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metastatic tumor growth whose unknown solutions represent biological observables as the 
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1. Introduction

In this paper we consider the numerical solution of linear Volterra integral equations (VIEs) of the second kind on the 
positive semiaxis

f (t) −
t∫

0

k(s, t) f (s)ds = g(t), t ≥ 0, (1)

where the kernel k(s, t) is a given function defined on � = {(s, t) | t ≥ 0, 0 ≤ s ≤ t}, g(t) is a known function on R+ and 
f (t) is the unknown solution. In the sequel the functions k and g will be assumed sufficiently smooth.

Such kind of integral equations are of interest since they are involved in many applications which include elasticity, semi-
conductors, scattering theory, seismology, heat conduction, metallurgy, fluid flow, chemical reactions, population dynamics, 
etc. (see, for example, [3] and the references therein).

The case when t belongs to a bounded interval has been extensively studied and a large variety of numerical meth-
ods have been developed for an accurate approximation of the solution f (t). A fairly wide and exhaustive bibliography 
for many existing methods proposed for the solution of linear and nonlinear VIEs both with smooth kernels and with 
weakly singular ones can be found in [3,8,9]. Also more recent literature is dedicated to the numerical treatment of 
VIEs by means of collocation methods, Nyström methods, qualocation methods, Sinc methods, global spectral methods 
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(see [1,4,5,10,15,18,21–23,30,32]). In particular, the case of weakly singular kernels has been considered in the papers 
[1,4,5,10,15,21–23,30]. Due to the singular behavior of the solutions, linear or non-linear transformations (see, for instance, 
[15,22,30]) are often employed in order to improve their smoothness as well as to obtain high orders of convergence.

Here we are interested in the case t ∈ [0, +∞), which, according to our knowledge, has not been treated in literature 
from a numerical point of view.

As a first step of the procedure we propose, by the change of variable s = te−z we write equation (1) as follows

f (t) − t

+∞∫
0

k(te−z, t) f (te−z)e−z dz = g(t), t ≥ 0. (2)

Then, introduced the operator

(K f )(t) = t

+∞∫
0

k(te−z, t) f (te−z)e−zdz (3)

and denoted by I the identity operator, equation (2) can be expressed in the more compact form

(I − K ) f (t) = g(t), t ≥ 0. (4)

In a second step we aim to apply a Nyström type method for the numerical solution of equation (4). Such method will 
be based on an approximation of the integral in (3), obtained by replacing the function f (te−z) with a truncated Lagrange 
polynomial interpolating f at some suitable nodes in [0, +∞). A further discretization is achieved by applying a truncated 
quadrature rule for the computation of some integrals needed to construct the approximate solution we are looking for.

The stability and the convergence of this method in suitable spaces of functions endowed with weighted uniform norm 
is addressed and also the well conditioning of the linear systems which it leads to solve is proved. The reliability of the 
proposed numerical procedure is shown through some tests. In particular, the method is applied for the numerical solution 
of some Volterra integral equations (see [16,17]) which arise from the reformulation of differential models describing the 
evolution of tumor metastases by structured population equations (see [19]). The method allows to compute some biological 
observables of interest as the metastatic mass, the total or cumulative number of metastases, which represent the unknown 
solutions of these integral equations.

The outline of the paper is as follows. In Section 2 the function spaces are defined and some preliminary results concern-
ing the employed Lagrange interpolation process and quadrature formula are given. Section 3 is devoted to the description 
of the numerical method and to the analysis of its convergence and stability. In Section 4 several numerical examples are 
shown, in particular tests concerning the application of the proposed method to the numerical resolution of a metastatic 
tumor growth model. The proofs of the main results are contained in Section 5.

2. Preliminaries

2.1. Function spaces

We denote by L log+ L the set of all measurable functions f :R+ →R for which

ρ( f ) =
+∞∫
0

| f (t)|(1 + log+ | f (t)|)dt < +∞, (5)

where log+(t) = log(max{1, t}), for t > 0, and by L1 the set of all measurable functions f :R+ →R such that

‖ f ‖1 =
+∞∫
0

| f (t)|dt < +∞.

With the weight function

u(t) = tγ (1 + t)δe− t
2 , γ , δ ≥ 0, (6)

let Cu be the function space defined as

Cu =
{

f ∈ C((0,+∞)) : lim
t→0+
t→+∞

( f u)(t) = 0

}
, if γ > 0,

or
476
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Cu =
{

f ∈ C([0,+∞)) : lim
t→+∞( f u)(t) = 0

}
, if γ = 0,

endowed with the weighted norm

‖ f ‖u = sup
t≥0

|( f u)(t)|.

In the case of smoother functions, for any positive integer r we introduce the following Sobolev-type spaces

Wr(u) = { f ∈ Cu : f (r−1) ∈ AC((0,+∞)), ‖ f (r)ϕr‖u < +∞},
where ϕ(t) = √

t and AC(A) denotes the collection of all functions which are absolutely continuous on every closed subset 
A ⊆ (0, +∞). We equip this space with the norm

‖ f ‖Wr(u) = ‖ f ‖u + ‖ f (r)ϕr‖u .

In what follows Wr will denote the Sobolev-type space corresponding to the weight u(t) ≡ 1 and we will set W0(u) = Cu .
Denoting by Pm the set of all algebraic polynomials of degree at most m, for any function f ∈ Cu we define the weighted 

error of best polynomial approximation as

Em( f )u = inf
Pm∈Pm

‖ f − Pm‖u

which, as it is well known (see [29]), satisfies the condition

lim
m

Em( f )u = 0, ∀ f ∈ Cu . (7)

The following Favard type inequality holds true [25, (2.4)]

Em( f )u ≤ C
m

r
2
‖ f (r)ϕr‖u, ∀ f ∈ Wr(u), (8)

where C is a positive constant independent of f and m.
In the following we will denote by C a positive constant which may assume different values in different formulas. We 

will write C(a, b, . . .) to say that C depends on the parameters a, b, . . . and C 
= C(a, b, . . .) to say that C is independent of 
the parameters a, b, . . .. Moreover, if A, B ≥ 0, the symbol A ∼ B means that there exists a constant 0 < C 
= C(A, B) such 
that C−1 B ≤ A ≤ CB .

2.2. Truncated Lagrange polynomial

Let

wα(t) = tαe−t, α > −1,

be a generalized Laguerre weight and let {pm(wα)}m be the sequence of the corresponding orthonormal polynomials having 
positive leading coefficients.

If f is a locally continuous function in R+ , let Lm+1( f , t) be the Lagrange polynomial interpolating the function f at 
the zeros z1, z2, . . . , zm of pm(w0) and at the additional point zm+1 := 4m. We recall that (see [31, p. 128])

0 < z1 < z2 < . . . < zm < 4m.

Then one has

Lm+1( f , t) =
m+1∑
k=1

�m+1,k(t) f (zk),

where

�m+1,k(t) = lm,k(t)
4m − t

4m − zk
, k = 1, . . . ,m,

with lm,k(t) = pm(w0,t)
p′

m(w0,zk)(t−zk)
the k-th fundamental Lagrange polynomial associated with the system of interpolation nodes 

{z1, z2, . . . , zm} and

�m+1,m+1(t) = pm(w0, t)
.

pm(w0,4m)
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Now, for m sufficiently large, let j = j(m) be the integer defined by

j = min
i=1,...,m

{i : zi ≥ 4θm}, (9)

where 0 < θ < 1 is fixed. With χ j the characteristic function of the interval [0, x j], we consider the truncated Lagrange 
polynomial L∗

m+1( f , t) defined as follows

L∗
m+1( f , t) := Lm+1(χ j f , t) =

j∑
k=1

�m+1,k(t) f (zk). (10)

It has been introduced in [24] (see also [11,27]) and satisfies the properties stated in the following two lemmas, with u the 
weight function given in (6), which will be useful for proving our main results.

