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Abstract

In this paper we propose a global method to approximate the derivatives of the weighted Hilbert transform
of a given function f

~+00 T
H,(fwa,t) = dtl’]ﬁ f= x)dr =p jéo (:ci(t))l’ﬂwa(x)dx’

where p € {1,2,...}, t > 0, and w,(z) = e *x* is a Laguerre weight. The right-hand integral is defined as
the finite part in the Hadamard sense. The proposed numerical approach is convenient when the approxi-
mation of the function H,(fw,,t) is required. Moreover, if there is the need, all the computations can be
performed without differentiating the density function f. Numerical stability and convergence are proved in
suitable weighted uniform spaces and numerical tests which confirm the theoretical estimates are presented.

Keywords: Hadamard finite part integrals, Lagrange Interpolation, Orthogonal Polynomials,
Approximation by Polynomials.
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1. Introduction

The paper is devoted to the approximation of the derivatives of the weighted Hilbert transform of f

D o0 T —+ 00 T
H,(fw,t) = 4 £ )w(x)da: :p!% Lw(z)dm, (1)

aee |, x—t o (x—typtt

where p € {1,2,...}, t >0, w(z) := ws(x) = e %2* is a Laguerre weight. The integral in (1)) can be also
defined as a finite part integral in the Hadamard sense (see [7],[16]). Integrals of the type (1) appear for
instance in hypersingular integral equations, models for many problems in Physics and Engineering areas
(see [I6] and the reference therein, [5], [10], [1]). Usually, in the literature, quadrature rules are proposed
for the approximation of H,(fw,t) for any fixed ¢. Instead, in the present paper, setting

H,(fu,t) = d"(/omww(x)czﬁf(wfm“’(”dm)

dtp x—t 0o x—1
= TR0+ S (F(0Ho(w, 1), )
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we propose to approximate the function F(p)( f) by the p—th derivative of a suitable Lagrange polynomial
interpolating F(f) at Laguerre zeros. For a correct error estimate in weighted uniform spaces, at first we
determine the class of F(f) depending on the Zygmund-type space f belongs to. Since in the general case
the samples of F(f) at the interpolation knots cannot be exactly computed, we approximate them by a
truncated Gauss-Laguerre rule (see [I2]). Moreover, by reusing the same interpolation knots, it is possible
approximate also the p—th derivative of the function f(¢)Ho(w,t), avoiding the differentiation of the density
function f.

This procedure is especially advisable when the approximation of H,(fw,t) is required for a “large”
number of ¢ and/or the uniform convergence of the rule to Hy(fw) is needed. This happens, for instance,
when appears in a hypersingular integral equation and in order to solve it one wants to use a collocation
method.

The paper is organized as follows. In Section 2 are collected some auxiliary results and notations. Section
3 provides the exposition of the numerical methods and results about the stability and the convergence, with
error estimates in some weighted uniform spaces. Section 4 contains a brief description of computational
details in the implementation process. In Section 5 some numerical experiments are discussed and compar-
isons with some standard numerical methods are shown. Finally in Section 6 the proofs of our main results
are stated.

2. Basic results and properties

Along all the paper the constant C will be used several times, having different meaning in different
formulas. Moreover from now on we will write C # C(a,b,...) in order to say that C is a positive constant
independent of the parameters a,b,..., and C = C(a,b,...) to say that C depends on a,b,.... Moreover,
if A;B > 0 are quantities depending on some parameters, we will write A ~ B, if there exists a constant
0 < C # C(A, B) such that g < A < CB. Finally, IP,, will denote the space of the algebraic polynomials of
degree at most m.

