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1. Introduction

From a numerical point of view, the main difficulty to treat integrals of the type

/ T f(2)de, a>0, i=vl, ye[-aa, weR", (1)

—a

depends on the presence of the kernel e~ (@~ which highly oscillates for frequencies w > 1. For the
evaluation of such integrals, many accurate formulas exist in the literature, mainly based on the zeros of

% This research has been accomplished within “Research ITalian network on Approximation” (RITA).
* Corresponding author.
E-mail addresses: fermo@unica.it (L. Fermo), domenico.mezzanotte@unibas.it (D. Mezzanotte),
donatella.occorsio@unibas.it (D. Occorsio).
! Member of the INAAM Research group GNCS and the TAA-UMI Research Group.

https://doi.org/10.1016/j.aml.2022.108463
0893-9659/© 2022 Elsevier Ltd. All rights reserved.


https://doi.org/10.1016/j.aml.2022.108463
http://www.elsevier.com/locate/aml
http://www.elsevier.com/locate/aml
http://crossmark.crossref.org/dialog/?doi=10.1016/j.aml.2022.108463&domain=pdf
mailto:fermo@unica.it
mailto:domenico.mezzanotte@unibas.it
mailto:donatella.occorsio@unibas.it
https://doi.org/10.1016/j.aml.2022.108463

L. Fermo, D. Mezzanotte and D. Occorsio Applied Mathematics Letters 136 (2023) 108463

orthogonal polynomials; see e.g. [1-6]. On the other hand, in many practical applications, the function f is
known only at equispaced nodes; see e.g. [7,8].

In order to adopt the values of f at equidistant nodes, a widely used technique is based on composite
quadrature rules of “lower” degree, such as Filon’s type rules, whose degree of approximation cannot be
improved over the saturation class of the approximation process. Recently, in [9] starting from the knowledge
of f at a finite set of equally spaced nodes, an approach has been introduced to efficiently compute weighted
integrals, but not advisable in the case of oscillating integrands. For a short review on the main techniques
the interested reader can consult [1].

Finding accurate quadrature rules based on equidistant points is still an open problem. Here, we
introduce a product integration rule based on the approximation of the function f through the generalized
Bernstein (shortly GB) polynomials Bm’g f of degree m and parameter ¢ defined in the interval [—a, a]. Such
polynomials represent an adequate tool for our aims, since they make use of the samples of f at m + 1
equally spaced nodes; see e.g. [7,10-13]. Moreover, unlike the classical Bernstein polynomials B, f, they
depend on a parameter ¢ that can be suitably chosen according to the smoothness degree of f. This nice
property allows to avoid saturation problems [14]. However, £ cannot be fixed arbitrarily high. For £ — oo,
the GB polynomials tend to the Lagrange interpolation polynomial based on equidistant nodes which is a
well known unstable operator. Hence, thresholds of such parameter have been studied; see e.g. [13, Remark
4.1].

The outline of the paper is as follows. In Section 2 we provide definition and main properties of GB
polynomials. Section 3 contains the main results regarding the product integration rule and its error
estimates. In Section 4 two numerical examples are given to corroborate the theoretical estimate. The proofs
are given in the last Section 5

2. Notation and preliminary results

In the sequel C denotes any positive constant having different meanings at different occurrences and the
writing C # C(a, b, ..) has to be understood as C not depending on a,b, ...

As usual, P,, denotes the space of the algebraic polynomials of degree less than or equal to m, and
CY = C%[~a,a]) is the space of the continuous functions on [—a,a] equipped with the uniform norm

IfIl == max |f(z)].
z€[—a,al _
For a fixed positive a € R, consider the m-th Bernstein polynomial B,, f of a given f € C©,

m

B f(z) = Zf(tk)ﬁm7k(x), tgy = —a+ k%, x € [—a,al, (2)

k=0

o= (2) () (57

with pp, () > 0, and Zﬁm,k(x) =1,V € [~a, a]. Based on B,, f, the {-iterated boolean sum By, ¢ f € P,,,

where

k=0
¢ € N, is defined for any f € C? as
Buif =f~(f=Bunf)', Bmif=Bnf.

