion to obtain a bespoke selection of the dominant
atoms. In contrast, the latter employs a two-stage approach
for selecting the dominant atoms. The first stage involves
a coarse selection, which can be performed either through
orthogonal matching pursuit [41] or by analyzing the per-
row energy profile of the estimated signal. Moreover, in
both cases, the second stage involves refining the selection
by applying the false discovery rate paradigm [42], [43].
Interesting case studies, accounting for realistic EM envi-
ronments, are provided to validate the proposed framework,
likewise comparing the three suggested strategies for 2-D
spectrum refinement.

The main technical contributions of this article can be
streamlined as follows.

1) The space-frequency profile recovery problem is
formulated as a solution to the RML estimation prob-
lem, involving a joint optimization of noise power,
2-D profile, and angular displacements.

2) A novel algorithm based on MM-MBI is designed
to tackle the inference problem. It involves solving
three subproblems, each corresponding to one of
three variable blocks, viz., noise power, 2-D profile,
and angular displacements. Hence, the MBI updates
the block that most decreases the objective function
in each iteration, while keeping the others fixed.

3) The convergence properties of the devised algorithm
are rigorously proved, showing that any cluster point
of the generated sequence of estimates satisfies the
Karush—Kuhn-Tucker conditions of the optimiza-
tion problem at hand.

4) Three refinement strategies are proposed to boost
jointly the reliability of the space-frequency occu-
pancy map recovery process and the accuracy of the
angle displacements.
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5) The effectiveness of the novel sensing procedures is
thoroughly assessed, along with an analysis of their
computational complexity.

The rest of this article is organized as follows. Section 11
formulates the 2-D spectrum sensing problem under con-
sideration. Section III lays out the proposed solution when
the source signals possibly come from off-grid directions,
describing the entire 2-D profile reconstruction procedure.
In Section IV, three refinement strategies for the 2-D spec-
trum profile estimate are proposed. Section V presents some
results obtained on simulated environments representing
scenarios of practical interest. Finally, Section VI concludes
this article.

NOTATIONS

We use boldface for vectors a (lower case) and matrices
A (upper case). The transpose and the conjugate transpose
operators are denoted by the symbols (-)” and (-)', respec-
tively. diag (a) is the diagonal matrix whose ith diagonal
element is the ith entry of a, whereas tr(A) is the trace
of the matrix A. I refers to the identity matrix, O is the
matrix with null entries (their size is determined from the
context), whereas (J denotes the empty set. The all-ones
column vector of size N is denoted by 1. RY and C" are the
sets of N-dimensional vectors of real and complex numbers,
respectively, whereas N stands for natural numbers. A ! is
the inverse of a square matrix A, whereas A" = (A'A)~'A"
is the Moore—Penrose pseudo-inverse of the singular matrix
A. The symbols ® and O indicate the Kronecker and the
elementwise or Hadamard product, respectively. The letter
j represents the imaginary unit (i.e., j = /—1). For any
complex number x, |x| indicates its modulus, and Re{x}
indicates its real part. || - || denotes the Frobenius matrix
norm. E[-] is the statistical expectation and sz denotes a
x >-distributed random variable with k degrees of freedom.
Finally, x ~ N (s, M) means that x is a circularly sym-
metric Gaussian random vector with mean vector g and
covariance matrix M.

[I. SYSTEM AND SIGNAL MODEL

Without loss of generality, let us consider a radar system
exploiting a uniform linear array (ULA) of M antenna
elements,! that collects the signals transmitted by K ra-
dio frequency (RF) emitting sources that are located at
specific unknown angular directions, say 0, ..., O, each
with its own (unknown) bandwidth. Let us also assume that
there is only one source arriving from a specific angular
direction, as illustrated in the pictorial representation of
Fig. 1.

As shown in [15] and [16], the baseband discrete-time
signal at the output of the receiving array (obtained by
sampling the continuous-time signals, on the sensing band-
width B, according to the associated Nyquist rate) for the

! The methodology proposed in this article can be utilized also for different
array structures, as long as the expression of the array manifold is given,
namely, the sensors position is known at the design stage.
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Fig. 1. Pictorial representation of the sensing scenario where a radar
system, in passive mode, comprising multiple receiving antennas is used
to acquire signals by multiple sources.

hth snapshot, h =1, ..., Ny, with N; the total number of
available snapshots, can be written as

K Nr

Y= Z Z§(ék, Op)af,m,h + W) (1

k=1 m=1

where N > N is the number of frequency bins, with N the
number of available temporal observations per snapshot,
wy, ..., wy, € C’M are the interference vectors affecting
the different data-windows, modeled as independent and
identically distributed circularly symmetric white Gaus-
sian vectors, with zero mean and mean square value o2,
and @, 1S a scalar term proportional to the Fourier
transform of the signal samples emitted by the kth source
(during the hth data window) at the normalized frequency
Wy = (m—1)/Ng,m =1, ..., Np.Moreover,5(0, w)isthe
space-frequency steering vector associated with the angle ¢
and the frequency o), i.e.,

500, w) =sp(w) ®s(0) @)
with
sp(w) = % [17 e ejZn(Nfl)w]T eV
and
s(0) = L [1 ejzn%sm(g) ejZJT""fO*' sin(e):|T c oM
where dy =m-d, m=0,...,M —1, d is the antenna

interelement space, and X is the central carrier operating
wavelength.

Before proceeding, let us introduce a grid of K| angular
locations 6;, i = 1, ..., Kj, chosen sufficiently dense such
that there will be at most one source within each bin [6; —
8/2, 6; + §/2]. For the selection of the discretization step §,
for all the simulations conducted in this article, it is set as a
fraction of the 3-dB beamwidth of the liner array pointing

at boresight, namely,
0.891
3
i ) 3)

6 < asin(
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where asin(-) denotes the arcsin function. To gather en-
vironmental awareness about space-frequency occupancy
map, on-grid approaches suppose that the AOA of each
source is a point of the assumed grid. Unfortunately, grid
selection is a challenging problem and will inevitably result
in grid mismatch [21]. In order to resolve the grid mismatch
problem, off-grid sparse methods can be used instead. In
these methods, a grid is still required for sparse estimation;
however, unlike the on-grid methods, the AOA estimates
are not restricted to the grid [21]. In such a case, the
actual source AOA is modeled as the closest grid point plus
a displacement, A6, € [-5§/2,6/2],i=1, ..., K;. Other-
wise stated, each AOA can be expressed as 0; = 6; + A6;,
i=1,...,K.

According to the above considerations, signal model (1),
can be expressed in the following form

Ki Np
Y= Z 25(91 + Ab;, a)m)ai,m,h + wy, (4)
i=1 m=1
where §(0; + A6;, w,,), i=1,...,Ki,m=1,..., Ng, de-
fine the overall dictionary (to be learned according to the
displacements’ selection) and a; 5, i=1,...,K;, m =
1,..., Np, represent the unknown space-frequency profile
at the Ath snapshot. After establishing the values of A6;,
i=1,...,K, acorresponding dictionary is derived in ac-
cordance with the structure of the signal model in (4). By
refining the estimates of the variables Af; € [-§/2, /2], a
dynamic dictionary that adapts to the current environmental
scenario is constructed.

