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ABSTRACT. In this paper we consider a system describing a quantum particle self
interacting with the Born Infeld electromagnetic field. The existence of a radial ground
state solution is proved in the attractive case.

1. INTRODUCTION

In the recent years, several models have been proposed to provide a mathematical
description of the interaction between a charged particle and the electromagnetic field
generated by itself. A pioneering paper in this direction was [2], where, by studying in
an open bounded set Ω ⊂ R3 the Euler-Lagrange equations derived from the coupling
of the Maxwell lagrangian and the Schrödinger one, Benci and Fortunato arrived to
prove the existence of solutions (u, φ, ω) ∈ H1

0 (Ω)×H1(Ω)× R to the problem

(SM) −∆u+ ωu+ φu = 0, −∆φ = 4πu2

with conditions u = 0 and φ = g on ∂Ω and normalizing condition
∫

Ω
u2 dx = 1.

(SM) represents one of the two forms (precisely the repulsive case) in which the fol-
lowing Schrödinger - Newton (also known as Schrödinger - Poisson) system appears

(SN ) −∆u+ ωu+ θφu = 0, −∆φ = u2 in R3,

according to the sign of the nunnull constant θ ∈ R.
Choosing θ positive or negative means to assign a sign to the self interaction poten-

tial, distinguishing the attractive case (θ < 0) and the repulsive case (θ > 0).
Attractive case was treated for example in [8,10,11] and, more recently, in [6] where

an ODE reduction approach allowed to solve to (SN ) in RN , for all N > 1.
The theory developed by Born and Infeld (see [4] and [5]) inspired Yu who, in [13],

proposed a relativistically consistent model where the self interaction arises from the
coupling of the Klein - Gordon lagrangian and the Born - Infeld one, this latter be-
ing a nonlinear variant of Maxwell lagrangian. The idea of Yu was recovered in [1],
where the dynamics of a quantum particle inside the electromagnetic field generated
by itself was described by coupling nonlinear Schrödinger with Born - Infeld equa-
tions. The repulsive case was considered and the problem was solved by means of
variational techniques. This result was later improved in [9].

In this paper we are interested in studying the Schrödinger - Born - Infeld system
in the attractive case, looking for solutions of the following problem
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(SBI)



−∆u+ u− φu = 0 in R3,

− div

(
∇φ√

1− |∇φ|2

)
= u2 in R3,

u(x)→ 0, φ(x)→ 0, as x→∞.
At least formally, the system (SBI) comes variationally from the action functional

J defined by

J(u, φ) =

∫
R3

(
|∇u|2 + u2

)
dx−

∫
R3

φu2 dx+

∫
R3

(
1−

√
1− |∇φ|2

)
dx.

Dealing with this functional presents evident difficulties for several reasons, start-
ing with the definition of the functional setting. Indeed we observe that, being on
the one hand natural to consider u ∈ H1(R3), on the other the presence of the term∫
R3

(
1−

√
1− |∇φ|2

)
forces us to restrict the setting of admissible functions φ.

We define
X := D1,2(R3) ∩ {φ ∈ C0,1(R3) : ‖∇φ‖∞ ≤ 1}

where D1,2(R3) is the completion of C∞c (R3) with respect to the norm L2 of the gra-
dient. We will denote by H1

r (R3) and Xr the sets of radial functions in, respectively
H1(R3) and X .

Our main result is

Theorem 1.1. The problem (SBI) possesses a radial ground state solution, namely a solution
(u, φ) ∈ H1

r (R3)×Xr minimizing the functional J among all the nontrivial radial solutions.
Moreover both u and φ are of class C2(R3).

The paper is organized as follows: in Section 2 we introduce some known results
on the functional settings X and Xr which permit us to approach the problem varia-
tionally while in Section 3 we prove Theorem 1.1.

We finish this section with some notations. In the following we denote by ‖ · ‖
the norm in H1(R3) and by ‖ · ‖q the norm in Lq(R3), for q ∈ [1,+∞]. Moreover by
c, ci, C, Ci we denote fixed positive constants which can vary from line to line.

2. PRELIMINARY RESULTS

A classical initial approach consists in applying the reduction method in order to
deal with a one-variable functional. Consider the functional E : H1(R3) × X → R
defined as

E(u, φ) =

∫
R3

(
1−

√
1− |∇φ|2

)
dx−

∫
R3

φu2 dx.