Lemma 2.1. Let u(t) = tγ (1 + t)δe− t
2 with 1

4 ≤ γ ≤ 5
4 and 0 ≤ δ ≤ 1. Then, for any f ∈ Cu we have

‖L∗
m+1( f )‖u ≤ C log m‖ f ‖u, (11)

and

‖ f − L∗
m+1( f )‖u ≤ C log m[E M( f )u + e−Am‖ f ‖u], (12)

where M = � θm
1+θ

� and the constant A, C are independent of f and m. Moreover, for any f ∈ Wr(u), r ≥ 1, we have

‖L∗
m+1( f )(r)ϕr‖u ≤ C log m‖ f ‖Wr(u), (13)

where C 
= C(m, f ).

The inequality (12) has been proved in [25, (2.8), Theorem 2.2] in a more general case and inequality (11) is a conse-
quence of it. Moreover, (13) has been proved in [13, (8), Theorem 2.2] in the case δ = 0 and α > −1.

With ρ defined in (5), we recall the following

Lemma 2.2. [20, Lemma 9] Let u(t) = tγ (1 + t)δe− t
2 with γ ≤ 1

4 and δ ≥ 1
4 − γ . For all functions f ∈ Cu and for all g with g√

w0ϕ
∈

L log+ L, there exists a constant C 
= C(m, f , g) such that

+∞∫
0

|g(t)||L∗
m+1( f , t)|dt ≤ Cρ

(
g√

w0ϕ

)
‖ f u‖∞.

Note that the above theorems hold true for any fixed θ ∈ (0, 1). A natural choice of θ is done taking into account the 
vanishing behavior of f u at infinity.

2.3. Truncated quadrature formula

The numerical method we are going to propose for the solution of equation (1) makes use of the following truncated 
Gauss-Laguerrre quadrature formula

∞∫
0

f (t)w0(t)dt =
j∑

i=1

λi f (zi) + Rm( f ), (14)

where λ1, λ2, . . . , λm are the weights of the classical complete Gauss-Laguerre rule and j is the integer defined in (9) in 
correspondence with a fixed θ ∈ (0, 1).

It has been proved [25, Proposition 2.3] that if w0
u ∈ L1 then, for any fixed θ ∈ (0, 1) and ∀ f ∈ Cu , the remainder term 

Rm( f ) satisfies this estimate

|Rm( f )| ≤ C
[

E M( f )u + e−Am‖ f ‖u

]
, (15)

with C and A not depending on m and f and M = � θm � ∼ m.
1+θ
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2.4. Unisolvence

The theorem stated below establishes sufficient conditions ensuring that equation (4), and then (1), is unisolvent.
In what follows we will denote by kt(s) and ks(t) the function k(s, t) regarded as a function of the only variable s or t , 

respectively.

Theorem 2.3. Let u(t) = tγ (1 + t)δe− t
2 with γ ≤ 1

4 and δ ≥ 1
4 − γ . Let us assume that the kernel k(s, t) satisfies

sup
t≥0

u(t)

∥∥∥∥kt

u

∥∥∥∥
1
< +∞, (16)

sup
t≥0

u(t)ρ

(
kt√
w0ϕ

)
< +∞, (17)

and

lim
h→0

sup
t≥0

ρ

(
u(t + h)kt+h − u(t)kt√

w0ϕ

)
= 0. (18)

If Ker(I − K ) = {0} in Cu, then equation (4) is unisolvent for any g ∈ Cu.

The next lemma gives some smoothing properties of the solution f of (4) (when it exists).

Lemma 2.4. Let us assume that the kernel k(s, t) satisfies (16) and

sup
t≥0

ϕr(t)u(t)

∥∥∥∥1

u

∂r

∂tr
k(·, t)

∥∥∥∥
1
< +∞, (19)

sup
t≥0

ϕh(t)

∣∣∣∣∣ ∂h−1

∂si∂th−1−i
k(s, t)

∣∣∣∣∣|s=t

< +∞, h = 1, . . . , r, i = 0, . . . ,h − 1, (20)

for some r ≥ 1. If g ∈ Wr(u), then

f ∈ Wr−1(u) ⇒ f ∈ Wr(u).

3. Numerical method

This section will be dedicated to the description of a new method of Nyström type for the numerical solution of the 
Volterra integral equation (1) and the successive analysis of its stability and convergence. More precisely, the method will 
approximate the solution of the equivalent integral equation (2) (or (4)). We define the following discrete operator

(Km f )(t) = t

+∞∫
0

k(te−z, t)L∗
m+1( f , te−z)e−zdz.

The method aims to solve the next approximating equation

(I − Km) fm = g (21)

in the unknown fm . In order to compute the approximating solution fm the following steps will be carried out.
First, we multiply both sides of the equation (21) by the weight u(t) defined in (6) obtaining

( fmu)(t) − u(t)t

+∞∫
0

k(te−z, t)L∗
m+1( f , te−z)e−zdz = (gu)(t), (22)

that by (10) becomes

( fmu)(t) − u(t)
j∑

k=1

( fmu)(zk)

u(zk)
ck(t) = (gu)(t), (23)

where ck(t), k = 1, . . . , j, are defined as
479
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ck(t) = t

+∞∫
0

k(te−z, t)�m+1,k(te−z)e−zdz. (24)

Now, collocating the equation (23) at the knots zr , r = 1, . . . , j, we obtain the linear system of order j

j∑
k=1

[
δr,k − u(zr)

u(zk)
ck(zr)

]
ak = br, r = 1, . . . , j, (25)

where the unknowns are ak = ( fmu)(zk), k = 1, . . . , j, and the right-hand sides are br = (gu)(zr), r = 1, . . . , j.
Finally, once the linear system (25) has been solved, one can compute the solution of the approximating equation (21). 

In fact if (a1, . . . , a j) is a solution of the system (25), the Nyström interpolating function

fm(t) = g(t) +
j∑

k=1

ck(t)

u(zk)
ak (26)

is a solution of the equation (21) and vice versa. In this sense the linear system (25) and the finite-dimensional equation 
(21) can be considered equivalent.

Let us note that the multiplication by the weight u(t) on the both sides of equation (21) allows to avoid numerical 
problems in the computation of g belonging to the weighted space Cu . We recall that, under this assumption, the solution 
f of the integral equation (4) (and of equation (1)) also belongs to the space Cu if the hypotheses of Theorem 2.3 are 
satisfied. Moreover, this choice will be crucial in order to prove the well conditioning of the linear system (25).

The following theorem establishes the stability and convergence of the proposed numerical method.

Theorem 3.1. Under the same assumptions of Theorem 2.3, for all sufficiently large m (say m ≥ m0), the approximate inverses (I −
Km)−1 : Cu → Cu exist and are uniformly bounded. Moreover, the Nyström interpolants fm converge in Cu to the exact solution f of 
(1). In particular, if f ∈ Wr(u), for some r ≥ 1, the following error estimate is fulfilled

‖ f − fm‖u ≤ C
m

r
2
‖ f ‖Wr(u), m ≥ m0, (27)

where C does not depend on m and f . Finally, the condition number in uniform norm of the coefficient matrix Am of system (25) satisfy

sup
m≥m0

cond(Am) ≤ C,

where C is independent of m.