To proceed further, let us assume § is small enough such
that the displacement effect on the actual steering vector in
each bin can be modeled resorting to the first-order Taylor
expansion of §(6; + A6;, w,,) around 6;, i.e., [21], [24]

E(Ql + A@i, Cl)m) = §(in a)m) +S(9,, C‘)m)Aeis = 17 cees Kl
(&)

with §(6;, -) the derivative of §(6;, -) with respect to the
variable 6 evaluated at 6 = 6;, whose expression is [44]
s (Qiy a)m) _

§(0r, o) = 2 cos (6)
§(6;, wp) = 30, —j)\o cos (0;

sr@n) @ (560 @ [do,...du]"). (6

According to (5), the signal model in (4) boils down to

Ky Np

YYD §(Orn o) + 50 0n)AO) @imp + wi ()

i=1 m=1

Note that, in general, the space-frequency profile is
dependent on the snapshot index /, due to random variations
of both source signals and channel state conditions (e.g.,
fading effects) among the different data windows. How-
ever, angular location and spectral support of the emitters
are supposed stationary along the overall data acquisition
time. Otherwise stated, if a space-frequency bin (i*, m*) is
inactive for the snapshot #* (namely, a;+ ,,» ,» = 0), then it
is assumed that a;+ ,» , = O for all recorded snapshots, that
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is
Aix > 1 = 0 = Aix m* h = 0 Vh= 1, ceey N]. (8)
The goal of 2-D spectrum sensing is to retrieve the
overall space-frequency profile through the available mea-
surements described via the signal model in (7). In partic-
ular, as in [16], the space-frequency occupancy map can
be recovered from the estimated profile determining the

angle-frequency bins whose total energy is nonzero, that
is

N
> i e nl? # 0. ©)
h=1

Now, to better exploit the block-sparsity structure in the
signal model (7), an equivalent (but more compact) matrix
form of (7) is introduced. To this regard, let us recast (7) as

y,=HAx,+w,, h=1,...,N, (10)

where x;, € CKiVr is the vector containing the space-
frequency profile for the hth snapshot, namely,

an

whereas the matrix H(-) € Ne corresponds to the
model matrix (parameterized by the displacement angles
A6;,i =1, ..., K;) whose structure is

H (A0) = [5(61, w1) + 501, w)AO, ...,
501, wn,) + 801, wy, )AO,
502, w1) + 502, 01)AOy, ...,

§(0k,, oy, ) + SOk, , wn, ) Ab, |
with A@ = [AQ], ey AQK]]T.

T
Xp = [al,l,h, <o AU Np s Q2,105 - -+ 5 aKl,NF,h]

(CNMxKl

12)

REMARK 1 In (12), each nominal atom, as considered in
the on-grid approach, is modified to account for the actual
AOAs through the displacement term A6;.

When multiple snapshots are available, the overall sig-
nal collected at the receiver can be compactly written as

Y=HAOHX+W (13)

with

Y =[y,....yy] € CYVM

X1
X=| : | =K. ... MechVm
XK\Nr
and
W =[w,...,wy] € CMN*N

Equation (13) highlights that the received signal for each
data-window is the sum of the weighted angular-frequency
components pertaining to the different sources. This setup,
usually referred to as the subspace signal model [45], [46], is
widely exploited in signal processing applications (includ-
ing AOA estimation and spectral analysis) where the func-
tional form of the steering vectors is application-dependent.
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Regardless of the actual steering vector structure, assuming
A0 known, several techniques have been proposed in open
literature to retrieve the unknown model parameters [47],
[48], [49], [50].

[lI.  PROBLEM FORMULATION AND PROPOSED ESTI-
MATION PROCEDURE

In this section, a space-frequency profile recovery
framework leveraging on the MM-MBI paradigm is in-
troduced. In particular, it can be obtained as the solution
to an RML estimation problem. In this respect, a term
fostering sparsity in the space-frequency map is added to
the negative log likelihood function, associated with data
model (13), of the unknown parameters 0%, X, and A@,
and some constraints are enforced at the inference stage.
Moreover, the same problem can also be obtained according
to a Bayesian framework, leading to a maximum a posteriori
estimate of the parameters o2, X, and A@ under specific
assumption on the prior, namely

yilX, A0, 0° ~ N (HAOx , o°I), i=1,...,N
(14)

with y;| X, A6, o i=1,...,Ny, statistically independent
random vectors, o® ~U(c}, 0f), AO; ~U(—8/2,8/2),

and
i 2 /2
fx(X) Hexp{ |:(||xk||2+€>q i|}
k=1

q
with x; the kth row of X and € > 0 a smoothing factor
making (16) differentiable. Note that 02, X, and A are
statistically independent quantities, whereas fy(X) is a
block-sparsity promoting prior for X. According to the
above discussion and considerations, the environmental
state estimation process can be formulated as follows:

min  NMN; log(c?)
X,02,A0
+LIHAOX —Y|I* + fi(X)
P (15)
S.t. 0L2 < o2 < alzj
NG| <8/2,i=1,...,K
where
K,NFZ
i =3 [P +9" 1] a6
k=1

is the block-sparsity promoting penalty term. The parameter
q,0 < g < 1, used in (16) is the quantity ruling the /,-norm
of the vector containing the space-frequency source ener-
gies (pushing for a sparse 2-D profile recovery). Specif-
ically, as a general consideration, the lower ¢ the larger
the sparsity of the provided estimate [16], [17], [20]. In
particular, when ¢ — 0, small values of ||x||?> lead to arbi-
trarily low values of the considered penalty term. Otherwise
stated, multiple null rows in the recovered matrix X are
substantially forced. Notably, when ¢ = 1, € = 0, and the
angle displacements are fixed the recovery process demands
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the solution of the /,/l;-optimization program proposed
in [51], [52], and [53] for noiseless measurements. Fur-
thermore, if the noise power level is fixed, it is the group
version of the basis pursuit denoising algorithm presented
in [54] to perform the retrieval of block-sparse signals in the
presence of noisy data. Moreover, in (15), 0L2 and GLZ, are,
respectively, alower bound and an upper bound for the inter-
ference background level. The former can be evaluated by
characterizing the power level associated with the isolated
operation of the receiver components [55], while the latter
can be inferred through measurements under stressing con-
ditions (e.g., related to the device operating temperatures)
and taking into account a conservative confidence level
estimate.

Problem P is a nonconvex and in general nopolinomial-
hard optimization problem (the objective is indeed a non-
convex function). Nevertheless, a high quality solution to
the formulated block-sparse recovery problem can be ob-
tained resorting to the MM-MBI paradigm [56], [57], [58],
where the noise variance o2, the space-frequency profile X,
and the off-grid angle displacements A@ are considered as
variable blocks. In the MM-MBI framework, the optimiza-
tion vector is first split into blocks of disjoint variables and
the objective function (or its surrogate) is minimized with
respect to each block while keeping unaltered the others.
Hence, only the block ensuring the best result in terms of
objective function is updated for the next iteration step.
In other words, at each iteration, the MBI updates only
the variable block providing the best objective improve-
ment, while keeping the others settled to their previous
values.

To proceed formally with reference to Problem P, let
us introduce the optimization variables,

Y ={0>X, A6} (17)
which are partitioned into three blocks, i.e., as already men-
tioned, 02, X, and A@ = [Ad,, ..., Ab]". Hence, Y~V
denotes the optimized variables at the (n — 1)-th iteration,
that is

Y- {az(nfl)’ X0, Ao(n—l)} . (18)

Then, the MM-MBI procedure requires solving (possi-
bly resorting to bespoke surrogate functions) the following
three subproblems at each iteration to update the optimized
solution [59], that is

min  NMN; log(o?)
P + 5 [H A" X ¥ |+ A
S.t. 0L2 < o? < 05
(19)
i min  NMN, log(a2"™")
2 n— 2
+ e [H(AG"™ )X — Y ||” + f1(X)
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and
min  NMN, log(a2" V)
n— 2 n—
Ps +—i [HAHX "D — Y |" + X ")

st |AG <8/2, h=1,....K,.
(20

The solution to Problems P; and P, is discussed in
Section III-A, whereas the solution to Problem 75 is derived
in Section III-B.