Let w(x) = e~ ®z® be the Laguerre weight of parameter a > —1 and let {p,,(w)}, be the corresponding
sequence of orthonormal polynomials with positive leading coefficients. Let us denote by {x,,  }}"; the zeros
of py(w) in increasing order, i.e. Ty i < Tmk+1,k = 1,...,m — 1. From now on, for any fixed 0 < 6 < 1,
the integer j will denote the index of the zero of p,,(w) s. t.

j=7j(m)= k:{n21n m{k P > 4mb}. (3)

With u(x) = z7e~*/2,~ > 0, we will consider

{f € C°((0,00)) : lim (fu)(x) =0}, >0,

x—4o00

C, = oot
{fec‘)([o,oo)): lim (fu)(m)zo}, =0,

r—r+00
equipped with the norm
[fllc. = full = [lfull = Sl;lg|(fu)($)|a
xi

where CY(E) is the space of the continuous functions on the set E. Sometimes, for the sake of brevity, we

will use || fl|lg = sup,cp | f(2)].
For smoother functions, we introduce the Sobolev-type spaces of order r € IN

W, (u) = {f €Cy : [V € AC(0,+00) and ||fg"u < +oo} :

where ¢(z) = /x and AC((0,+00)) is the set of the absolutely continuous functions on every closed subset
of (0,+00). We equip them with the norm

1w,y 2= 1 ull + L7 e ull.
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In what follows Wy(u) = Cy. For any f € C, and for any t > 0, let

Q;(f»t)u = Sup HUA;,LprIrh,
0<h<t

be the main part of the r—th p—modulus of smoothness, where I, = [4r2h2 < ] being C a fixed positive

) h2
constant, and
.

@) = 304 () £ o 4 )= ).

k=0
By means of Q(f,t), we define the Zygmund-type spaces

ZA(u):{feCu : supw<+oo}

t>0

of parameter 0 < A < r, equipped with the norm

Il = 7l + sup 2250

Now we give a result which can be useful in several contexts

Lemma 2.1. Let u(z) = e 327, 0 < v < 1. Then, for 0 < A < 1 and p € N, f) € Zy(upP) implies
f € Zxip(u) and viceversa.

Denoting by Ep,(f)u = infp p [I(f — P)u]|, the error of best polynomial approximation in C,, for any
f € W,.(u) the following estimates hold [3]

Em(f)u S T(f(r))utpr7 (4)

C
B,
(V)

1 Ougr]

En(Du < 7m0

(5)
where C # C(m, f).

Let L,,+1(w,g) be the Lagrange polynomial interpolating a given function g at the zeros of p,, (w, z)(dm—
x). Let j be defined in and let x; be the characteristic function of the segment (0, z,, ;). The Lagrange
polynomial Ly, 1(w,g) := Ly4+1(w, gx;) introduced in [9] (see also [I1]) can be expressed as

J
im —z
Lm+1(wvg,x) = Zlm,k(x)m xmk ngk xm,k)y (6)
k=1 m
where 1, x(z) = % Lyy41(w, g) belongs to Pk, C P, with

Pr ={p € Py :p(xmi) =pdm)=0, k> j},

and the operator L,,1(w) projects C, onto PZ,.
About the simultaneous approximation we state the following result

Theorem 2.2. If f € Z,1\(u) with 0 < A <1, k,p € IN,k <p and o, are two real parameters satisfying
the inequality

4

| R

(e
o~ =

we have

logm —Am
I(f—Lm+1(w7f))(k)<P’“UIISC{ A Vi PN o ||fu||}7

(Vi)
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where 0 < C # C(m, f). In particular, if f € Wpir(u), r > 1,

logm
(V) F

Nevertheless, if the parameters « and v do not satisfy the assumptions of the previous theorem, it is
possible to modify the interpolation process making use of the method of additional knots. To our aims,
here we consider the case with one additional knot. Setting x,, o = T*"Tl, let Lyy41.1(w, f) be the truncated
Lagrange polynomial interpolating f at the zeros of Qm+2(2) == (z — =32) pp(w, z) (dm— 1) (see [18], [13]),
ie.