3.1. Computational aspects

As described in the previous subsection, the proposed numerical procedure simply consists in solving the linear system 
(25) and computing the approximating function given in (26) by using the solution of (25).

However, we note that a difficulty could arise in the practical computation of the integrals ck(t), k = 1, . . . , j, t ∈ R+ , 
which is necessary both in computing the entries of the coefficient matrix of the system (25) and in evaluating the Nyström 
interpolant (26). When their analytical expressions are not available or their computation requires too much effort, we 
propose to approximate them using the truncated Gauss-Laguerre quadrature rule (14) i.e. we approximate ck(t) by the 
quantity

ck,m(t) = t
j∑

i=1

λik(te−zi , t)�m+1,k(te−zi ).

In this way, we get the following new linear system

j∑
k=1

[
δr,k − u(zr)

u(zk)
ck,m(zr)

]
āk = br, r = 1, . . . , j. (28)

If (ā1, . . . , ̄a j) is a solution of the system (28), then the function

f̄m(t) = g(t) +
j∑ ck,m(t)

u(zk)
āk (29)
k=1
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is a solution of the finite dimensional equation

(I − K̄m) f̄m = g, (30)

with the operator K̄m defined as

(K̄m f )(t) = t
j∑

i=1

λik(te−zi , t)L∗
m+1( f , te−zi ), (31)

and vice versa.
The following theorem provides a comparison between the condition numbers of systems (25) and (28). Furthermore an 

estimate for the error ‖ f − f̄m‖u is given, being f and f̄m the solutions of (1) and (30), respectively.

Theorem 3.2. Let us assume that the assumptions of Theorem 2.3 are satisfied for γ = 1
4 and δ ≥ 0. Further assume that

sup
t≥0

‖kt‖Wr < +∞, (32)

for any r ≥ 1. Denoting by Am and Ām the matrices of the coefficients of systems (25) and (28), respectively, then

lim
m

cond( Ām)

cond(Am)
= 1.

Moreover, if f , f̄m ∈ Wr(u), for some r ≥ 1,

‖ f − f̄m‖u ≤ C
log m

m
r
2

‖ f̄m‖Wr(u), (33)

where C 
= C(m, f ).

4. Numerical examples

In this section we will show the performances of the proposed numerical method in the resolution of some test integral 
equations of type (1). Moreover, in Subsection 4.1 we will present the numerical results obtained by applying it for solving 
some special Volterra integral equations arising in the resolution of a metastatic tumor growth model. All the computations 
have been performed in double arithmetics.

In particular, in the first example we will take an integral equation whose exact solution f is known and we will 
compute the weighted error

em( f )u = max
t∈X

|( f (t) − f̄m(t))u(t)|,

where X is a sufficiently large uniform mesh of the interval [0, d]. In the second example, since the solution of the consid-
ered integral equation is unknown, we will report the absolute error defined as above but with f replaced by f̄1024.

In agreement with Theorems 3.1 and 3.2, the errors em( f )u tend to 0 for increasing values of m and for any choice of 
the interval [0, d] and the condition numbers in uniform norm are uniformly bounded with respect to m. In particular, the 
values of the condition numbers, computed using the MatLab function cond.m, are very close to 1.

We point out that even if in the computation of em( f )u the parameter d can be arbitrarily chosen, a more efficient 
choice of d can be done taking into account the vanishing behavior of f̄mu at infinity (see Tables 1 and 3).

The method essentially consists in solving the linear system (25) or (28) of order j, where j is defined in (9), and in 
constructing the approximating solution fm(t) or f̄m(t) by using (26) or (29), respectively. In our tests we take θ = 1

4 . In 
the implementation of the truncated interpolation process defined by (10) and of the truncated quadrature formula given 
in (14). We point out that this choice of the parameter θ allows us to reduce almost of one half the dimension of the linear 
systems to solve without any loss of accuracy in the approximation of the solution f (t). Moreover, we note that the linear 
systems (25) and (28) do not depend on the point t where we would like to compute the approximating solution. Then we 
need to solve only one linear system of dimension j whatever is the number of the evaluation points.

Example 4.1. We consider the following integral equation

f (t) −
t∫

e− s
2

(s + t + 10)2
f (s)ds = g(t),
0
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Table 1
Example 4.1, d = 15.

m j em( f )u cond( Ām)

8 5 2.1874e − 05 1.0108
16 10 2.3863e − 07 1.0120
32 19 2.1852e − 10 1.0278
64 39 3.4416e − 15 1.0132

Table 2
Example 4.1.

d e64( f )u

50 3.6082e − 15
100 3.2751e − 15
500 2.9976e − 15
1000 2.9976e − 15

Table 3
Example 4.2, d = 6.

m j em( f )u cond( Ām)

8 5 1.1135e − 04 1.0104
16 10 3.7856e − 05 1.0140
32 19 1.5291e − 06 1.0163
64 39 7.9058e − 08 1.0168
128 78 5.7575e − 10 1.0171
256 156 4.1424e − 11 1.0173
512 312 5.7134e − 12 1.0171

Table 4
Example 4.2.

d e512( f )u

50 3.6082e − 12
100 3.3367e − 12
500 5.9852e − 13
1000 1.2632e − 13

with g(t) = t − 1
2

(
−2 + e− t

2 (t+10)
(t+5)

+ e5+ t
2 (t + 12)

(
Ei(−t − 5) − Ei

(−5 − t
2

)))
, where Ei(t) = − 

∫∞
−t

e−s

s ds is the exponential 

integral function. The exact solution is f (t) = t . In Table 1 we show the absolute errors computed with d = 15 and the 
condition numbers of the solved linear systems. As one can see, solving a well conditioned linear system of order 39, 
we can approximate the solution with 14 exact decimal digits in the weighted space Cu , with γ = 1

4 and δ = 0, where the 
solution lives. Such accuracy is achieved also when larger values of d are considered (see Table 2). According to Theorem 3.2, 
this fast convergence is due to the fact that the solution is very smooth.

Example 4.2. Let us take the following Volterra integral equation

f (t) −
t∫

0

e− s
2 sin(log(s2 + t + 1))

(s2 + t2 + 2)4
f (s)ds = |t − 2| 7

2

(2 + t2)3

whose exact solution is unknown. The absolute errors computed with d = 6 along with the condition numbers of the 
involved linear systems are reported in Table 3. Since in this case the right-hand side is not smooth, it is necessary to 
increase m in order to improve the accuracy of the approximate solution. In particular, solving a linear system of order 312
the solution is approximated with 10 exact decimal digits in the weighted space Cu , with γ = 1

4 and δ = 0. Larger values of 
d are considered in Table 4.
482
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4.1. An application to the resolution of a metastatic tumor growth model

In [19] the following mathematical model describing the dynamics of the metastatic colony size distribution is introduced⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

∂

∂t
ρ(x, t) + ∂

∂x
[σ(x)ρ(x, t)] = 0, x ∈ [1,b), t ≥ 0

σ(1)ρ(1, t) = β(xp(t)) +
b∫

1

β(x)ρ(x, t)dx, t ∈ (0,+∞),

ρ(x,0) = 0, x ∈ [1,b).