A. Solution to Problems P, and P,

Given A8" Y the solution to Problem P; and P, with
respect to the variables o and X, respectively, (where the
other block is fixed at the previous instance), can be found
with the procedure in [16], herein reported for complete-
ness.

With reference to Problem Py, fixing X and A#@, the
optimal solution is obtained setting to zero the derivative
and accounting for the constraint set, i.e.,

02(") 2 A2 2

= min (max (UL, 6 ) , O'U) (22)

where

1
62 = ——|HAO""HX "D _y|2.

= 23
NMN, 23)

Regarding Problem P,, o2 and A play the role of
problem parameters. Hence, it can be handled resorting to
the MM paradigm. Specifically, a tight upper bound to its
objective function is

IH (A" X — Y|

NMN  log(c?) + = + [IDyon X ||
o2
where
DX(n—]) =
. 1 1
diag T s i

ST
IS

—1 27 —1 27
(1 +€) (a1 +€)

(24)

Hence, the update of the space-frequency profile is
obtained solving

1{ . |H(A6" )X — Y2
7)2 II'II%II

—wD (25)

+ |Dyen X |

Note that, Problem P is a strictly convex optimization
problem [60] whose optimal solution is

. _ -1
xXm — (HT(Ao(n—l))H(Ao(n—l)) + Gz(n ])D/ZY(,,,”)
H (A" DYy

=D H (A9""V)
TN
(H(AO("_”)D;(Z,I,UHT(AO("_”)+02(” ')I) Y

(26)
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Notice that, since H(Ao(”‘”)D;(ZU,UH(AO(”‘”)T >0

and 02" "1 > 0, the conjugate gradient least squares (LS)
technique [61] could be used to efficiently compute (26).

B. Solution to Problem P;

In this subsection, a procedure to determine an optimal
solution A@ to Problem P5, where X and o2 are fixed, is
developed.

To this end, note that Problem P; is a convex box
constrained quadratic problem, and thus, it can be optimally
handled leveraging on the MBI approach with respect to
the set of variables {A8, ..., Afg,}. In this respect, let us
denote by yf'“‘” the optimized variables at the (n; — 1)th
inner iteration,? that is

vt = et ae L aee e

Then, the MBI approach requires solving the following
K, subproblems at each iteration [59], namely,

—~ 2
min HH(Aai)X - YH
AO;

P, (28)
st |AG] <82
fori=1,..., K, where
Ab; = [Aef"l‘”, BN NN
T
o app ] e rE (29)

The main steps involved in the MBI-based strategy to
solve Problem P; are summarized in Algorithm 1, where
gl(y{"‘)) indicates the objective function in (28) evaluated
at y}’“) = {A@l(”‘), e, A@,((']”)}. Moreover, the procedure is
executed until convergence (or a maximum number of iter-
ations ny, ) is reached, i.e., gl(y{""‘)) — gl(yf"‘)) < & or
ny =Ny

According to [57], the objective function monotonically
decreases and any cluster point (whose existence is ensured
by the boundness of the constraint set) is a stationary point.
Being the problem at hand convex, this implies that any
cluster point is also an optimal solution.

As shown in Appendix A, the closed-form solution to
Problem (28), for a given i, can be derived solving the
following equivalent constrained minimization problem

min leil*(A6)° + 1 — C;A8|
—2A0Re ;" (( —C_iA0-)]  (30)
st |Af| <8/2

whose global optimal solution is given by

T (e AD
A6; = min (% max <_§, Re[e/" (¢ C—,Ao_,)]>)

2 lleall?
(3D

2 As triggering solution, A9 g adopted.
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Algorithm 1: MBI Based Strategy to Solve Problem
Ps.

Algorithm 2: MM-MBI Based Strategy for Off-Grid
2-D Spectrum Sensing.

1: Input. 0, H, X, & and ny, .
2: Initialization. Set A§ = 0.

3: repeat

4: ny=n;+1.

5. fori=1:K;do

6: Estimate A6; as in (31).

7 Evaluate the optimal value to Problem P4, say
5.

8: end for

9: Select i* = arg min_ 5.
1

,,,,,

10:  Update the solution

(n) __ (n—1) (1) (n—1)
= aemh a6, agl YL

I until g, ") = i) = &rorm <y,
12: Output. AG = A",

with

1) C_; € CMNNix(Ki=D " the matrix obtained from C €
CMNNi<Ki [whose expression is provided in (50) of
Appendix A] removing its ith column, i.e., the vector
¢; € CMNNix1 corresponding to the variable A6;;

2) Af_; € CKi=Dx1 the vector containing all the en-
tries of A@ except that in position i;

3) ¢ is provided in (48) of Appendix A.

REMARK 2 Problem P can be further modified by adding
a penalty || A@| promoting the estimates of not-null terms
in the vector A@. This penalty slightly alters the objective
function in Problem P, but for low u values, it makes
Problem P strictly convex.

C. MM-MBI Based Strategy for 2-D Spectrum Sensing

The MM-MBI-based procedure developed in this ar-
ticle for off-grid 2-D spectrum sensing is summarized in
Algorithm 2.

Note that the procedure in Algorithm 2 is executed until
convergence (or a maximum number of iterations np,y) is
reached, i.e., g(Y" V) — g(Y™) < & or n = npay, with
gYV™) = NMN, log(c>")+ - | H(A6™)X @ —Y || +
[,

As to the convergence analysis, some relevant properties
of Algorithm 2 are summarized in Proposition 1.

PROPOSITION 1 Algorithm 2 enjoys the following proper-
ties.

1) Problem (15) is solvable,® g()™) > v(P), and the
sequence of estimates ) generated by Algorithm 2
is bounded.

3 A minimization problem is solvable if it is feasible, bounded below, and
its optimal value v(/P) is attained [62].
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1: Input. 67, 02, €, H, Y, X, &, nyay, and

q € [0, 1].

2: Initialization. Set n = 0, A6® = 0, and
o2 = min(max(c2, 62), 62).

3: repeat

4: n=n+1.

5. Compute 02" = min(max(c?, 6%), of) with 62

specified in (23), and evaluate the objective
value v\" of Problem P.

6: SetDyw-» as in (24).

7:  Compute X ™ applying (26) and evaluate the
objective value v’ of Problem P;.

8:  Compute an optimal solution to Problem P;,
AO(”), with the inner MBI-based technique
described in Algorithm 1, and evaluate the
objective value v’ of Problem P;.

9: Select k* = arg min v,ﬁ”).
3

k=1,...,
10: if k* =1 then
11: Update the solution

Yo — {02('0 XD Ao(n—l)} _

12:  elseif k* = 2 then
13: Update the solution

Y = {62("—0 x™ Ag(nq)}_

14:  else
15: Update the solution

y(ﬂ) — {0.2("_1) X =D Ao(n)}_

and the model matrix H(A8"™).
16: end if
17: until gV D) — g(Y™) > £ or n < Ny
18: Output. 62 = 02, X = X™, and A8 = A™.

2) The objective g(™) is monotonically decreasing
and converges to a finite value g*. Moreover, for any
cluster point Y* of Y™, g(Y™) = g*.