I(f = L1 (w, [))Pbul| < € WA lw,poy + e full}, 0<C#ECm, ). (8)

J
Lerl 1w f7 Zg(p xm,k)a (9)

~ Qmi2(2) .
b k() = , k=0,1,...,7.
(@) Q2 (T ) (T — T k) ’

Also in this case we state a result dealing with the simultaneous approximation

Theorem 2.3. If f € Wy, (u), withr > 1, k,p € IN,k < p and o,7 are two real parameters satisfying the
inequality

<v< -+

)

| e
| =

N\Q
»Jk\oo

we have

logm

107 = st 1) Oul <0 { B0

1l + e"“mllfu} ,

where 0 < C # C(m, f).

Denoting by { A,k }re, the Christoffel numbers w.r.t. w, we recall the “Truncated Gauss-Laguerre rule”
[12] based on the first j zeros of p,,(w), with j defined in ,

+oo J
/ fomk mk+Rm(f)- (10)
0 k=1

3. The Method

At first we describe the method assuming that the functions {f(*)(t) b_, are explicitly known.

Let Ly,11(w,F(f)) be the truncated Lagrange polynomials interpolating F(f) at {. s}, U {4m}. In
we approximate F®)(f t) with Lgll(w,F(f),t). To compute the quantities F(f, zm i),k = 1,...,7,
with j defined in (3]), we will use the rule (10) based on the first g zeros of p,,+1(w), where for any fixed
0<o<1

Tim1,g = MIN{Tpi1k Ttk > 04(m+1), k=1,2,..m+1},

and we replace F(f, zp, ;) with

f»xmk Z)\m+lz merlz)_f(xm,k)’ k:].,,]

Tm4+1,i — Tm,k

Therefore we have

Hp(fwvt) = )+ Z ( )f(k) H, k(w,t) + pp,m(f» t) = Hp,m(fv t)+ pp,m(f» t), (11)

k=0
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where

Tm+1,i — Tm,k

! (p) f@me1,i) — f@mk)
ft)zzgnbk ZAm 1,2 —.
k=1

Firstly we observe that in view of [2, Lemma 2.1], Gaussian knots and interpolation nodes are sufficiently far
among them. This good “distance” prevents numerical cancellation when computing f(zm+1,i) — f(Tm,k)
and %41, — Tm, k. About the stability and the convergence of the procedure, we are able to prove the
following results

Theorem 3.1. Let p € INy and o > % Then, for any function f € Zpixa(u) with 0 < A < 1, if the

parameters a,y satisfy the assumption

a 1 a 5
Z L <~ <mi — 4.z
2—&—47mm<oz72—|—4>7 (12)
we have
1®p.m (/) ug?|| < Cllf | 2y pnuy log?m, 0 < C #C(m, f). (13)
Moreover, if f € Zpyrix(u),r > 1, then
log?m
[op.m (Fue? | < ClIfll 2,y irw) 7= /) 0<C#C(m,f). (14)

Corollary 3.1. Let p € INy. Then, under the assumption we have
||(bp7m(f)ug0p” S CHf||Wp+1(u) 1Og2 m, vf € Wp—i‘l(u)’ O < C 7& C(m7 .f)7
and if f € Wypryi(u),r > 1, then

log®m

lpp,m (fug? || < C\|f||Wp+T+1(u)W, 0<C+#C(m,f).

In order to treat the case a < %, we slightly modify the interpolation process making use of the method
of additional nodes. By arguments similar to those used in the previous case, we approximate F(p)( fit)
by LglLl(w,F(f),t), where Ly, y1.1(w,F(f)) is defined in (@) The samples F(f, xm 1),k = 0,...,], are

approximated by the truncated Gaussian rule (10). Thus we have
P
H,(fu,0) = )+ 3 (47O 40 + 020 7.0) = HEL L0+ 2 (£ (15
k=0

where

SOL(Ft) = STV (1) S A L) = S (Tmai)

X i — &
X 0 i=1 m—+ 52 m,k
In this case we can prOVe the fOllOW ing result

Theorem 3.2. Let p € INyg and —% <a< % Then, for any function f € Wy11(u), under the assumption

o 1
< — -
0 <y <min {a } 1
we have
[y (F) V| < CMIogm, 16)

where C 7é C(mv f) and M = max (”Fm(f)HWp(u)? ||fHWp+’V‘+1(u))'
5



Moreover, if f € Wyiri1(u),r > 1, then

logm

15 (f)ue” | <C(\/E) (K TARYAR (17)

where 0 < C # C(m, f).