In [3] it has been studied the relation between solutions to the second equation in
(SBI) and minimizers of E(u, ·), assumed u ∈ H1(R3) preliminary fixed.

The following lemma justifies why we will choose the radial setting.

Lemma 2.1. For any u ∈ H1(R3) \ {0}, there exists a unique φu ∈ X \ {0} minimizing the
functional E(u, ·) : X → R.

Moreover, if u ∈ H1
r (R3), then φu ∈ Xr and it is the unique solution of the second equation

of system (SBI), in the following weak sense∫
R3

∇φu · ∇ψ√
1− |∇φu|2

dx =

∫
R3

u2ψ dx, for all ψ ∈ Xr.
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As a consequence for any u ∈ H1
r (R3) we have

∫
R3

|∇φu|2√
1−|∇φu|2

dx =
∫
R3 φuu

2 dx and

(1) E(u, φu) 6 −
1

2

∫
R3

φuu
2 dx.

Proof. By Proposition 2.3 and Theorem 1.4 of [3], we only have to prove inequality (1).
Indeed

E(u, φu) =

∫
R3

(
1−

√
1− |∇φu|2 −

|∇φu|2√
1− |∇φu|2

)
dx =

∫
R3

(√
1− |∇φu|2 − 1√

1− |∇φu|2

)
dx

and our conclusion follows from inequality 1
2
|∇φu|2 6 1−

√
1− |∇φu|2. �

Now we introduce the one-variable functional defined on H1(R3) as

I(u) = J(u, φu) = ‖u‖2 + E(u, φu).

Next results, which can be proved exactly as the analogous in [1], lay the foundation
of our variational approach even if up to constraining the functional setting to the
subset of radial functions.

Proposition 2.2. The functional I is of class C1. Moreover
• if (u, φ) ∈ H1(R3)×X is a nontrivial solution of (SBI) in a weak sense, then φ = φu

and u is a critical point of I ;
• for any u ∈ H1

r (R3) : I
′(u)
2

= −∆u+ u− φuu in (H1(R3))′.

3. PROOF OF THE MAIN RESULT

By Lemma 2.1, Proposition 2.2 and Palais Principle of Symmetrical Criticality, we
are allowed to find solutions of (SBI) in a weak sense looking for critical points of
I|H1

r (R3). In the sequel we will write I meaning I|H1
r (R3).

First we are going to prove a new estimate to show that I is unbounded below.

Lemma 3.1. There exist c1 > 0 and c2 > 0 such that for any u ∈ C(R3)∩H1
r (R3) and x 6= 0

(2)
1√

1− |∇φu(x)|2
6 c1 +

c2

|x|2
‖u‖2

L2(B|x|)
.

As a consequence 1√
1−|∇φu(x)|2

∈ L∞(R3) and there exist c1 > 0 and c2 > 0 such that for any

u ∈ C(R3) ∩H1
r (R3)

(3)
∫
R3

φuu
2 dx > c1

∫
R3

|u|3 dx− c2

∫
R3

|∇u|2
(

1 +
1

|x|2
‖u‖2

L2(B|x|)

)
dx.

Proof. Take any u as in the assumption. By Lemma 2.1, we have that φu satisfies

(4) − div

(
∇φ√

1− |∇φ|2

)
= u2

in a weak sense. Arguing as in the proof of [1, Proposition 2.8], we conclude that
φu ∈ C2(R3) and then it satisfies the previous equation pointwise in the classical
sense. In particular, introducing v : [0,+∞) → R and ψ : [0,+∞) → R such that
v(0) = u(0), ψ(0) = φu(0), and v(r) = u(x), ψ(r) = φu(x) for all x ∈ ∂Br, we have(

r2 ψ′√
1− (ψ′)2

)′
(r) = −r2v2(r) in [0,+∞).
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Integrating in [0, r], we obtain

(5)
|ψ′(r)|√

1− (ψ′(r))2
= − ψ′(r)√

1− (ψ′(r))2
=

1

r2

∫ r

0

s2v2(s) ds in (0,+∞).

For all r > 0 for which |ψ′(r)| 6 1
2
, of course we have

(6)
1√

1− (ψ′(r))2
6

2
√

3

3
,

while for all r > 0 for which |ψ′(r)| > 1
2
, from (5) we deduce that

(7)
1√

1− (ψ′(r))2
6

2

r2

∫ r

0

s2v2(s) ds.