(34)

In this model x represents the tumor size, i.e. the number of cells in the tumor, and b > 1 is the tumor size at the saturated 
level. The unknown solution is the metastatic density ρ(x, t) i.e. the colony size distribution with cells number x at time t . 
Moreover, xp(t) represents the number of cells in the primary tumor at time t . It grows with rate σ(x) per unit time and it 
is assumed to be generated by x0 = 1 cell at time t = 0. The growing tumor emits metastatic cells with the rate

β(x) = μ xα,

where μ is the colonization coefficient and α is the fractal dimension of blood vessels infiltrating the tumor.
In many cases, the quantity of interest is a biological observable, as the total metastatic burden M(t), the total number 

of metastases N(t) or the cumulative number Nc(t) of metastases whose size is larger than c, at time t . They can be 
represented as a weighted integral of the metastatic density of the following form

Fφ(t) =
b∫

1

φ(x)ρ(x, t)dx

and, in particular, one has

Fφ(t) =

⎧⎪⎨
⎪⎩

M(t) if φ(x) = x

N(t) if φ(x) = 1

Nc(t) if φ(x) = χx≥c(x)

, (35)

with χx≥c the characteristic function of the interval [c, +∞).
In [16,17] the PDE model (34) has been reformulated into the following Volterra integral equations whose unknowns are 

the biological observables given by (35)

M(t) −
t∫

0

k(s, t)M(s)ds = g1(t), t ≥ 0, (36)

N(t) −
t∫

0

k(s, t)N(s)ds = g2(t), t ≥ 0, (37)

and

Nc(t) −
t∫

0

k(s, t)Nc(s)ds = g3(t), t ≥ 0. (38)

When the Gompertzian growth rate model σ(x) = ax log (b/x) is adopted the known functions involved in (36)-(38) take the 
following expressions

k(s, t) = μ

[
b

(
1

b

)e−a(t−s)]α

, (39)

g1(t) =
t∫

0

b

(
1

b

)e−a(t−s)

μ

[
b
( x0

b

)e−as]α
ds,

g2(t) =
t∫
μ

[
b
( x0

b

)e−as]α
ds,
0
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Table 5
Condition numbers of the linear sys-
tems arising in the resolution of 
(36)-(38).

m j cond( Ām)

8 5 1.000006485389099
16 10 1.000010296197991
32 19 1.000014173184103
64 39 1.000016592265398
128 78 1.000018477932370
256 156 1.000019760800370
512 312 1.000022741926087

Table 6
Approximations of the metastatic mass M(t).

t (days) M(t) ē256(M, t)

10 9.5761540409707e − 07 2.2113e − 16
20 3.43738092921289e − 06 2.4641e − 16
50 4.76102391692788e − 05 1.4232e − 16
100 1.41371616606773e − 03 6.1353e − 16
200 3.338101325088806e − 01 0
300 2.76657047364006e + 01 1.5409e − 15
400 1.117371320370793e + 03 2.0348e − 16
500 2.6397724751520e + 04 1.3781e − 15
1000 9.99350249e + 08 4.5073e − 11
1500 2.1098648e + 11 6.3736e − 10
2000 4.95535e + 12 4.2673e − 08

g3(t) =
t+

log

(
log 1

b

(
c
b

))

a∫
0

μ

[
b
( x0

b

)e−as]α
ds.

The values of the four parameters a, b, μ and α involved into the model described above were estimated in [19] in the 
clinical scenario of a patient having multiple metastatic tumors in the liver with a hepatocellular carcinoma as a primary 
tumor. Assuming that the primary tumor started from a single cell, i.e. x0 = 1, the results were the following

a = 2.86 · 10−3 day−1, b = 7.3 · 1010 cells,
μ = 5.3 · 10−8 (cells day)−1, α = 0.663.

(40)

In order to apply the proposed numerical method for solving integral equations (36)-(38), the integrals g1(t), g2(t) and 
g3(t) at the right-hand sides have been approximated by means of the truncated Gaussian quadrature rule (14). Since the 
dependence on the time of the parameters a and μ defined in (40) is expressed in days, the method computes all the 
biological observables M(t), N(t) and Nc(t) as functions of the number of days t . If we multiply the parameters a and μ by 
a coefficient K, in correspondence of the input parameter t , the method provides approximations of the observables related 
to Kt days. A suitable choice of K let us to improve the performances of the method for larger numbers of days. Indeed, 
the computation of the approximated solution in an unweighted function space could be affected by loss of accuracy when 
t becomes large enough.

We highlight that we always reduce to solve a very well conditioned linear system, as confirmed by the condition 
numbers reported in Table 5, where Ām is the matrix of coefficients of linear system (28) corresponding to the kernel k(s, t)
in (39) common to the integral equations (36)-(38).

In Table 6 we show the approximated values of the metastatic mass M(t), solution of equation (36), for increasing 
numbers of days t , obtained with j = 156 (m = 256). The approximations are reported with the significative digits that we 
can consider to be correct according to the relative errors ē256(M, t), where

ēm( f , t) = | f̄1024(t) − f̄m(t)|
| f̄1024(t)|

.

The metastatic mass growth is showed in Fig. 1 and the behavior of the corresponding relative errors ēm(M, t) is illus-
trated in Fig. 2. In particular one can see that, for t ≤ 200, the relative errors obtained both for j = 78 and for j = 156 are at 
least of order 10−14 (some of the relative errors for j = 156 are also reported in Table 6). By comparing Fig. 2 with Figure 
6 (left) in [16], it can be seen that our method allows us to obtain smaller errors than those reported there. In particular, 
we get relative errors of order 10−6 already solving linear systems of dimension j = 39.
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Fig. 1. Graphical behavior of the metastatic mass M(t).

Fig. 2. Relative errors ēm(M, t) for the approximations of the metastatic mass.

Table 7
Comparisons with the results in [19].

t (days) N(t) [19] N(t)

1100 135 128
1227 263 249
1300 396 373
1400 712 670

N(t) t (days) [19] t (days)

135 1100 1110.5
263 1227 1237
396 1300 1310.5
712 1400 1410

Applying the method for solving equation (37), we get the total number N(t) of the metastases after t days. In Fig. 3 we 
show how N(t) grows for t up to 7000 days and in Fig. 4 the graphs of the corresponding relative errors are presented for 
different choices of the dimensions j of the solved linear systems.

We compared the results obtained for N(t) with the ones presented in [19] and [6]. In the second and third column of 
Table 7 on the left we show the values obtained for N(t) in [19, p. 181] and the ones obtained for the same values of t
using our method, respectively. Inspecting Table 7 on the right one can see that we get the results predicted for N(t) in 
[19, p. 181] with a delay of only about 10 days. In Table 8 we made analogous comparisons with the results presented in 
[6, Table 3, p. 8]. We note that in [6, Table 3, p. 8] the authors make also a comparison with the results obtained in [19, p. 
181] and, expressing the time in years, they give the results for 3, 3.4, 3.6 and 3.8 years corresponding to 1095, 1241, 1314
and 1387 days, respectively.

Finally, we applied our method for solving equation (38), obtaining the cumulative number Nc(t) of metastases whose 
size is larger than c. In Fig. 5 we compare the values of Nc(t) for increasing values of the colony size c at four successive 
observation times expressed in days. Our results are in line with the ones showed in [19, Fig. 4 (a)]. Moreover, in Figs. 6–8
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Fig. 3. Graphical behavior of the growth of the total number N(t) of metastases.

Fig. 4. Relative errors ēm(N, t) for the total number of metastases.