Now we discuss how to proceed when the derivatives {f*)(t) b_, are not available. In this case, we

propose to approximate f*)(t) by ijll(w, fit) for k =1,2,... p, where L,,4+1(w, f) has been defined is
the truncated Lagrange polynomial defined in @ By this way, reusing the same samples involved in the
evaluation of @, ,,,(f,t) and taking into account that H,_x(w, t) can be computed with the desired accuracy,
we get

H,(fu.t) = ®pn(f0) + F(OHw,0) +Z() L), (w0, f)Hy () + (1), (18)

where

M=

Bpnl) = o504 3 (5t (£ B8y (0,0,

>
Il

1
with
Thm (f+1) = (F(t) = Linga (w, £,))®).

The next Theorem deals with the pointwise estimate of the error ¥,, ,,,(f,?):

Theorem 3.3. Let p > 1. Then, for any function f € Zppria(u) with 0 < X\ < 1, r > 1, under the
assumption we have

Wy (£ D)t ()] < C"f'(f@” log?m (1+O(), 0<C#C(m,f),

=P, 0<t<l1
o) = T .
1 t>1

where

Remark 3.1. In any closed subset [a,b] C (%, +oo) , ¢ being an arbitrary positive constant, we get

£l Au) 2
Wy (f, D) (8)] < CRLZ2ier) 10020, g 2 Clmm, ).
: (vm)"
Remark 3.2. We point out that there exist other sets of interpolation nodes which have optimal Lebesgue

constants and that are sufficiently far among from the Gaussian knots. For instance, the zeros of pm ()
with w(x) = zw(x) (see [T7]).

4. Computational details

About the computation of the derivatives of the fundamental Lagrange polynomials {Zx),k(t)}i:p 1=
1,2,...,p, it is no hard to prove that

(4m — x) ) _ ) (i-1)
7(4m_xmk)l ) = lx ()

m,k

(9, (t) =



and setting (§); :=4(j—1)...(j —i+1),

m—1

1) = Mk > AV Dips (W, T i)pj—i(Waris V), i =1,2,....p.
=i

In order to compute the Hadamard transforms of the weight w(z) = e~*2%, a > —1, taking into account
that N N
oo D o0
]é 9z) . ._1& g(z) dr.
o (z—rt)ptl pldtr | ¢ x—t
we use the expressions of Hy(w, t) in [I8] and [6, p. 1086, 9.213]
d . d /+°° e ¢ 4

a
—Fi(t) = —— = — —1Fi(a,b;t) = =1 F; 1,6+ 1,1).
dt Z() dt T x ta dtl 1(0’7 ) ) bl 1(a+ ) + ) )

We performed the computation of the Exponential integral function Ei and of the Kummer Confluent Hy-
pergeometric function 1 F; by the Wolfram Mathematica routines ExpIntegralEi and HypergeometriclF1,
respectively.

5. Numerical tests

In this section we show the effectiveness of the rules H, ,,(fw) and Hz(,l,)n (fw) in and , respec-
tively, according to the value of «, by producing some numerical tests. Since the exact values of the integrals
are unknown, we will retain as exact those values computed with m = 1000 and we will set

Ppm(fst) = [Ppm(fit) — Pp1000(f5 1),
P (fot) = @8 (., £) = paooo(1)(f,1)]-

We remark that, in each of the examples, the “truncation intervals”, which depend on 6, have been
empirically detected. More precisely, in each table the indices 7 and ¢ have been chosen as

(p) «'Em-i-l z) - f(xm,k)
= max k A > eps
J k=1, .m { m+1 k Z m+1,i Tomt1i — Tk Z €p )
and
= max
q k=1 m qk,
with

f(merl,i) — f(xm,k)

Tm4+1,i — Tm,k

i=1,....m

)

respectively. An analogous computation of the index j holds when we use q)l(,l,)n( ft).