Coming back to u and φu, from (6) and (7) we obtain (2). Now, to prove (3), we
multiply by |u| in (4) and integrate in R3.
By (2),∫

R3

|u|3 dx =

∫
R3

∇φu · ∇|u|√
1− |∇φu|2

dx 6
1

2

∫
R3

|∇φu|2√
1− |∇φu|2

dx+
1

2

∫
R3

|∇u|2√
1− |∇φu|2

dx

6
1

2

∫
R3

φuu
2 dx+

1

2

∫
R3

|∇u|2
(
c1 +

c2

|x|2
‖u‖2

L2(B|x|)

)
dx

and then the conclusion. �

We introduce the following notation: for any u ∈ H1(R3), t > 0 and α ∈ R we
denote by uα,t the function tαu( ·

t
).

Proposition 3.2. The functional I is unbounded below. More precisely, for any α ∈ (0, 1)
and u ∈ C(R3) ∩H1

r (R3) we have limt→+∞ I(uα,t) = −∞.

Proof. Take α and u as in the assumptions. By (1) and (3),

I(uα,t) 6 c1

∫
R3

(|∇uα,t|2 + u2
α,t) dx+ c2

∫
R3

|∇uα,t|2

|x|2
‖uα,t‖2

L2(B|x|)
dx− c3

∫
R3

|u|3 dx

= c1t
2α+1‖∇u‖2

2 + c1t
2α+3‖u‖2

2 + c2t
4α−1

∫
R3

|∇u(x
t
)|2

|x
t
|2
‖u‖2

L2(B|xt |
) dx− c3t

3α+3‖u‖3
3

= c1t
2α+1‖∇u‖2

2 + c1t
2α+3‖u‖2

2 + c2t
4α+2

∫
R3

|∇u(x)|2

|x|2
‖u‖2

L2(B|x|)
dx− c3t

3α+3‖u‖3
3.

We conclude passing to the limit as t goes to +∞. �

Since I does not possess a minimizer, we are led to check the presence of some
critical minimax level and, in the case, compactness property of the functional at that
level. However, simple computations show immediately how hard is to verify bound-
edness of Palais - Smale sequences at any level. In view of this, we are going to exploit
a result based on the monotonicity trick (see [7, 12]).

Let us introduce the following family of auxiliary functionals Iλ, for λ ∈ [1/2, 1]:

Iλ(u) = ‖u‖2 − λF (u), ∀u ∈ H1
r (R3),

where F (u) = −E(u, φu) is a nonnegative operator.
Even if the following result is contained in [1], we prefer to state and prove it explicitly
here, for the sake of completeness.
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Lemma 3.3. Let (un)n be a sequence in H1
r (R3) and ū ∈ H1

r (R3) such that un ⇀ ū. Then∫
R3

φunu
2
n dx→

∫
R3

φūū
2 dx.

Proof. Let (un)n and ū be as in the assumptions. By [3, Remark 5.5], we infer that
φn := φun ⇀ φū := φ̄ in D1,2(R3). Since un → ū in L

12
5 (R3) and φn ⇀ φ̄ in L6(R3),∣∣∣∣∫

R3

φnu
2
n dx−

∫
R3

φ̄ū2 dx

∣∣∣∣ 6 ∣∣∣∣∫
R3

φn(u2
n − ū2) dx

∣∣∣∣+

∣∣∣∣∫
R3

(φn − φ̄)ū2 dx

∣∣∣∣
6 ‖φn‖6‖un − ū‖ 12

5
‖un + ū‖ 12

5
+ 〈ū2, φn − φ〉 −−−−→

n→+∞
0.

�

By the previous lemma, we can prove this weaker Palais - Smale condition for Iλ.

Proposition 3.4. Take λ ∈ [1/2, 1]. If (un)n is a bounded Palais - Smale sequence of Iλ, then
it admits a converging subsequence.

Proof. Take (un)n as in the assumption. We have that there exist c ∈ R and ū ∈ H1
r (R3)

such that, up to a subsequence,

Iλ(un) = c+ on(1), I ′λ(un) = on(1) in (H1
r (R3))′, un ⇀ ū in H1

r (R3).