3) Any cluster point of the produced sequence of esti-
mates is a stationary solution to Problem P, provided
that at each iteration an optimal solution to Problem
‘P5 is obtained, i.e., the involved inner loop, defined
by Algorithm 1, reaches convergence to a Karush-
Kuhn-Tucker (KKT) point.

PROOF See Appendix B. O

V. 2-D SPECTRUM PROFILE ESTIMATE REFINEMENT
STRATECGIES

Leveraging the output provided by Algorithm 2, in this
section some strategies are developed to boost the capabili-
ties of reliably determining the space-frequency occupancy
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map as well as of accurately estimating the angle dis-
placements. In a nutshell, valuable procedures performing a
refinement of the 2-D spectrum profile estimated according
to the RML framework are now proposed, by means of
tailored screening approaches.

Each refinement technique operates according to the
following steps.

1) The vector containing the displacement estimates at
the output of Algorithm 2, A8, is used to construct the
new updated dictionary. Precisely, for each bin, the
corresponding atom is properly redrawn by correct-
ing the on-grid angle with the estimated displace-
ment according to ideal steering structure of (2).
Hence, the complete model matrix H (AO) represents
the learned dictionary obtained from Algorithm 2.

2) Identification of the active atoms inH (A@) viamodel
selection rules aimed at providing an estimate R of
the sources support, and definition of the resulting
source subspace H(A).

3) Estimation of the 2-D space-frequency profile X
resorting to the LS paradigm to infer the behavior
of the of X corresponding to the active atoms, i.e.,
the columns of H(A®), while setting to zero the
remaining rows.

4) Update of the angle dlsplacement estimates execut-
ing Algorithm 1 with X and H (A0) as inputs.

In the next subsections, three different strategies are
proposed to perform the selection of the active atoms (i.e.,
handle the second item of the above list of steps) with a
reduced computational cost.

A. BIC-Based Refinement

The technique described in this section, inspired by the
approach developed in [16], resorts to a Bayesian infor-
mation criterion (BIC)-based strategy to pick up the most
relevant atoms from the learned dictionary. The idea is to
gradually add the atoms, accounting for their relevance. To
this end, they are first ordered according to their energy
(namely, the energy of the signal associated with the spe-
cific atom), and then a BIC based-strategy is employed to
specify an estimate of the set of the selected active row
indexes. More precisely, let X be the profile recovered by
Algorithm 2, X, be the matrix obtained from X sorting its
rows such that

o 2 o 2 . 2
%o, 1117 = IXo2 1" = - - = %o,k |l (32)

namely, the per-row energy of X , is arranged in decreasing
order, and

r():[ro(l)vrl)(z)s"-a

be the vector containing the correspondlng ordered row

ro(KiNp)I" € NEM

indexes, i.e. Xm = X,D(,), i=1,...,K/Np.Then,
= {r,(1), ..., r(,(k*)} (33)
where
(34)

k* —arg mm BIC(k)
kefl

.....
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with
BIC(k) = 2NMN, log (||1§!’;Xﬁ — Y||2)

+ (2N +2)klog 2NMN,), k=1,...,K.
(35)

Note that, in (35)

1) Hi € CMNK is the matrix containing the first k
columns of H 0, With H , the matrix obtained from
H sorting its columns according to the permutation
induced by the vector r,;

2) X’; is the matrix containing the first k rows of X ,;

3) K is an upper limit on the actual number of space-
frequency sources (which stems from some upper
bounds on the number of sources K and their fre-
quency support);

4) the second term of (35) represents the BIC-based
penalty.

Finally, X is derived as the least squares (LS) estimate of
X associated with the selected active rows R of the updated

learned dictionary I:I(AO) = 101:(1.), i=1,..., k"
In what follows, Algorithm 2 enjoying the BIC-based
refinement is denoted by off-grid MM-MBI BIC-based 2-D

spectrum sensing (shortly OG-MBI-BIC).

B. FDR-Based Refinements

To find the active atoms in H(A®), a two-stage proce-
dure, comprising a coarse and a fine screening, is herein
introduced. The former faces with the selection of at most
C columns of H(A8) that likely span the useful signal sub-
space. Otherwise stated, a matrix H (A#) is constructed by
suitably picking up the dominant atoms (for the description
of the received signal) from H (A@). The latter eventually
establishes the actual active atoms by applying the false
discovery rate (FDR) algorithm outlined in [43].

Precisely, starting from the dominant atoms collected in
H(A®), the LS estimate of X is first computed as

X=HY (36)
and its approximate error covariance matrix estimate is
evaluated as

s — ¥ —HX [ (i)

Therefore, the problem of estimating R can be viewed
as testing the following « null hypotheses:

M

(37

H, ¥ =0
H, ¥ =0
. (38)
H. : x.=0.
In this regard, the test statistics
LA
k= (39)
Y(k, k)
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Algorithm 3: FDR for 2-D Spectrum Sensing.

Algorithm 4: OMP for 2-D Spectrum Sensing.

1: Input. H and Y.

2: Compute the LS estimate of X as in (36).
3: Compute 3 as in (37).
4

: Compute the test statistics Ty, k = 1, ..., k using
(39).
5:Sort Ty, k =1, ..., k, in decreasing order, viz.,
Tz ... =z T
6: Compute the /th probability P; as
al
P = ,l=1,...,«
KNk

with 7, = log(k) 4+ 0.577 and « the FDR.
7: Compute the /th threshold from a x5, distribution
with N; degrees of freedom as

wp, : Prob [T[” > a)pl|H[”] =P.
8: Find
2émax[l:Tm > wp,l= 1,...,1].
9: Reject the null hypotheses Hy;) fori =1, ..., I and

accept Hjyy, - .., H

10: Estimate the support as Repr = {[11, [2], .. ., [2]}.
11: Output. H(A0) = Hg,,,-

are employed, where $(k, k)isthe (k, k)th entry of 3. Under
null hypotheses, T; can be approximated with a XI%A random
variable. Now, the FDR algorithm can be implemented as
summarized in Algorithm 3. Finally, the dictionary matrix
screened by the FDR H(A®) is used to recover the 2-D
profile containing only the effective atoms, i.e., X.

Let us now focus on the coarse screening stage, which is
accomplished by employing either the orthogonal matching
pursuit (OMP) (with rows sparsity) [41], or the per-row
energy profile of X.

1) OMP: The OMP procedure [41] is herein described
with respect to its extension to the row-sparsity case. It is a
regressor selection algorithm which preselects a number of
regressors and obtains the LS estimates of the corresponding
coefficients. Being it an iterative greedy selection process, at
each iteration, it selects the most dominant regressors from
the available set [41]. The main steps involved in the OMP
technique are summarized in Algorithm 4, where « denotes
an upper bound to the number of dominant atoms, hy is the
kth column of the matrix ﬁ(AO), and R/ = {r(1), ..., r(i)}
indicates the space-frequency support estimate up to the ith
iteration. Hence, the model matrix at the output of the OMP
is given by H(A0) = IQJRK.

Algorithm 2 along with the OMP-FDR-based refine-
ment is indicated as off-grid MM-MBI OMP-FDR-based
2-D spectrum sensing (OG-MBI-OFDR).

2) Energy Profile: The second coarse identification
strategy of the dominant atoms performs the selection of
the local peaks of the per-row energy profile of the signal
at the output of Algorithm 2, i.e., X. More precisely, for
each space-frequency bin the mean power is evaluated as
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1: Input. fI, Y,and k.
2: Initialization. Set Ry = Y, and R = ¢.
3:fori=1:«.do

k; = arg

o )
max R

4 kell,..., KiNp]—Ri-!