The polynomial B,, ,f can be expressed Va € [—a, a, as

Buof(x) =Y p)i(2)f(t;), with 7, me )emh, (4)

Jj=0



L. Fermo, D. Mezzanotte and D. Occorsio Applied Mathematics Letters 136 (2023) 108463

where ¢\ ; ™6 are the entries of the matrix C, € Rm+1)x(m+1)
Coe=I+I-A)+ - +I-A)" Cpi=1
being I the identity matrix of order m + 1 and A € R(m+1)x(m+1) the matrix
(A)ij =pm,;(t:), (4,7)€{0,1,...,m} x{0,1,...,m}.
By induction on ¢ = 2P, p € N, the following recurrence relation holds
Conaw = Copy o1 + (1= A C g, (5)

which allows for a fast construction of the subsequence {By, 2 } p=1,2,..., since

yeus

Bm,2pf = 2Bm,2P*1f - Bm’zp—l I (6)

A survey containing properties and applications of GB polynomials is given in [15]. Moreover, specific
employments of such polynomials to Fredholm and Volterra integral equations can be found in [7,13,16]. A
further application for approximating Cauchy singular integrals has been proposed in [17].

As we can note by (2), the polynomials Bml f require the same samples of f at m+1 equally spaced points
of [—a, a]. Moreover, thanks to the dependence on the parameter ¢, they detain the special property that the
speed of convergence to f increases as the smoothness of f improves, unlike the “originating” polynomial
B f.

To be more precise, let us consider the Sobolev type space of order r, 1 <1 € N, defined as
W, ={fec®: frbeac:|fI¢ <o}, Iflw, = IFI+ £,

where ¢(z) = vVa? — 22, and AC denotes the space of all locally absolutely continuous functions on [—a, a.
Then, for each f € W, with 1 < < 2¢, by [14, Th. 2.1] we deduce

If = Buofll < C ((”/%')W) ¢ #C(m, f,a). (7)

In other words, the rate of convergence behaves like the square root of the best polynomial approximation
error for this space of functions.

3. A product integration rule

By separating the kernel e~*(*=%) into the real and imaginary parts, we are dealing with integrals of the
type

Y cos(w(y — x)).

In order to evaluate numerically the above integral, we propose to approximate f by Bm’g f, getting

I¥f(y) = /“ k(w(y —z)) f(z)de, where k(w(y — 7)) = {Sin(w(y — 1)), ®

10 = [ Kl = ) Bonaf(a) do + R S 0) = T30 ) + Ri o ). 9)
Then, taking (4) into account, we get
=31t Zc“" g / Wy — Npms@)de = 3 £t 3 ™ Ogiy). (10)
j=0 j=0 =0

Let us note that in the above formula the pathology of the integrand, i.e. the presence of the oscillating
kernel, has been isolated in the coefficients ¢; that we approximate by using a suitable technique explained
in the next subsection.

Next theorem establishes conditions assuring that the rule (10) is stable and convergent for any f € C°.
Moreover, it also provides an error estimate in suitable subspaces of C°.

3
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Theorem 3.1. Let f € C°. For all a, w € R, and for each fived £, the rule (10) is stable, that is
sup [|Zy, o fIl <ClIfIl, C#Clw,f), C=C((). (11)

Moreover, for any f € W,., 1 <r < 2{, we have

a” | fllw,

)" ), C#C(m, f,a,w). (12)

IR, f] <c(

3.1. The approximation of the coefficients

Now we approach to the computation of the coefficients ¢;(y), by proposing a suitable technique that
treats the pathology of the kernel.
Let N = Lw%J + 1, introduce the partition

N
2
Uxh 1a'rh ZTo = —a, Ih:—a+h777 nzﬁav h_172a" 7N7
and consider the following decomposition in sum
N .z
6@ =Y [ sty - o) Baodd, i= 0L
h=1"%h-1
Let us now map each interval [zj,_1, 3] into [—1, 1] through the linear transformations z = ~,(x) =