Table 8
Comparisons with the results in [6].

t (days) N(t) [6] N(t)

1095 134 124
1241 260 268
1314 396 404
1387 718 620

N(t) t (days) [6] t (days)

134 1095 1109
260 1241 1235
396 1314 1310.5
718 1387 1411.5

we show the evolution of the number of metastases larger than different sizes. In particular, in Fig. 6 we compared the 
number of the total numbers of metastases and the number of metastases larger than 108 cells after 3 years and in Figs. 7
and 8 we compared the number of metastases larger than 108 cells and larger than 109 cells after 3 and 5 years. A good 
agreement with the results in [6, Fig. 3 and Fig. 4] can be deduced.

5. Proofs

We first prove Lemma 2.1.

Proof of Lemma 2.1. We have to prove only (13). Denoting by P M ∈ PM the polynomial of best approximation of f in Cu

of degree M = � θm
1+θ

�, we have

‖[L∗
m+1( f )](r)ϕr‖u ≤ ‖[L∗

m+1( f − P M)](r)ϕr‖u + ‖[L∗
m+1(P M)](r)ϕr‖u .
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Fig. 5. Cumulative number Nc(t) of metastases as a function of the colony size c (in cells) obtained with j = 156 (m = 256).

Fig. 6. Comparison of the total number of metastases and the number of metastases larger than 108 cells after 3 years.

Fig. 7. Comparison of the number of metastases larger than 108 cells and larger than 109 cells after 3 years.

In order to estimate the first term at the right hand side we use [28, (26)]

‖Q (r)ϕr‖u ≤ Cm
r
2 ‖Q ‖u, ∀Q ∈ Pm,

where C 
= C(m). Concerning the second term we recall [28, Lemma 2.1]
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Fig. 8. Comparison of the number of metastases larger than 108 cells and larger than 109 cells after 5 years.

‖[L∗
m+1(P M)](r)ϕr‖u ≤ Cm

r
2

1√
m∫

0

�r
ϕ ( f , y)u

y
dy + Ce−Am‖ f ‖u,

where A 
= A(m, f ), C 
= C(m, f ) and

�r
ϕ( f , y)u = sup

0<y≤h
sup
t∈Irh

∣∣∣(�r
hϕ f )(t)u(t)

∣∣∣ , Irh = [8r2h2,Ch−2],

with

�r
hϕ f (t) =

r∑
i=0

(−1)i
(

r

i

)
f (t + hϕ(t)(r − i)) ,

the main part of the ϕ-modulus of smoothness. We get

‖[L∗
m+1( f )](r)ϕr‖u ≤ Cm

r
2 ‖L∗

m+1( f − P M)‖u + Cm
r
2

1√
m∫

0

�r
ϕ ( f , y)u

y
dy + Ce−Am‖ f ‖u .

Taking into account (11) and that, for f ∈ Wr(u), [25, p. 1048]

�r
ϕ ( f , y)u ≤ C yr‖ f (r)ϕr‖u

and (8) hold true, we get

‖[L∗
m+1( f )](r)ϕr‖u ≤ Cm

r
2 log m E M( f )u + C‖ f (r)ϕr‖u + Ce−Am‖ f ‖u

≤ C log m ‖ f ‖Wr(u),

i.e. (13). �
In order to prove Theorems 2.3 and 3.1, we need the following lemmas.

Lemma 5.1. Let u(t) = tγ (1 + t)δe− t
2 with γ ≤ 1

4 and δ ≥ 1
4 − γ and let us assume that the kernel k satisfies (17), then we have

sup
m

‖Km‖Cu→Cu < +∞.

Proof. The thesis easily follows from Lemma 2.2. In fact, under the assumption on the kernel k, we have

u(t)|(Km f )(t)| = u(t)

∣∣∣∣∣∣
t∫

k(s, t)L∗
m+1( f , s)ds

∣∣∣∣∣∣

0
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≤
+∞∫
0

|u(t)k(s, t)||L∗
m+1( f , s)|ds

≤ C‖ f ‖u . �
Lemma 5.2. Let u(t) = tγ (1 + t)δe− t

2 with γ ≤ 1
4 and δ ≥ 1

4 − γ and let us assume that the kernel k satisfies (17) and (18), then the 
sequence {Km}m, Km : Cu → Cu , is collectively compact.

Proof. The thesis follows from Lemma 2.2 and the Ascoli-Arzelá theorem. In fact

|u(t + h)(Km f )(t + h) − u(t)(Km f )(t)| =
∣∣∣∣∣∣

t∫
0

(u(t + h)k(s, t + h) − u(t)k(s, t)) L∗
m+1( f , s)ds

+
t+h∫
t

(u(t + h)k(s, t + h) − u(t)k(s, t)) L∗
m+1( f , s)ds

+
t+h∫
t

u(t)k(s, t)L∗
m+1( f , s)ds

∣∣∣∣∣∣
≤

t∫
0

|u(t + h)k(s, t + h) − u(t)k(s, t)| |L∗
m+1( f , s)|ds

+
t+h∫
t

|u(t + h)k(s, t + h) − u(t)k(s, t)| |L∗
m+1( f , s)|ds

+
t+h∫
t

|u(t)k(s, t)||L∗
m+1( f , s)|ds

≤ 2

+∞∫
0

|u(t + h)k(s, t + h) − u(t)k(s, t)||L∗
m+1( f , s)|ds

+
+∞∫
0

|u(t)k(s, t)χ[t,t+h](s)||L∗
m+1( f , s)|ds

≤ 2 ρ

(
u(t + h)kt+h − u(t)kt√

w0ϕ

)
‖ f ‖u + ρ

(
u(t)ktχ[t,t+h]√

w0ϕ

)
‖ f ‖u .

Taking into account that if u(t)kt√
w0ϕ

∈ L log+ L then

lim
h→0

ρ

(
u(t)ktχ[t,t+h]√

w0ϕ

)
= lim

h→0

t+h∫
t

|u(t)k(s, t)|√
w0(s)ϕ(s)

(
1 + log+ |u(t)k(s, t)|√

w0(s)ϕ(s)

)
ds = 0,

under the assumptions on k, we get

lim
h→0

sup
m

sup
‖ f ‖u=1

‖u(· + h)(Km f )(· + h) − u(·)(Km f )(·)‖∞ = 0. �

Lemma 5.3. Let u(t) = tγ (1 + t)δe− t
2 with γ ≤ 1

4 and δ ≥ 1
4 − γ . Assuming that the kernel k satisfies (16) and (17), we have

lim ‖(K − Km) f ‖u = 0, ∀ f ∈ Cu .

m
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Proof. We have

(K f )(t) − (Km f )(t) = t

+∞∫
0

k(te−z, t)[ f (te−z) − L∗
m+1( f , te−z)]e−zdz

=
t∫

0

k(s, t)[ f (s) − L∗
m+1( f , s)]ds.

Denoting by P M ∈PM the polynomial of best approximation of f ∈ Cu of degree M = � θm
1+θ

�, we get

|(K f )(t) − (Km f )(t)|u(t) ≤
+∞∫
0

u(t)

u(s)
|k(s, t)|| f (s) − P M(s)|u(s)ds

+
+∞∫
0

u(t)

u(s)
|k(s, t)||P M(s) − L∗

m+1(P M , s)|u(s)ds

+
+∞∫
0

u(t)|k(s, t)||L∗
m+1(P M − f , s)|ds

=
+∞∫
0

u(t)

u(s)
|k(s, t)|| f (s) − P M(s)|u(s)ds

+
+∞∫
0

u(t)

u(s)
|k(s, t)||Lm+1(P M , s) − L∗

m+1(P M , s)|u(s)ds

+
+∞∫
0

u(t)|k(s, t)||L∗
m+1(P M − f , s)|ds.