5. Ri=R-1Uk

6: Ri=(—Hp(HHy) 'HLY
7: end for

8: Output. H(A0) = Hy. € CNMxx,

the energy in each row in the matrix X associated with the
related atom and normalized to the number of snapshots,
that is

ol

Pi= N
where the index i is associated to a specific space-frequency
bin. Then, the local peaks (i.e., a data point strictly greater
than its immediate neighbors comprising eight surround-
ing angle-frequency bins) are extracted from the space-
frequency mean power map, providing a new reduced size
support, say RE = {rf(1), ..., rE(Kg)}, with r£ (i) the ith
location of a detected peak, Kp < K the number of de-
tected peaks (with Kz notrelated in any way to the iterations
of the OMP), and Kz an upperbound on it. Finally, the
model matrix at the output of this screening is given by
H(AQ) = Hys € CNM*Ke

Algorithm 2 exploiting the per-row energy profile-FDR-

based refinements is referred as off-grid MM-MBI energy-
FDR-based 2-D spectrum sensing (OG-MBI-EFDR).

i=1,...,K\Ng (40)

C. Computational Complexity

The computational complexity* of the proposed refine-
ment strategies is summarized in Table I. The computational
cost of the BIC-based strategy is dominated by the evalua-
tion of (35). Regarding the strategies based on the FDR, it is
worth noting that Algorithm 3 does not provide a significant
contribution to the final complexity. Hence, the only contri-
bution comes from OMP (in the first FDR-based refinement
strategy), which is in the steps 4 and 6 of Algorithm 4 and
is iterated « times. From the above considerations, it can be
concluded that the overall complexity of the per-row energy
profile-FDR-based approach can be assumed negligible.

V.  PERFORMANCE ASSESSMENT

The purpose of this section is to assess the effective-
ness of the proposed procedure in terms of 2-D spec-
trum sensing capabilities, i.e., the reliable recovery of the
space-frequency occupancy map and off-grid displacement
estimation. To this end, the three approaches OG-MBI-
BIC, OG-MBI-FDR, and OG-MBI-EFDR described in

4 The computational complexity is quantified making use of the usual
Landau notation O(n). In this respect, an algorithm is O(n) if its imple-
mentation requires a number of flops proportional to n [63].
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TABLE I
Computational Complexity of the Proposed 2-D
Profile Refinement Strategies

algorithm computational complexity
BIC O (KiNpNMN 1K)
OMP-FDR O (KiNpN2M?Nik)

Energy profile-FDR O (KiNpKg)

Section IV are considered. In addition, the on-grid BIC-
based block SLIM (BSLIM) (shortly indicated as BIC-
block sparse learning via iterative minimization (BSLIM))
procedure devised in [16] is used to initialize the algorithms
and adopted as a term of comparison.

The considered simulating scenario comprises a spec-
trum sensing bandwidth of B = 500 MHz centered at the
carrier frequency fy = 2.4 GHz. The sensor is equipped
with a ULA with M = 10 equally spaced antennas, with
interelement distance of d = A¢/2. The first analyzed sce-
nario assumes K = 4 emitters with their AOAs described
by 6, =0°,6, = 18°,6; = 36°, and O, = —18°, and A6, =
0.643°, A6, = 1.125°, A6z = 0.750°, and A6y = 0.900°.
Moreover, the first three emitters are communication
sources operating on [0.1B — 2%(1 +8),0.1B + ﬁ(l +
AL [0.2B — 5 (1+ ), 0.2B + 5=(1 + B)], and [55(1 +
B), 2LT;(1 + B)], respectively, with 8 = 0.5 and 7; = 10/B.
The fourth emitter is a jammer radiating a zero-mean cir-
cularly symmetric Gaussian signal with a flat spectrum
over [—0.1B, 0.1B]. As to the communication sources, they
transmit data via a quadrature phase shift keying modulation
employing a root-raised-cosine pulse with roll-off parame-
ter B and symbol rate T;. Finally, 0> = 0 dB and two case
studies are assessed: the former entails a signal-to-noise
ratio (SNR) of 5 dB for all the emitters, the latter supposes
SNR = 10 dB still for all the sources.

The discretization grid is realized with K; = 40 uni-
formly spaced angles over the interval [—90°, 90°], corre-
sponding to a step § = 4.5°. As to the available tempo-
ral observations, N; = 10 independent data-windows are
processed each with N = 50 snapshots and Ny = 2N, i.e.,
twice the frequency resolution induced by the number of
available samples. Regarding the parameter settings em-
ployed by Algorithm 2, £ = 10~! and 7, = 30 are used
for the exit condition, a smoothing factor of € = 1070 is
employed, the parameter ¢ is fixed to 0.6, and the bounds
on the interference power level are set as o7 = —3 dB
and 05 = 10 dB. The same exit condition is applied for
Algorithm 1 (viz., & = 107! and n;,, = 30). Moreover,
the algorithms OG-MBI-OFDR and the OG-MBI-EFDR as-
sume a = 0.05 and k = 40, whereas K = 180 is adopted in
OG-MBI-BIC.

Fig. 2 displays the nominal space-frequency profile of
the aforementioned simulation scenario with SNR = 10dB,
obtained by evaluating for each angle bin the average (over
the N; data-windows) energy spectral density of the signal
received on the AOA of the associated emitter, normalized
to the maximum value. The plot clearly demonstrates the
space-frequency regions occupied by the four emitters.
Moreover, being the power of the emitters equal, the larger
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Fig. 2. Space-frequency profile of the first (off-grid) analyzed scenario
with SNR = 10 dB.
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Fig. 3. Space-frequency occupancy map for the first (off-grid) analyzed
scenario with SNR = 10 dB. Subplots refer to (a) OG-MBI-BIC, (b)
OG-MBI-OFDR, (c) OG-MBI-EFDR, and (d) BIC-BSLIM [16].

the source bandwidth the smaller the Energy Spectral Den-
sity (ESD) values.

In Fig. 3, the results of the space-frequency occupancy
maps recovery process provided by OG-MBI-BIC, OG-
MBI-OFDR, OG-MBI-EFDR, and the BIC-BSLIM of [16]
(for measurements collected at SNR = 10 dB) are illus-
trated, with reference to one simulation trial.

From a visual comparison of the reconstructed 2-D
maps with the ground-truth, it is evident that both the
OG-MBI-BIC and OG-MBI-OFDR techniques can provide
an almost perfect recovery localizing the sources accurately
in both the angle and frequency domains. However, the
maps show that the OG-MBI-OFDR tends to spread the
detection in the frequency domain, yielding to a higher
number of false detections. Moreover, these two approaches
outperform the OG-MBI-EFDR, which does not detect
some active frequency bins. Nevertheless, all the novel
off-grid recovery strategies localize, in the correct spatial
bin, the four sources, without false alarms in other angular
directions. On the other hand, BIC-BSLIM [16], which
neglects the off-grid behavior, due to the model mismatches
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TABLE 11
Empirical False Alarm Rate, Py,, and Empirical Detection
Probability, P, for the Proposed OG-MBI-BIC, OG-MBI-OFDR and
OG-MBI-EFDR Processing for the Sensing Scenario 1

SNR = 5 dB SNR = 10 dB
Py, P, Py, P,

OG-MBI-BIC ~0 0.56 2.0x10~% 0.94
OG-MBI-OFDR 28 x 10~% 098 13x10~% 0.98
0OG-MBI-EFDR ~0 053 0.3x107%* 0.79
BIC-BSLIM [16] ~0 055 82x10"% 0.94

gives rise to false alarms at other AOAs that represent ghost
sources. Noteworthy, all approaches detect only a subset of
the frequency bins per emitter, providing maps exhibiting
an on—off behavior, due to dictionary redundancy in the
frequency domain and sparsity promoting nature of the de-
veloped procedures. Nevertheless, the results demonstrate
that all the devised approaches are capable of obtaining a
valid signal description.