By boundedness of (un)n, we have I ′(un)[un] = on(1), that means

(8) ‖un‖2 = λ

∫
R3

φnu
2
n dx+ on(1),

where we have set φn = φun . Moreover, using the weak convergence of un to ū and
taking again into account that this implies φn ⇀ φū := φ̄ in D1,2(R3) by [3, Remark
5.5], we easily see for every v ∈ H1

r (R3),

lim
n
I ′λ(un)[v] = I ′λ(ū)[v] = 0

that is ū is a critical point of Iλ.
In particular we deduce I ′λ(ū)[ū] = 0, that is ‖ū‖2 = λ

∫
R3 φ̄ū

2 dx.
By Lemma 3.3, passing to the limit in (8), we deduce that limn ‖un‖ = ‖ū‖ which,
together with the weak convergence, implies un → ū in H1

r (R3). �

Next two results are devoted to the verification of the mountain pass geometry for
every Iλ

Proposition 3.5. For all λ ∈ [1/2, 1],

Γλ := {γ ∈ C([0, 1], H1
r (R3)) | γ(0) = 0, Iλ(γ(1)) < 0} 6= ∅.

Proof. Since inequality (1) implies

Iλ(uα,t) 6 ‖uα,t‖2 − λ

2

∫
R3

φuα,tu
2
α,t dx,

proceeding as in Proposition 3.2, we find αλ ∈ (0, 1) and tλ > 0 such that Iλ(uαλ,tλ) < 0.
Defining γλ as follows

γλ(s) =

{
0 if s = 0

uαλ,stλ if s ∈ (0, 1]
,

we have γλ ∈ Γλ. �

Proposition 3.6. For any λ ∈ [1/2, 1] we have mλ := infγ∈Γλ maxs∈[0,1] Iλ(γ(s)) > 0.
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Proof. Set λ ∈ [1/2, 1]. By Proposition 3.5, certainly mλ 6= +∞. Now, observe that,
applying [1, Lemma 2.7] for q = 2,

(9)
∫
R3

φuu
2 dx 6 C‖φu‖6‖u‖2

12
5
6 C‖∇φu‖2‖u‖2

12
5
6 C‖u‖4

and then

Iλ(u) > ‖u‖2 − λ
∫
R3

φuu
2 dx > ‖u‖2(1− λC‖u‖2

2).

We deduce that, for a sufficiently small η > 0, there exists ρ > 0 such that

Iλ(u) > 0, ∀u ∈ Bρ \ {0}, Iλ(u) > η, ∀u ∈ ∂Bρ.

So, if we take any γ ∈ Γλ, since Iλ(γ(1)) < 0, we deduce that ‖γ(1)‖ > ρ. This implies
that necessarily there exists sγ ∈ (0, 1) such that ‖γ(sγ)‖ = ρ and then

max
s∈[0,1]

Iλ(γ(s)) > Iλ(γ(sγ)) > η.

As a consequence mλ > η > 0. �

Now we are ready to prove the existence of at least a nontrivial critical point at the
mountain pass level for almost every Iλ.

Proposition 3.7. For almost every λ ∈ [1/2, 1], there exists uλ ∈ H1
r (R3), uλ 6= 0, such that

I ′λ(uλ) = 0 and Iλ(uλ) = mλ.

Proof. By Propositions 3.5 and 3.6, we can apply the monotonicity trick and use, for
example, [1, Proposition 3.1]. So, for almost any λ ∈ [1/2, 1] we have a bounded Palais
- Smale sequence for Iλ at the level mλ. Then we conclude by Proposition 3.4. �

Next result can be proved putting together [1, Proposition 2.8] and [1, Proposition
2.9].

Proposition 3.8. For any λ ∈ [1/2, 1] any critical point uλ of Iλ satisfies the Pohozaev
integral identity Pλ(uλ) = 0, where

Pλ(u) :=

∫
R3

|∇u|2 dx+ 3

∫
R3

u2 dx− 4λ

∫
R3

φ2
uu

2 dx+ 3λ

∫
R3

(
1−

√
1− |∇φu|2

)
dx

Now we are ready to prove our main result.

Proof of Theorem 1.1. By Propositions 3.7, there exists a sequence (λn)n ⊂ [1/2, 1] such
that λn ↗ 1 and, for all n ∈ N, there exists un ∈ H1

r (R3) \ {0} such that

Iλn(un) = mλn , I ′λn(un) = 0 in (H1(R3))′.