2% — 1. In this way we get

N [
2};/113771,1 (’Y;l(z))ﬂ(w(yf’yh_l(z)))dz, i=0,1,...,m,

and applying the m-point Gauss—Legendre quadrature rule to each integral, we have

NZ(ZMW(% (zk)) K (w (y—vil(zw))ﬂ:’;ﬁ(y)) (13)
h=1 \k=1

where {z;}}", are the zeros of the m-th Legendre polynomial and {A;}7:, are the related Christoffel
numbers. Hence, by replacing the approximation (13) into (10), we have the following product integration
rule

= %Zf Zc(m o <ZZ/\kPmﬂ‘ (v ' (z1)) i (w (y—%l(zk)))> : (14)

h=1k=1

About the error of the product rule, next theorem holds:

Theorem 3.2. Let f € W, with1 < r < 2{. For any y € [—a,a] and for m sufficiently large (say m > my,
mo fized), the following error estimate holds:

2200~ T f )l < (I, S+l mt (- 22227,

where C # C(m, f,a,w), and C = C({).
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Fig. 1. Plot of the maximum absolute errors attained for integral Z* f;(y) with different choices of £.

4. Numerical tests

In this section, we show the accuracy of our product rule as well as the reliability of our theoretical

estimates, to the following two integrals
2

1
T2 (y) = / sy = o) fila) e, Th) - / cos(wly — ) fo(x)dz,

—2

with f1(x) = tanh (z + 1), and fa(z) = |z + 1|9/2

and then we consider as exact the value provided by our quadrature rule with m = 512. Table 1 contains,

. In both cases, the exact value of the integrals is not known

for increasing values of m, the absolute errors

emefiW) = L5120 f5(y) — Lo o f5 (W) Jj=12,
obtained with ¢ = 28 in two different points and for several values of w. Moreover, in Table 2 we show the
Mean Estimated Order of Convergence attained in our numerical tests. It is defined as

log (€5, 0 fi(y)/ €505 (Y))
log 2

EOCE ofi(y) = , MEOCY f;(y

kgf] ) j:172a

where M is a fixed integer. In our case we set M = 7.

As we can observe, for the first integral the convergence is very fast due to the analyticity of the function
J1. For the second integral the convergence is slower since fo € Wy/p. Finally, in Fig. 1 we display the
maximum absolute errors attained for integral Z% f; (y) over 256 equally spaced points of the interval [—1, 1]
when m is fixed and the parameter ¢ varies. It is evident that the error e}, , f1(y) decreases for increasing
values of /.

5. The proofs

Proof of Theorem 3.1. First, let us prove the stability, i.e. (11). By the first identity of (10), for any
y € [—a, a] we have

72 )] < I / SIS el 05, @)

7=0 =0
<2a|fll [Cm.elloc < CIfII,

since P, i(z) > 0, and [|Cpyelloo < 2¢ — 1 (see e.g. [16]).
5

| ar< il [ S i) 3l

i=0 §=0
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Table 1
Numerical results for integral Z¥ fi(y) (top) and for integral
Z% f2(y) (bottom).