To offer further insights and provide a global picture
about the recovery capabilities of the proposed strategies,
the behavior of the different strategies with respect to multi-
ple trials is now analyzed. In this respect, the empirical false
alarm rate Py, and the empirical detection probability P
are used as performance metrics. In particular, empirical P,
and P, are obtained counting the number of detections in the
source-free/occupied space-frequency bins, respectively. To
handle the intrinsic on—off behavior of the recovered maps, a
moving average filtering (with two equal weights) along the
frequency dimension is performed over the recovered pro-
file (containing in each space-frequency bin the estimated
average energy), for all the considered techniques.’

In Table II, the empirical false alarm rate and detection
probability are reported for the simulation setup of the sce-
nario 1 illustrated in Fig. 2 and for two different SNR values,
viz., SNR = 5 dB and SNR = 10 dB. Moreover, both P,
and P; are evaluated over ten independent trials, where
at each run there are N; = 10 independent data-windows,
corresponding to 39 370 emitters free space-frequency bins
and 630 bins occupied by RF sources (for each communica-
tion emitter a guard cell accounting for the 3-dB bandwidth
measure is also considered). The results clearly show that
both the OG-MBI-BIC and the OG-MBI-OFDR can reach
higher P; values than the OG-MBI-EFDR, which instead
has lower P, values. Notably, the OG-MBI-OFDR has the
best detection capabilities, being able to ensure P; = 0.98
also at low SNRs. This advantage is paid by its higher com-
putational complexity, as also highlighted by the average
execution times® reported in Table III. All the proposed
off-grid methods for each source always detect at least one
bin in correspondence to the associated spatial direction.
Last but not least, the OG-MBI-BIC and OG-MBI-EFDR
ensure lower P, values than the OG-MBI-OFDR. This

5 Note that, other than the metrics used in this article, the false alarm
probability can be also evaluated as in [64].

© The average execution time is evaluated as the mean time occupied over
10 Monte Carlo trials, run on an Intel Core i5-1135G7 at 2.40 GHz.
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TABLE III
Average Execution Time of the Proposed Profile Refinement

Strategies
refinement strategy average execution time (s)
BIC based 0.0421 s
OMP-FDR based 0.6133 s
Energy profile-FDR based 0.0108 s
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Fig. 4. Boxplots of the angle displacement estimation for the first
analyzed scenario with SNR = 10 dB. Subplots refer to
(a) OG-MBI-BIC, (b) OG-MBI-OFDR, and (c) OG-MBI-EFDR.

behavior is motivated by the fact that the OG-MBI-OFDR
tends to provide an enlarged frequency support for each
emitter. Finally, it is not surprising that the BIC-BSLIM
is also capable of ensuring high detection performance,
although it introduces false alarms in directions adjacent to
those of the true sources, thereby resulting in ghost sources
estimation.

To further shed light on the performance of the de-
veloped strategies, Fig. 4 reports the boxplots (with the
central mark indicating the median, the edges denoting the
25th and 75th percentiles, the whiskers are extreme data
points not considered outliers, and “+”-marker identifying
outliers) of the angle displacement estimation for the first
analyzed scenario with SNR = 10 dB. Subplots refer to
1) OG-MBI-BIC; 2) OG-MBI-OFDR; and 3) OG-MBI-
EFDR. Inspection of the figures clearly unveils that accurate
estimates of A@;,i = 1, ..., Kj, are obtained for all the con-
sidered approaches. Moreover, the OG-MBI-OFDR shows
the presence of some outliers in the estimated values, whose
number can be, however, controlled by properly tuning the
parameter k.

To quantitatively measure the accuracy of the AOA
estimation of the proposed strategies, the root-mean-square
error (RMSE) of the angle displacements is also evaluated.
To this end, the focus is only on the bins occupied by the
sources. In order to proceed, let A6, be the vector contain-
ing the displacement estimates associated with the source
directions and let A#, be the vector whose entries are the
corresponding true displacements. The RMSE (constrained
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TABLE IV
RMSE of Angular Displacement (in Degrees) for the
Proposed OG-MBI-BIC, OG-MBI-OFDR, and
OG-MBI-EFDR Processing for the Sensing Scenario 1

RMSE
SNR=5dB SNR =10dB
OG-MBI-BIC 0.34 deg 0.31 deg
OG-MBI-OFDR 0.37 deg 0.32 deg
OG-MBI-EFDR 0.34 deg 0.33 deg
BIC-BSLIM [16] 1.75 deg 1.75 deg

to the actual source angle bins) is thus defined as

RMSE:\/IE[H@,—AO, 2]. (1)

Since, a closed-form expression for the RMSE in (41)
is not available, the Monte Carlo simulation strategy is
used for its computation. Table IV reports the RMSEs of
all the considered algorithms with reference to the first
analyzed scenario. In agreement with the results of Fig.
4, the diverse space-frequency recovery procedures are ca-
pable to accurately estimate the source AOA, i.e., correctly
learn the actual model dictionary. It is not surprising that
all the algorithms have approximately the same RMSE,
outperforming the on-grid counterpart, which indeed does
not account for any displacement in the considered grid.

As an additional term of comparison, the gridless
method in [40] designed for 2-D DOA estimation is also
considered. In particular, this method, denoted as 2D-
MNOMP hereafter, involves the selection of some pa-
rameters, as detailed in the following (the related Matlab
codes can be downloaded at https://github.com/RiverZhu/
2DMNOMP). The oversampling factors (yx, y,) are chosen
equal to (4, 4), and the model order overestimating probabil-
ity is set as P,. = 10~*. Moreover, being the noise power o>
an unknown parameter (its true value is 0 dB), and only an
estimate 62 is reasonably available, the tests are conducted
assuming either an ideal (i.e., perfect knowledge) matched
case 6% = 0dB, or some mismatched (more practical) situa-
tions due to the unavoidable estimation errors (in particular,
6% = {—3, 3} dB). Results (not reported here for brevity)
has shown that the 2D-MNOMP is capable of detecting the
four sources, but its performance degrades as the mismatch
in the noise power estimate increases. Specifically, when
the noise power is assumed known (which is the setup
with a less practical relevance), all the algorithms, i.e., both
the proposed (with 0/ = o} = 0 dB) and the 2D-MNOMP,
ensure very high detection capabilities, with a false alarm
rate on the order of 10~*. However, when the noise power
is unknown, the proposed method still maintains nearly
the same performance as in the ideal case. In contrast,
the 2D-MNOMP tends to show a decrease in detection
capabilities when the noise level is overestimated, and an

8652

LN L

LT ]

-90
-250 -200 -150 -100 -50 O 50 100
frequency (MHz)

150 200 250

Fig. 5. Space-frequency profile of the second (on-grid) analyzed

scenario with SNR = 10 dB.

increase in false alarms when it is underestimated. Regard-
ing the RMSE values of the source angles,’ the conducted
experiments have highlighted that all the proposed methods
and the 2D-MNOMP with known noise power achieve
approximately the same performance. These results are
confirmed also when an overestimation of the noise power is
considered in the 2D-MNOMP algorithm, but at a cost of a
reduced detection capability (as already stated). Moreover,
the 2D-MNOMP exhibits a significant performance degra-
dation, with an increasing RMSE in angle displacement
estimation, when the noise level is underestimated.