In the first example we also compare the results obtained by with those achieved properly adapting
some of the numerical methods collected in [I5] for finite part integrals on bounded intervals. More precisely,
by an idea in [§] (see also [I5]), starting from the decomposition

+oo
d I,
TR

oo _ m _ p
Hy(fw.t) = /0+ 10 =B 02y + 3 1
k=0

qx ‘= max {z : ‘)\m+1’i

(x — )p+1
P k)
/
— R0+ k‘ H,_p(w,1),

k=0



we approximate F,(f, ) by

S
i=1 m,t
with
* L - f(@m,i) — i:o fU:!(t) (Tm,i — t)F
7= i:r{lfi.?fm {z : ‘ (Zmg — 1P Amyi| = eps} )

Unfortunately the above rule suffers from numerical instability when ¢ is very close to one of the quadra-
ture knots x,,,;,7 = 1,...,5. In order to highlight this shortcoming, in Figure 1 we show the absolute
errors |Qp.m(f,t) — Qp.1ooo(f,t)| obtained in the first example for increasing values of m at the points
t = 2.007880721659913 (right) and ¢ = 4.497130384056021e — 001 (left). As one can see there are some picks
due to the numerical cancellation phenomenon.

t=4.497130384056021e-001 x10" t=2.007880721659913
T T T T T T T

25F

Absolute error
o
Absolute error
w

1 e |

L L L Al L La
0 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350 400

Figure 1: Absolute errors by the rule Qp m(f,t), for increasing values of m

In order to overcome this numerical instability, following an idea in [15], we break up the interval (0, +00)
into (0,t) and (¢, +00). By making the changes of variable = %(y +1)=¢1(y) and z =y +t =: Po(y) in
the intervals (0,t¢) and (¢, +00), respectively, we get

p—a v f( 2 ( t)
HP(fw7t) = ( ) / f wl (y— 1)p+1 (d}l( ) ) e_wl(y)(l-l-y)ady
Joo p Wk (®)(
+ e /O UCIO) ypjlo Y oy deer. H,_j(w,1)
P (k)
— G+ G+ fT,(”Hp_uw,t).
k=0 ’

Then, we use the m-th Gauss-Jacobi rule w. r. t. the weight (1 4+ y)® to approximate G1(f,t) and the
m-th Truncated Gauss-Laguerre rule w. r. t. the weight e™¥ on the first j* Gaussian nodes to approximate
G2(f,t). Thus we obtain

bS]

H,(fw,t) = Gpm(f,t) Hy k(w,t) + epm(f,t)

= Hym(fit)+ep (f,) (19)
8



By inspecting Tables 1-2, it seems that our rule in is faster than the rule for t “close” to 0. However
theoretical estimates which confirm this worse behavior are not available. In addition, the computation of
Gp,m(f,t) requires many more evaluations of f than those employed in ®,,,(f,t). Indeed, for s values of
t the computation of G, . (f,t) requires (m + j*)s samples of f, while that of ®,,,(f,t) can be performed
with only n = (j + ¢) evaluations of f, with n independent of s.

We will set

ep,m(fst) = [Hpm(f, 1) — Hp1000(f, 2)]-

All the computations have been performed in double-machine precision (eps & 2.22044¢ — 16) and in all
the tables the symbol “-” means that the machine accuracy has been achieved.

Finally, since the results obtained by formulae and are comparable, we will report in the next

tables the errors obtained by .
Example 5.1.