m w e:l,28f1(70.7) e:’nﬂsﬁ (0.5)
4 7.20e—04 1.30e—04
8 1.63e—05 2.25e—05
16 5.91e—09 4.15e—09
32 10 2.82e—12 8.81le—12
64 1.32e—15 7.42e—15
128 8.26e—15 3.23e—16
256 3.27e—15 7.28¢—15
4 8.71le—04 1.17e—04
8 2.38e—07 1.06e—07
16 1.37e—10 1.17e—10
32 10?2 2.47e—12 4.09e—14
64 2.99e—15 7.88e—16
128 3.07e—15 8.41e—16
256 1.99e—15 1.90e—15
4 6.93e—04 6.64e—04
8 1.53e—09 1.44e—09
16 3.97e—12 4.25e—12
32 10® 4.63e—14 5.18e—14
64 2.45e—15 1.53e—16
128 1.15e—15 1.07e—15
256 7.7le—16 9.89¢—16
m w e, os f2(—1.5) e psf2(1)
4 1.98e—02 6.34e—03
8 3.78e—03 3.47e—03
16 1.88e—04 1.79e—04
32 10 2.41e—05 2.75e—05
64 3.64e—08 1.30e—07
128 7.76e—10 3.92e—10
256 1.0le—11 4.75e—12
4 1.36e—02 7.04e—02
8 4.20e—05 2.82e—06
16 7.27e—06 1.52e—06
32 102 1.08e—07 1.60e—07
64 2.05e—07 1.66e—07
128 4.32e—09 4.58e—09
256 1.36e—10 1.07e—10
4 6.91e—02 2.67e—02
8 3.79e—07 4.19e—07
16 6.53e—08 7.24e—08
32 10° 1.77e—09 1.90e—09
64 2.08e—09 2.44e—09
128 2.63e—11 2.94e—11
256 2.06e—12 2.67e—12
Table 2

Mean Estimated Order of Convergence for integral Z¢ f(y) (top)
and for integral Z¢ fy(y) (bottom).

w MEOCY, f1(—0.7) MEOC$, £1(0.5)
10 6.28 5.67

10?2 6.44 5.97

10° 6.62 6.55

w MEOCE, f2(—1.5) MEOCY, f2(1)
10 5.14 5.05

102 4.43 4.88

10° 5.83 5.54
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Let us now estimate the error. We have

Ronef ()] < /a |f(2) = B,ef (@) [5(w(y — @))lda < 2al|f = B fll,

—a

and by (7) the thesis follows. O

Proof of Theorem 3.2. We start from

9 f(y) — T o f ()| < VT () = T2 o f )] + T2 o f () — T4 1 f(y)| = Ji(y) + Ja(y)- (15)

By Theorem 3.1
ar—i—l

(16)
About J5, we can start from
m m p N .
=) e < ||f||— |c<’" 1Y e ), (17)
N
7=0 1=0 =0 =0 h=1

with 5 (y) defined in (13).
To estimate |4/ (y)| we recall the following Gauss-Legendre error, holding Vg € W,,,([—1,1])

C
z)dr — ) A )| < CEapm— < — (m) ym —\/1_ g2
|/ : Z 050)| < CBais() < G lall + 19 ™6™ ). ol@) = V=2
where ||g]| = sup |g(z)|. Hence, denoting by k,(z) the function x(z,y) regarded as function of the only
z€[—1,1]
variable x, we have
i C > - (m) ™
|5n’1h(ll)| < W {Hpm,i (%1) Ky (W ( (’Yh || + H Dm.i 7h )’fy( 7h H}
Now, we observe that
(™) (&) (=)™ 1<i<m—1
max — max o < max — % (m) ( m ) ’ - = ’
e[~ 111pm(7" () ze[zh_l,mpm( 7) e[~ M]pm( @) {1, i=0, and i =m.

Hence, for 1 <1i < m by Stirling’s formula it is

max  pm.i(z) ~ vm

z€[—1,1] 274

as m — oQ.

Consequently, by Bernstein inequality for polynomials

—~

see e.g.[18]) we deduce for 0 < s <m, 0 <i<m,

D TS (N m—s AN s AN s
max ‘pﬁnz )('th(z))w (z))<C (N) m max ppmq(z) <Cyvm (N) mms,

z€[—1,1] z€[—a,a)

Moreover, by the definition of the kernel , in (8) we have

Jax Iy (@ (37(2)) | < (w5) -

Thus, by applying Leibniz formula, we get

ma (s (i 2) o (i D)™ <0 ()" S (e
+

z€[—1,1]
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and then m
i a\N™ [ m+w
et w)l < cvim (1) <m) :
Now, by (17)
“ a\™ (m+w\" s 7a\ (m+w\"
5(0) < Cal 113 Nomloen ()" (1E2) " < calm? (5)" (124"
=0

The theorem follows by combining last inequality and (16) with (15). O
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