Applying Lemma 2.2, under the assumptions on k(s, t), and taking into account [28, (35)], [25, p. 1055-1056]

|Lm+1(P M , s) − L∗
m+1(P M , s)|u(s) ≤ C log m e−Am‖P M‖u ≤ C log m e−Am‖ f ‖u,

where C 
= C(m, P M), we get

‖(K − Km) f ‖u ≤ CE M( f )u . (41)

Then, the thesis easily follows, being M ∼ m. �
Now we are able to prove Theorem 2.3.

Proof of Theorem 2.3. Using [2, Lemma 4.1.2 p. 114] and Lemmas 5.1, 5.2 and 5.3, we deduce that the operator K : Cu → Cu

is compact. Consequently, the equation (4) satisfies the Fredholm alternative and, then, under the assumption Ker(I − K ) =
{0} in Cu , it has a unique solution f in Cu for any right-hand side g ∈ Cu . �
Proof of Lemma 2.4. It is easy to prove that the assumption (16) implies

‖K f ‖u ≤ C‖ f ‖u, C 
= C( f ).

Moreover, since for r ≥ 1 one has

(K f )(r)(t) =
t∫

0

∂r

∂tr
k(s, t) f (s)ds +

r−1∑
j=0

f ( j)(t)
r− j−1∑

i=0

Ci j
∂r− j−1

∂si∂tr− j−1−i
k(s, t)

∣∣∣∣∣
s=t

with Ci j positive constants depending only on i and j, we get
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|(K f )(r)(t)ϕr(t)u(t)| ≤ ‖ f ‖uϕ
r(t)u(t)

t∫
0

∣∣∣∣ ∂r

∂tr
k(s, t)

∣∣∣∣ ds

u(s)
+ C

r−1∑
j=0

‖ f ( j)ϕ j‖u

r− j−1∑
i=0

ϕr− j(t)

∣∣∣∣∣ ∂r− j−1

∂si∂tr− j−1−i
k(s, t)

∣∣∣∣∣
s=t

,

where C is a positive constant independent of f and k. Consequently, under the assumptions (19) and (20) and using an 
inequality in [13, proof of Lemma 6.3, p. 148], we have

‖K f ‖Wr(u) ≤ C‖ f ‖Wr−1(u),

i.e. if f ∈ Wr−1(u) then K f ∈ Wr(u). Taking into account that f = g − K f , under the assumption g ∈ Wr(u), we deduce that 
f ∈ Wr(u), too. �
Proof of Theorem 3.1. Applying [2, Theorem 4.1.1 p. 106] together with [2, Lemma 4.1.2 p. 114] and Lemmas 5.1, 5.2 and 
5.3, we deduce that, for sufficiently large m, say m ≥ m0, the inverse operators (I − Km)−1 exist and are uniformly bounded, 
i.e. for m ≥ m0

‖(I − Km)−1‖Cu→Cu ≤ 1 + ‖(I − K )−1‖Cu→Cu ‖Km‖Cu→Cu

1 − ‖(I − K )−1‖Cu→Cu ‖(K − Km)Km‖Cu→Cu

≤ C, (42)

with C 
= C(m), and

‖ f − fm‖u ≤ ‖(I − Km)−1‖Cu→Cu ‖(K − Km) f ‖u . (43)

Consequently the method is stable and, since, by (41) and (42), (43) becomes

‖ f − fm‖u ≤ CE M( f )u, (44)

from (7) we can deduce that it is also convergent. Furthermore, being M ∼ m and taking into account (8), from (44) estimate 
(27) trivially follows.

Moreover, if Am is the matrix of the coefficients of system (25), proceeding as in [2, pp. 112-113], by Lemma 5.1 and 
(42), we deduce that

cond(Am) ≤ cond(I − Km) ≤ C < +∞, C 
= C(m). �
In order to prove Theorem 3.2 we need the following lemmas concerning some properties of the operator K̄m defined in 

(31).

Lemma 5.4. Let u(t) = tγ (1 + t)δe− t
2 with 1

4 ≤ γ < 1
2 and 0 ≤ δ ≤ 1. Assuming that the kernel k satisfies

sup
t≥0

‖kt‖∞ < +∞,

we have for the linear operator K̄m : Cu → Cu

‖K̄m‖Cu→Cu ≤ C log m,

where C 
= C(m, f ).

Proof. We have

|(K̄m f )(t)|u(t) ≤ u(t)t
j∑

i=1

λi|k(te−zi , t)||L∗
m+1( f , te−zi )|

≤ ‖kt‖∞
j∑

i=1

λi|L∗
m+1( f , te−zi )|u(te−zi )

tu(t)

u(te−zi )

≤ ‖kt‖∞‖L∗
m+1( f )‖u

j∑
i=1

λi
tu(t)

u(te−zi )
.

Now, taking into account that [26] λi ∼ �zi w0(zi), i = 1, . . . , m, and that [12, Lemma 4.1] (see, also, [28, p. 609]) w0(zi) ∼
w0(z) for zi < z < zi+1, for δ ≥ 0 we have
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j∑
i=1

λi
tu(t)

u(te−zi )
≤ C sup

t≥0

+∞∫
0

tu(t)e−z

u(te−z)
dz ≤ C. (45)

Then, using (11) we get

|(K̄m f )(t)|u(t) ≤ C log m ‖kt‖∞‖ f ‖u sup
t≥0

+∞∫
0

tu(t)u(z)

u(te−z)
dz

≤ C log m‖kt‖∞‖ f ‖u . �
Lemma 5.5. Let u(t) = tγ (1 + t)δe− t

2 with 1
4 ≤ γ < 1

2 , 0 ≤ δ ≤ 1 and let r ≥ 1. For f ∈ Wr(u) and the kernel k satisfying (32) we 
have

‖Km f − K̄m f ‖u ≤ C
m

r
2

logm

(
sup
t≥0

‖kt‖Wr

)
‖ f ‖Wr(u),

where C 
= C(m, f , kt).

Proof. Since (K̄m f )(t) is the approximation of (Km f )(t) by means of the truncated Gaussian rule (14) we have

u(t)|(Km f )(t) − (K̄m f )(t)| = u(t)t|Rm(Ht)|, (46)

where Ht(z) = G(te−z, t) with G(s, t) = k(s, t)L∗
m+1( f , s) and, using estimate (15) for the quadrature error, we get

u(t)t|Rm(Ht)| ≤ C
[

u(t)t E M(Ht)u + e−Amu(t)t‖Ht‖u

]
. (47)

Taking into account (11), for γ < 1
2 and δ ≥ 0, we get

u(t)t‖Ht‖u = max
z≥0

u(t)tu(z)

u(te−z)
|k(te−z, t)L∗

m+1( f , te−z)u(te−z)|

≤ ‖kt‖∞‖L∗
m+1( f )‖u max

z,t≥0

(1 + t)δte− t
2 (1−e−z)zγ (1 + z)δe− z

2 (1−2γ )

(1 + te−z)δ

≤ C logm‖kt‖∞‖ f ‖u . (48)

Applying (8) we obtain

u(t)t E M(Ht)u ≤ C
m

r
2

u(t)t‖H (r)
t ϕr‖u . (49)

Note that, with F (z) = f (te−z) we have

|F (r)(z)| ≤ C(r)
r∑

k=1

| f (k)(te−z)(te−z)k|

and

|F (r)(z)ϕr(z)u(z)| ≤ C(r)
ϕr(z)u(z)

u(te−z)

r∑
k=1

∣∣∣ f (k)(te−z)(te−z)
k
2 u(te−z)

∣∣∣ (te−z)
k
2

≤ C(r)
ϕr(z)u(z)

u(te−z)

r∑
k=0

∥∥∥ f (k)ϕk
∥∥∥

u
(te−z)

k
2 .