+oo
sin(x + 5)
H,(fw,t) = ——x
p(f ) A (I _ t)p+1
Since the function f(z) = sin(x + 5) is very smooth we expect for a fast convergence. Indeed, looking at
Table 1, in different values of ¢, we get approximations of the integrals with the machine precision taking

06e=%dz, a=06, p=0,1,2.

m = 110 but only j = 62 and g = 47.

m J q ﬁO,m(fv 001) ﬁO,m(.ﬂ 01) ﬁO,m (.fv 1) ﬁO,m(.f’ 5)

20 | 20 | 19 | 1.8707e —4 | 2.8917e- 5 1.3495e — 5 23728e — 5
40 | 35| 28 | 1.4234e—7 | 3.0965 e -8 | 8.23754e — 10 | 4.5692e — 10
80 | 53 | 40 | 8.1953e — 14 | 1.6356 e- 14 | 9.01422e — 15 | 2.30113e — 14
100 | 59 | 45 — — — —

m J q | prm(f,0.01) | p1,m(f,0.1) Prm(f:1) Prm(f,5)

20 | 20 | 19 | 2.4888e —3 | 1.1380e-3 | 1.2213e —4 9.6884e — 6
40 | 35|28 | 39794e—-6 | 5.0724e-7 | 1.2217e -7 1.2751e — 7
80 | 53 | 40 | 5.2234e — 12 | 5.8445 e - 13 | 4.8632e — 14 | 6.4330e — 14
100 | 59 | 45 | 5.4358¢ — 15 - — -

m J q ﬁ2,m(f7 0'01) ﬁlm(f, 0'1) ﬁQ,m(f’ 1) ﬁQ,m(fa 5)

20 | 20 | 19 | 9.4949e — 3 | 5.7418e -3 8.2368e — 5 6.0743e — 5
40 | 35| 28 | 3.1383e —5 1.0027e - 5 5.8862¢ — 8 3.3773e — 8
80 | 53 | 40 | 8.7427e — 11 | 2.1514 e -12 | 3.4513e — 13 | 2.0412e — 13
100 | 59 | 45 | 1.1752e — 13 | 3.8601 e - 15 — —

110 | 62 | 47 — — — —

Table 1: Example 5.1} pp,m(f,t), p=0,1,2, with t =0.01,0.1,1,5

As announced, in Table 2, we report the errors €, ,,(f,t), p = 0,1, 2, obtained using the rule I:Ip’m(f, t)
in . As one can see, for values of ¢ close to 0, the convergence order seems to be lower than the one of

our rule .

In Figure 2, we show the graphs of the functions Hy, 110(f,%),p = 0,1, 2.

Example 5.2.
Foo 67%12%
H t) = d =- =0,1,2.
p(fw7 ) /0 (.'If—t)p+1 1+.’E2)4 €L, @ 47 p -y
In this case f(z) = ﬂ-i%)“ € Wis(u), with v = %, and, according to , the error behaves like

1 2
||f||W13(u)%
sults presented in Table 3, in fact it is necessary to increase m in order to attain exact decimal digits and

with m = 900 but only j = 392 and g = 280 we get approximations with almost the machine precision.
The graphs of the functions Hy, goo(f,t),p =0, 1,2, are shown in Figure 3.

9

with || f[lwys) ~ 10°. This convergence behavior is confirmed by the numerical re-



m J €0,m (f, 0.01) éO,m(f7 01) é()’m(f7 1) éo’m(f, 5)

10 | 10 | 4.1098¢ —4 | 9.3945e-5 | 1.8534e — 7 1.2374e — 9
40 | 26 | 2.7996e —5 | 5.6939 e -7 | 1.8750e — 13 -

80 | 37 | 4.9615e —6 | 1.1648 e -8 — -

m j élym(f,0.0l) élym(f,O.l) él,m(fa ].) él,m(fa5)

10 | 10 | 8.3988e —4 | 1.7563 e -4 | 9.5187e —8 | 2.9087e — 11
40 | 26 | 4.9043e —5 | 8.8342e-7 | 9.0383e — 14 -

80 | 37 | 8.4866e —6 | 1.7470 e -8 — —

m ] éQ,m(fa 001) éQ,m(fa 01) éQ,m(fa 1) éQ,m(f? 5)