For the sake of brevity, we will denote φn := φun . By Proposition 3.8, Pλn(un) = 0 and
then, since

‖un‖2

4
6 Iλn(un)− 1

4
Pλn(un) = mλn

and (mλn)n is bounded since it is nonnegative and nonincreasing, we deduce that
(un)n is bounded in H1

r (R3). It is easy to see that (un)n is a bounded Palais - Smale
sequence for I at the level m1 > 0 and then, by Proposition 3.4, it possesses a sub-
sequence converging to some ū ∈ H1

r (R3). Since I ′(ū) = 0, then, arguing as in [1,
Proposition 2.8], we can prove (ū, φū) is a classical solution of (SBI). Finally, since
I(ū) = m1 > 0 we have that such a solution is not the trivial one.
Now we prove the existence of a radial ground state, finding a minimizer of I inside

Sr :=
{
u ∈ H1

r (R3) \ {0} | I ′(u) = 0
}
.
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Of course, Sr 6= ∅ since ū ∈ Sr. Moreover, by inequality (9), any u ∈ Sr satisfies

‖u‖2 =

∫
R3

φuu
2 dx 6 C‖u‖4

and therefore infu∈Sr ‖u‖ > 0.
Since thanks to Proposition 3.8 every u ∈ Sr satisfies P1(u) = 0, we have that

I(u) = I(u)− 1

4
P1(u) >

1

4
‖u‖2

and we conclude tha σr := infu∈Sr I(u) > 0.
It is easy to see that, by Proposition 2.2, if we call

S ′r := {(u, φ) ∈ H1
r (R3)×Xr \ {(0, 0)} | (u, φ) solves (SBI)},

then
σr = inf

u∈Sr
I(u) = inf

(u,φ)∈S′r
J(u, φ)

and if such an infimum is achieved by some ũ ∈ Sr, then (ũ, φũ) minimizes J in S ′r.
Let (un)n ⊂ Sr such that I(un) → σr. As in the initial part of the proof we show that,
up to a subsequence, (un)n converges to ũ ∈ H1

r (R3) which actually turns out to be a
critical point of I such that I(ũ) = σr.
Finally we prove ũ and φũ are of class C2(R3) arguing as in [1, Proposition 2.8]. �

REFERENCES

[1] A. Azzollini, A Pomponio, G. Siciliano, On the Schrödinger-Born-Infeld system, Bull. Braz. Math.
Soc. 50, (2019) 275–289. 1, 3, 4, 6, 7

[2] V. Benci, D. Fortunato, An eigenvalue problem for the Schrödinger-Maxwell equations, Topol. Methods
Nonlinear Anal., 11, (1998), 283–293. 1

[3] D. Bonheure, P. d’Avenia, A. Pomponio, On the electrostatic Born-Infeld equation with extended
charges, Communication in Mathematical Physics, 346, (2016), 877–906. 2, 3, 5

[4] M. Born, L. Infeld, Foundations of the new field theory, Nature 132 (1933), 1004. 1
[5] M. Born, L. Infeld, Foundations of the new field theory, Proc. Roy. Soc. London Ser. A 144 (1934),

425–451. 1
[6] P. Choquard, J. Stubbe, M. Vuffray, Stationary solutions of the Schrödinger-Newton model – an ODE

approach, Differential Integral Equations, 21, (2008), 665–679 1
[7] L. Jeanjean. On the existence of bounded Palais-Smale sequences and application to a Landesman-Lazer-

type problem set on R, Proc. Royal Soc. Edin. 129A (1999), 787–809. 4
[8] E.H. Lieb, Existence and uniqueness of the minimizing solution of Choquard’s nonlinear equation, Studies

in Applied Mathematics, 57 (1977), 93–105. 1
[9] Z.S. Liu, G. Siciliano, A perturbation approach for the Schrd̈inger-Born-Infeld system: solutions in the

subcritical and critical case, J. Math. Anal. Appl. 503, (2021), 125326. 1
[10] S.I. Pekar, Untersuchungenu uber die elektronentheorie del Kristalle, Akademie Verlag Berlin 6, (1954),

29–34. 1
[11] R. Penrose, On gravity’s role in quantum state reduction, Gen. Rel. Grav., 28, (1996), 581–600. 1
[12] M. Struwe, On the evolution of harmonic mappings of Riemannian surfaces, Comment. Math. Helv., 60,

(1985) 558–581. 4
[13] Y. Yu, Solitary waves for nonlinear Klein-Gordon equations coupled with Born-Infeld theory, Ann. Inst.

H. Poincaré Anal. Non Linéaire, 27 (2010), 351–376. 1
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