Despite the results discussed above, it is worth to under-
line that the 2D-MNOMP performs harmonic retrieval with
a uniform planar array, that is equivalent to the signal model
considered for the case studies herein reported. However,
this steering vectors structure is only a special case for the
proposed framework; in fact, the designed algorithm is not
restricted to estimating sinusoidal waves, but it can account
for more general array manifolds possibly due to mutual
coupling between array elements, presence of calibration
errors, nonplanar and nonconformal array architectures,
in addition, of course, to the spectral domain. Moreover,
the proposed methodology can be extended to encompass
sensors capable of acquiring polarimetric features of the
impinging waves, so as to further boost surveillance capabil-
ities [65], [66]. Finally, another advantage of the proposed
method is that it can be extended to also account for the
presence of missing data [67].

To grasp further insights on the potentiality of the pro-
posed 2-D sensing approaches and evaluate its robustness,
let us now focus on an on-grid scenario. Specifically, the
same setup as the previous case study is considered, but with
the sources AOAs lying on the grid, viz., A@ = 0. Hence,
the nominal space-frequency profile for SNR = 10 dB is
shown in Fig. 5, where, as before, it is obtained evaluating
for each angle bin the normalized average ESD of the signal

7 For the 2D-MNOMP algorithm, each angle estimate (for a given spatial
bin) is obtained by averaging the angles inferred from the different active
space-frequency bins.
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Fig. 6. Space-frequency occupancy map for the second (on-grid)
analyzed scenario with SNR = 10 dB. Subplots refer to
(a) OG-MBI-BIC, (b) OG-MBI-OFDR, (c) OG-MBI-EFDR, and
(d) BIC-BSLIM [16]. (a) OG-MBI-BIC. (b) OG-MBI-OFDR.
(c) OG-MBI-EFDR. (d) BIC-BSLIM.

TABLE V
Empirical False Alarm Rate, Pf,, and Empirical Detection Probability,
Py, for the Proposed OG-MBI-BIC, OG-MBI-OFDR and
OG-MBI-EFDR Processing for the Sensing Scenario 2

SNR = 5 dB SNR = 10 dB
Pyq Py Piq Py
OG-MBI-BIC ~ 0 0.65 1.8 x 10~ % 0.96
OG-MBI-OFDR 35 x 1074 0.98 28 x 1074 0.98
OG-MBI-EFDR ~ 0 0.59 0.3 x 1074 0.76
BIC-BSLIM [16] ~ 0 0.66 1.78 x 104 0.96

received on the considered AOA. It is noteworthy that due
to the identical grid resolution in both scenarios, the maps
depicted in Figs. 2 and 5 coincide.

Fig. 6 displays the space-frequency occupancy maps re-
covered via the proposed OG-MBI-BIC, OG-MBI-OFDR,
OG-MBI-EFDR, as well as the BIC-BSLIM of [16], for a
specific simulation trial. Comparing these figures emerges
the fact that OG-MBI-BIC is capable of providing a profile
reconstruction equal to that of the BIC-BSLIM specifically
designed for the on-grid case. Differently, both the OG-
MBI-OFDR and OG-MBI-EFDR experience some slight
performance degradations. In particular, OG-MBI-OFDR
shows some false alarms together with an excessive ex-
pansion of the reconstructed sources in the frequency do-
main, whereas OG-MBI-EFDR presents some additional
miss detections in the source profile estimates. Nonetheless,
all the provided off-grid strategies accomplish a reliable
determination of the space-frequency activation profile, also
in on-grid situations.

To further investigate the performance of the devised
strategies, Table V summarize the empirical P, and Py
obtained by the proposed algorithms for the considered
on-grid scenario. The obtained P; and Py, values confirm
the capabilities of the proposed method to correctly detect
the space-frequency profile. In particular, the OG-MBI-BIC
share the same performance as the BIC-BSLIM. Moreover,
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Fig. 7. Boxplots of the angle displacement estimation for the second
analyzed scenario with SNR = 10 dB. Subplots refer to (a)
OG-MBI-BIC, (b) OG-MBI-OFDR, and (c) OG-MBI-EFDR. (a)
OG-MBI-BIC. (b) OG-MBI-OFDR. (c) OG-MBI-EFDR.

TABLE VI
RMSE of Angular Displacement (in Degrees) for the
Proposed OG-MBI-BIC, OG-MBI-OFDR, and
OG-MBI-EFDR Processing for the Sensing Scenario

2
RMSE
SNR=5 SNR=10dB
OG-MBI-BIC 0.16 deg 0.10 deg
OG-MBI-OFDR  0.15 deg 0.11 deg
OG-MBI-EFDR 0.17 deg 0.11 deg
BIC-BSLIM [16] 0 deg 0 deg

the OG-MBI-OFDR is still capable of outperforming the
BIC-BSLIM in terms of number of detections, but at the
expense of a higher number of false alarms. In this partic-
ular circumstance, the OG-MBI-EFDR exhibits the worst
detection capabilities, even if all sources are detected. This
behavior allows the OG-MBI-EFDR to significantly reduce
the number of false alarms in the map.

To analyze the effectiveness of the proposed strategy
to adequately infer the sources AOAs, Fig. 7 reports the
boxplots of the angle displacement estimation for the sec-
ond (on-grid) analyzed scenario with SNR = 10 dB. Sub-
plots refer to 1) OG-MBI-BIC; 2) OG-MBI-OFDR; and
3) OG-MBI-EFDR. Notably, while BIC-BSLIM operates
in matched conditions, the proposed off-grid strategies do
not. In particular, all of them have to estimate a higher num-
ber of parameters (i.e., the angular displacements) leading
to some performance degradations. However, the graphs
show that the estimates of A6;,i =1, ..., K|, are strongly
concentrated around zero with a slight dispersion in corre-
spondence to the actual source AOAs. The boxplots also
highlight that the OG-MBI-OFDR generates few outliers
in some free-source directions. Noteworthy, the respective
error, quantified by the RMSE, are less than in the previous
analysis, as specified in Table VI.
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Fig. 8. Optimization results for the two considered environmental
scenarios in terms of percentage of MBI selections. Subplots refer to (a)
scenario 1 with SNR = 5 dB, (b) scenario 1 with SNR = 10 dB, (c¢)
scenario 2 with SNR = 5 dB, and (d) scenario 2 with SNR = 10 dB.

Before concluding this section, in Fig. 8 the percent of
times each variable block is optimized by Algorithm 2 for all
Monte Carlo runs is displayed. The inspection of the figures
clearly reveals that a major role in the inference process is
played by the angle displacement update, i.e., the dictionary
learning process. It is also worth pointing out that, the noise
level is never updated, since its initial estimate is very close
to its true value (e.g., for the scenario 1 with SNR = 10 dB,
its average estimate on the Monte Carlo trials is equal to
1.04 with a dispersion around the mean value of 0.05).

VI. CONCLUSION

This article has considered the problem of off-grid
2-D spectrum sensing for cognitive radars. Precisely, an
off-grid 2-D profile recovery strategy, framed as an RML
estimation, aimed at leveraging the inherent block-sparsity
of the entire profile, is proposed. The resulting optimization
problem was addressed using an MM-MBI approach, which
iteratively refines the estimates of three variable blocks,
viz., noise power, 2-D profile, and angular displacements.
Successively, to improve the reliability of the constructed
space-frequency occupancy map and to get a more accurate
estimate of the AOAs, three refinement procedures based
on the selection of the most dominant active atoms in the
space-frequency profile have been also conceived. Numer-
ical simulations have demonstrated the validity of the pro-
posed framework, with the BIC-based refinement strategy
showing the best performance in terms of tradeoff between
computational complexity and estimation accuracy.