By [14, Lemma 2.1], if 0 ≤ t ≤ 1 we get

|F (r)(z)ϕr(z)u(z)| ≤ C(r)
t

1
2 e− z

2 ϕr(z)u(z)

u(te−z)
‖ f ‖Wr(u)

while for t ≥ 1

|F (r)(z)ϕr(z)u(z)| ≤ C(r)
t

r
2 e− z

2 ϕr(z)u(z)
−z

‖ f ‖Wr(u).

u(te )
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Then, for γ < 1
2 and δ ≥ 0, being h = 1 for 0 ≤ t ≤ 1 and h = r for t ≥ 1, we get

u(t)t‖H (r)
t ϕr‖u ≤ C‖Gt‖Wr(u) max

z,t≥0

u(t)tt
h
2 e− z

2 ϕr(z)u(z)

u(te−z)

≤ C‖Gt‖Wr(u) max
z,t≥0

(1 + t)δt1+ h
2 e− t

2 (1−e−z)zγ + r
2 (1 + z)δe− z

2 (1−2γ )

(1 + te−z)δ

≤ C‖Gt‖Wr(u)

≤ C
[
‖Gt‖u + ‖G(r)

t ϕr‖u

]
.

Since, by (11), we have

‖Gt‖u ≤ C log m ‖kt‖∞‖ f ‖u

and, by [14, Lemma 2.1], (11) and (13),

‖G(r)
t ϕr‖u ≤ C‖L∗

m+1( f )‖Wr(u)‖kt‖Wr

≤ C log m‖kt‖Wr ‖ f ‖Wr(u),

we obtain

u(t)t‖H (r)
t ϕr‖u ≤ C logm‖kt‖Wr ‖ f ‖Wr(u).

Substituting the last inequality into (49), we deduce

u(t)t E M(Ht)u ≤ C
m

r
2

logm ‖kt‖Wr ‖ f ‖Wr(u).

Finally, combining the last inequality with (48), (47) and (46), the thesis follows. �
Now we can prove Theorem 3.2.

Proof of Theorem 3.2. For a sufficiently large m, by Theorem 3.1, A−1
m exists, then the identity

Ām = Am[Im + A−1
m ( Ām − Am)]

holds true. Moreover, proceeding as in [2, pp. 112-113] it is easy to prove that

‖A−1
m ‖ ≤ ‖(I − Km)−1‖Cu→Cu ≤ C.

Now we estimate ‖Am − Ām‖. Let D(t) =∑ j
k=1

�m+1,k(t)
u(zk)

and note that D ∈ Pm . We have

‖Am − Ām‖ ≤ max
1≤r≤ j

u(zr)

∣∣∣∣∣∣
j∑

k=1

ck(zr) − ck,m(zr)

u(zk)

∣∣∣∣∣∣
= max

1≤r≤ j
u(zr)

∣∣∣∣∣∣zr

+∞∫
0

k(zre−z, zr)

⎛
⎝ j∑

k=1

�m+1,k(zre−z)

u(zk)

⎞
⎠ e−zdz

− zr

j∑
i=1

λik(zre−zi , zr)

⎛
⎝ j∑

k=1

�m+1,k(zre−zi )

u(zk)

⎞
⎠
∣∣∣∣∣∣

≤ max
t≥0

u(t)

∣∣∣∣∣∣t
+∞∫
0

k(te−z, t)D(te−z)e−zdz − t
j∑

i=1

λik(te−zi , t)D(te−zi )

∣∣∣∣∣∣ .
Adding and subtracting k(te−z, t)L∗ (D, te−z)e−z in the integral and λik(te−zi , t)L∗ (D, te−zi ) in the sum, we get
m+1 m+1
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‖Am − Ām‖ ≤ max
t≥0

u(t)
∣∣(Km D)(t) − (K̄m D)(t)

∣∣
+max

t≥0
u(t)t

+∞∫
0

|k(te−z, t)| ∣∣D(te−z) − L∗
m+1(D, te−z)

∣∣ e−zdz

+max
t≥0

u(t)t
j∑

i=1

λi|k(te−zi , t)| ∣∣D(te−zi ) − L∗
m+1(D, te−zi )

∣∣
=: B1 + B2 + B3.

Then applying Lemma 5.5 with f = D and r = m + 1 we get

B1 ≤ C
m

m+1
2

logm

(
sup
t≥0

‖kt‖Wm+1

)
‖D‖Wm+1(u),

and, since under our assumptions supt≥0 ‖kt‖Wr < +∞ for any r ≥ 1, we deduce

B1 ≤ C
m

m+1
2

logm‖D‖Wm+1(u).

Concerning B2 and B3, we have

B2 ≤ ‖kt‖∞‖(D − L∗
m+1(D))u‖∞

+∞∫
0

tu(t)e−z

u(te−z)
dz

and

B3 ≤ ‖kt‖∞‖(D − L∗
m+1(D))u‖∞

j∑
i=1

λi
tu(t)

u(te−zi )

Recalling (45) and using (12) we get

B2 + B3 ≤ C‖kt‖∞ log mE M(D)u

and applying (8) with r = m + 1, under the assumptions on kt , we obtain

B2 + B3 ≤ C
m

m+1
2

log m‖D‖Wm+1(u).

Summing up we deduce

‖Am − Ām‖ ≤ C
log m

m
m+1

2

‖D‖Wm+1(u)

and taking into account that D ∈ Pm we have

‖Am − Ām‖ ≤ C
log m

m
m+1

2

max
t≥0

u(t)|D(t)|.

Consequently, using (11)

‖Am − Ām‖ ≤ C
m

m+1
2

log m max
t≥0

j∑
k=1

u(t)|�m+1,k(t)|
u(zk)

≤ C
log2 m

m
m+1

2

.

Therefore limm ‖A−1
m ( Ām − Am)‖ = 0. Consequently ( Ām)−1 exists for sufficiently large m and

lim
m

cond( Ām)

cond(Am)
≤ 1.

On the other hand, we use the identity
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Am = Ām[Im + ( Ām)−1(Am − Ām)]
to prove that

lim
m

cond(Am)

cond( Ām)
≤ 1

and, consequently,

lim
m

cond( Ām)

cond(Am)
= 1.

In order to prove (33), we write

‖ f − f̄m‖u ≤ ‖ f − fm‖u + ‖ fm − f̄m‖u .

For the first term at the right-hand side, using (27) and (8) under the assumption f ∈ Wr(u), we get

‖ f − fm‖u ≤ C
m

r
2
‖ f ‖Wr(u).

For the second term we have

‖ fm − f̄m‖u ≤ ‖(I + Km)−1‖‖(Km − K̄m) f̄m‖u .

Then, using Lemma 5.5 and the assumption supt≥0 ‖kt‖Wr < +∞ for any r ≥ 1, we get

‖ fm − f̄m‖u ≤ C
m

r
2

logm

(
sup
t≥0

‖kt‖Wr

)
‖ f̄m‖Wr(u)

≤ C
m

r
2

logm‖ f̄m‖Wr(u).

Consequently, (33) follows. �
6. Conclusions

In the present paper we describe a new method for the computation of long-time solutions of linear Volterra integral 
equations of the second kind. By a proper change of variable the original equation is transformed into an equivalent integral 
equation on the positive semiaxis which is solved in suitable weighted function spaces by applying a Nyström type method. 
To this aim first we applied a truncated product quadrature rule, based on Gauss-Laguerre nodes along with an additional 
point, for the discretization of the integral in (2). Then we derive a Nyström interpolant of the solution (see (26)). A fully 
discretized version of the method is implemented when the so-called modified moments of the kernel (see (24)) cannot 
be computed analytically or their computation is too much expensive. The evaluation of the approximate solution leads to 
solve a well conditioned linear system whose dimension is reduced due to the use of a truncated Lagrange interpolation 
process underlying the construction of the employed product quadrature formula.

The numerical tests confirm the theoretical results. In particular the proposed method has been tested for the numerical 
resolution of some Volterra integral equations arising from the reformulation of differential models describing metastatic 
tumor growth where it is assumed that both the primary and the secondary tumors grow according to the Gompertzian 
growth model and emit metastases with the same emission rate. Hence the application of the proposed procedure allowed 
us to predict some biological observables as the metastatic mass or the number of metastases also at long times.

A generalization of the Iwata PDE model (34) to the case where primary and secondary tumors have different growths 
and emission rates can be obtained as well as its reformulation into a Volterra integral equation ([16,17]). In a forthcoming 
work we are going to apply the proposed procedure to solve the Volterra integral equations reformulating such more 
general PDE models. The new growth laws included in the study will comprise exponential, power, generalized logistic and 
von Bertalanffy laws, all of them already introduced in [7].

Acknowledgements

This work has been supported by University of Basilicata (local funds) and by GNCS Project 2020 “Approssimazione 
multivariata ed equazioni funzionali per la modellistica numerica”.

The authors wish to thank Dr. Martina Iulia Bulai for the interesting discussions on the topic. The authors are also 
grateful to the referees for the remarks that contributed to the improvement of the first version of the manuscript.

This research has been accomplished within RITA (Research ITalian network on Approximation) and the UMI Group TAA 
(Approximation Theory and Applications).
495



M.C. De Bonis, C. Laurita and V. Sagaria Applied Numerical Mathematics 172 (2022) 475–496
References

[1] S. Allaei, T. Diogo, M. Rebelo, The Jacobi collocation method for a class on nonlinear Volterra integral equations with weakly singular kernel, J. Sci. 
Comput. 69 (2016) 673–695.

[2] K.E. Atkinson, The Numerical Solution of Integral Equations of the Second Kind, Cambridge Monographs on Applied and Computational Mathematics, 
vol. 552, Cambridge University Press, Cambridge, 1997.

[3] C.H.T. Baker, A perspective on the numerical treatment of Volterra equations, J. Comput. Appl. Math. 125 (2000) 217–249.
[4] P. Baratella, A Nyström interpolant for some weakly singular linear Volterra integral equations, J. Comput. Appl. Math. 231 (2009) 725–734.
[5] P. Baratella, A.P. Orsi, A new approach to the numerical solution of weakly singular Volterra integral equations, J. Comput. Appl. Math. 163 (2004) 

401–418.
[6] D. Barbolosi, A. Benabdallah, F. Hubert, F. Verga, Mathematical and numerical analysis for a model of growing metastatic tumors, Math. Biosci. 218 

(2009) 1–14.
[7] S. Benzekry, C. Lamont, A. Beheshti, A. Tracz, J.M.L. Ebos, L. Hlatky, P. Hahnfeldt, Classical mathematical models for description and prediction of 

experimental tumor growth, PLoS Comput. Biol. 10 (2014) 1–19.
[8] H. Brunner, A survey of recent advances in the numerical treatment of Volterra integral and integro-differential equations, J. Comput. Appl. Math. 8 

(1982) 213–229.
[9] H. Brunner, Collocation Methods for Volterra Integral and Related Functional Equations, Cambridge Monographs on Applied and Computational Math-

ematics, vol. 552, Cambridge University Press, Cambridge, 2004.
[10] Y. Chen, T. Tang, Convergence analysis of the Jacobi-collocation methods for Volterra integral equations with a weakly singular kernel, Math. Comput. 

79 (2009) 147–167.
[11] M.C. De Bonis, B. Della Vecchia, G. Mastroianni, Approximation of the Hilbert transform on the real semiaxis using Laguerre zeros, J. Comput. Appl. 

Math. 140 (2002) 209–229.
[12] M.C. De Bonis, G. Mastroianni, M. Viggiano, K-functionals, moduli of smoothness and weighted best approximation on the semiaxis, in: J.S.L. Leindler, 

F. Schipp (Eds.), Functions, Series, Operators, Alexits Memorial Conference, Janos Bolyai Mathematical Society, Budapest, Hungary, 2002, pp. 181–211.
[13] M.C. De Bonis, D. Occorsio, On the simultaneous approximation of a Hilbert transform and its derivatives on the real semiaxis, Appl. Numer. Math. 114 

(2017) 132–153.
[14] Z. Ditzian, On interpolation of lp[a, b] and weighted Sobolev spaces, Pac. J. Math. 90 (1980) 307–323.
[15] L. Fermo, D. Occorsio, A projection method with smoothing transformation for second kind Volterra integral equations, Dolomites Res. Notes Approx. 

14 (2021) 12–26.
[16] N. Hartung, Efficient resolution of metastatic tumor growth models by reformulation into integral equations, Discrete Contin. Dyn. Syst., Ser. B 20 

(2015) 445–467.
[17] N. Hartung, S. Mollard, D. Barbolosi, A. Benabdallah, G. Chapuisat, G. Henry, S. Giacometti, A. Illiadis, J. Ciccolini, C. Faivre, H. Hubert, Mathematical 

modeling of tumor growth and metastatic spreading: validation in tumor-bearing mice, Cancer Res. 74 (2014) 6397–6407.
[18] S.A. Isaacson, R.M. Kirby, Numerical solution of linear Volterra integral equations of the second kind with sharp gradients, J. Comput. Appl. Math. 235 

(2011) 4283–4301.
[19] K. Iwata, K. Kawasaki, N. Shigesada, A dynamical model for the growth and size distribution of multiple metastatic tumors, J. Theor. Biol. 203 (2000) 

177–186.
[20] P. Junghanns, G. Mastroianni, I. Notarangelo, On Nyström and product integration methods of Fredholm integral equations, in: Contemporary Compu-

tational Mathematics - a Celebration of the 80th Birthday of Ian Sloan, 2018, pp. 645–673.
[21] M. Kolk, A. Pedas, Numerical solution of Volterra integral equations with weakly singular kernels which may have a boundary singularity, Math. Model. 

Anal. 14 (2009) 79–89.
[22] M. Kolk, A. Pedas, Numerical solution of Volterra integral equations with singularaties, Front. Math. China 8 (2013) 239–259.
[23] M. Kolk, A. Pedas, G. Vainikko, High-order methods for Volterra integral equations with general weak singularaties, Numer. Funct. Anal. Optim. 30 

(2009) 1002–1024.
[24] C. Laurita, G. Mastroianni, lp -convergence of Lagrange interpolation on the semiaxis, Acta Math. Hung. 120 (2008) 249–273.
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