Summarizing, the main technical contributions pro-
vided in this article are as follows.

1) The formulation of the space-frequency profile re-
covery problem as a solution to the RML estimation,
with a joint optimization of the noise power, 2-D
profile, and angular displacements.
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2) The design of a novel algorithm based on MM-MBI
to address the challenging optimization problem.
Precisely, it involves the solution of three subprob-
lems, one for each of the three variable blocks, that
are optimally solved. For each iteration, the MBI
updates the variable block leading to the larger decre-
ment of the objective function, while keeping the
other blocks fixed.

3) The analysis of the convergence properties of the
proposed algorithm, showing that any cluster point
of the produced sequence of estimates fulfills the
KKT conditions.

4) The development of three refinement strategies
aimed at improving the reliability of the space-
frequency occupancy map recovery process along
with the accuracy of the angle displacements.

5) The assessment of the effectiveness of the novel
sensing procedures also with reference to their com-
putational complexity.

Future works would consider the extension to both
azimuth and elevation angles, as well as testing the devised
framework on measured data. The possibility of performing
a bespoke adaptive Taylor expansion to define appropriate
(i.e., with convergence guarantees) Newton-like methods is
also an area for future research.

APPENDIX A SOLUTION TO PROBLEM (28)

In order to determine the closed-form solution for a
specific displacement angle, i.e., foragiveni € {1, ..., K;},
to Problem (28), the objective function of P; is now appro-
priately reformulated. To this end, based on (12),

H(A9) = H + Hdiag (A6 ® 1y,)
with
H= [§(91, i), ...,8(01, oy, ), $(02, w1), ...,

$(0k,, wn, )] € CHMNV*KNr (42)
As a consequence,
H(AO)X = HX + Hdiag (A0 ® 1y,)X.  (43)

To proceed further, let us observe that
Hdiag (A0 ® 1y,) X
= [Hdiag (A0 ® 1y,)x', ... Hdiag (A0 ® 1y, ) x™]
= [Hdiag (x") (A0 ® 1y,) , ..., Hdiag (x"")
(A0 ® 1y,)].

Hence, the objective function of Problem P; can be ex-
pressed as

(44)

|AX + Hdiag (A0 ® 1y,) X — Y|’
N

= |Adiag () (A0 @ 1y,) — 2| @45)
i=1

=B (a0 @1y,) — ¢ (46)
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where

Z=[ ....2Y1 =Y - HX, (47)
Hdiag (x") 7!

B = , and ¢ = (48)
Hdiag (x"') ZV

Finally, the function in (46) can be equivalently cast as

ICA6 —¢|? (49)
where the ith column of C € CMNNxKi g8
Np
¢ = ZB(i—l)NF+k- (50)
=1

Leveraging (49), Problem Pi, i=1,...,K;, (to be
solved in the inner loop of Algorithm 1) can be written
as the following constrained minimization problem:
fgien le;A; — &+ C_; A6

i

(51
st A6 <§/2
or equivalently
min el (A6)" + 1Z — C A0’
—2A0Re[e" (£ —CiA0)] (52

st A <82

Now, if ||¢;|| > 0, (52) is a strictly convex problem [60],
whose global optimal solution can be obtained by setting
equal to zero its first derivative and solving for A6;, leading
to

T r_ A
A6; = min (g max (—é Re[ei’ (¢ C_'Aa_l)])> .

2 le:®
(53)

Otherwise, any feasible point is optimal, in particular,
that described by (53) which implies a zero displacement.

APPENDIX B PROOF OF PROPOSITION 1
As to claim 1) of Proposition 1, being

g(c? X, A) > logo’ + fi(X)

2 2
<oy

2
Yo, <o
VX e CKiNrxNi

VAO:|AG <8/2, h=1,....Ki (54)

it follows that

g(0? X, A0) - 00 as [X|* — ooc.

8 If C is a full-rank column matrix, Problem Ps is strictly convex and
Algorithm 1 provides the global optimal solution.
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As a consequence, there exists a constant Ky > 0 such
that Problem (15) is equivalent to

min  NMN; log(o?)
X,02,A0
+LIHAOX — Y| + f1(X)
(55)
S.t. o} <o’ <o}
A <82, h=1,....K
IX|* < Kx.

Now, since the feasible set of (55) is compact and the ob-
jective a continuous function, according to the Weierstrass
theorem [68], it admits a global optimal solution. As a con-
sequence V(P) < g(0%, X, Af) forallo} <o’ <o}, X €
CKiNexM “and A6 such that |A6,| < 8/2,h=1,...,K,.

Moreover, 2™ and AO™ are bounded by design,
whereas

2
IX ™ =

w{Dy2 H (20" (H(A0" )DL

XD

1 n— _l KX
Hi (A" D) + o2 ”1) Yy’
—1

(H@ao" D2,

H' (80" + 02"V

H(Aa(nfl))D;(ZlH) }

(a) . .
< e (YY) 0 {D;(Zn_,,H' (A" D)
—1

(H(AH("‘“)D;?,,_,)

H (80" + 02" 7V1)

(H@ao" D2,

H (80" + 02" 7V1)

H(A0" D2 }

X(u—l)
) Amax (YY7 .
o fmax 72 ) ( - )tr {D;?,,,UH'(A()(”_”)
(c})
H(A0(”*”)D;?,,,,>}
&) Amax (YYT 2
© 2o (177) )(<Kx+e)13)

(o)’
tr {HT (A"~ H(A6" ")}

@ A (Yy’)

— (K« + 1)’My

(56)
(07)

where (a)—(c) in (56) stem from
tr (ABA") < tr (AB,A") if B < B,

whereas (d) follows from

7\ 2
(Kt ' F) = Kt 170 = (Kt 12
VOo<e<1Vgelo2] (57)
and

My = max tr{H"(AO)H(AG)}

[AOp<6/2
h=1,....K,
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which is a finite value due to the Weirstrass theorem.

As to the monotonicity and convergence of g(y(")), i.e.,
claim 2) of Proposition 1, they are a direct consequence
of the block MM-MBI process [56], [57], the features of
Algorithm 2, and the solvability of P. Moreover, exploiting
the continuity of the objective function, for any cluster point
Y™ of Y™ let us extract a converging subsequence )"
to Y™); then, due to the continuity of g()) it follows

* __ i )\ — 1; (n)y — (x)
g = lim g(Y") = lim ¢ (V™) =g (V).

n—o0

(58)

As to claim 3) of Proposition 1, the final step of the
proof requires establishing that any limit point ))* fulfills
KKT conditions for Problem P. Before proceeding further,
let us observe that the objective function of Problem P is
continuously differentiable and Problem P is equivalent to
Problem (55) with Ky such that

g >g(¥?”) (59)
for all of <o? <o}, for all A6, €[8/2,8/2], h=
1, ..., K, and for all X such that || X||*> > Ky.

Moreover, for each block of variables, the corresponding
constraints satisfy linear independence constraint qualifica-
tion [68] conditions. Indeed, for the cases of angle displace-
ments and noise variance the constraints are described by
affine functions, and there is at most one active constraint per
variable of each block. Moreover, for the case of complex
space-frequency profile, it is involved a nonactive quadratic
constraint.

Hence, being the constraint functions separable w.r.t.
each block variable and invoking Proposition 2 of [57], it
follows that any limit point ))* satisfies the KKT conditions
for Problem P.
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