10 | 10 | 7.6818e — b5 1.9502 e - 5 | 3.7848e — 8 2.0333e — 12
40 | 26 | 4.8308e — 6 1.0652 e -7 | 4.1630e — 14 —

80 | 37 | 8.4616e —7 | 2.1410e -9 — —

Table 2: Example[5.1} &pm(f,t), p=0,1,2, with t = 0.01,0.1,1,5

25

15

0.5

-05

-1.5

Example 5.3. Consider the integrals

T2 gin
Hp(fw%,t) =
0

11
Here f(z) = sin (%) }x — %| e Z5+%(u), with v = %, and the numerical error, as Table 4 shows, agrees

with the theoretical estimate

log? m

Vmyp7

In Figure 4, we show the graphs of the functions H, go0(f,t),p =0, 1.

Example 5.4. As last example we consider the integrals

In this case f(x) = cos (log(x + 6)) is very smooth and, then, according to our theoretical expectation the
convergence is fast. In fact, looking at Table 5, we get errors of the order of the machine precision taking

Hp(fwo’t)

—+oo
/0

m = 70 but only j = 48 and ¢ = 35.

cos (log(z + 6))

(x — t)pt!

10

e “dx,

a=0,

e N —Hy 4ot |
\\ —Hy )
r \ H 100 1
\\
L \ J
E \ =
\
L/ \ = . —
/ e s
0 0.5 1 1.5 2 25 3 35 4 4.5
Figure 2: Example 1
(5)]= 3| *
lr—5|* s 5
4 2 3,—T _ Y —
(x = DpH! r2e *dr, a—2, p=0,1

p=0,1.




m j q ﬁO,m (f7 01) ﬁO,m (f7 02) ﬁO,m (f> 35) /SO,m (f7 10)
100 | 100 | 81 | 1.0555e —4 | 5.6316e —5 | 9.8662¢ —6 | 2.5275e — 5
200 | 171 | 129 | 4.3325¢ — 8 1.1087e — 7 9.5529¢ — 8 1.2789% — 7
400 | 200 | 146 | 8.3446e — 10 | 4.9740e — 10 | 3.4065e — 11 | 2.6675e — 11
600 | 211 | 155 | 2.8262¢ — 12 | 1.5877e — 12 | 5.8857e — 14 | 4.6367¢ — 14
800 | 328 | 235 | 1.4909¢ — 14 | 7.3510e — 15 | 3.8399¢ — 16 | 2.3319e — 15
900 | 392 | 280 — — — —

m J q Prm (f,0.1) | p1,m (f:0.2) | prm (f:3:5) | p1m (f,10)
100 | 100 | 81 | 3.2158e — 3 4.2175e — 4 1.5074e — 5 9.3792¢ — 5
200 | 171 | 129 | 1.5125e — 6 1.7646e — 6 1.7951e — 8 1.4990e — 6
400 | 200 | 146 | 3.853b5e — 8 1.0443e — 8 2.6631e — 11 | 5.3770e — 10
600 | 211 | 155 | 7.4388e — 11 | 3.8818e — 11 | 1.2317e — 12 | 2.2854e — 12
800 | 328 | 235 | 6.2526e — 13 | 3.5572e¢ — 13 | 3.4707e — 15 | 4.4118¢ — 15
900 | 392 | 280 | 2.8221e — 14 | 6.1863e — 15 | 7.6747e — 16 | 4.6303e — 15
m ] q ﬁQ,m (fv 01) ﬁ2,m (fv 02) ﬁZ,m (f» 35) ﬁQ,m (f; 10)
100 | 100 | 81 | 1.4603e —2 1.2033e — 2 1.3999¢ — 4 1.5258e — 4
200 | 171 | 129 | 5.5863e —5 | 6.3029e —4 | 2.7239e — 6 | 8.4484e -7
400 | 200 | 146 | 1.2649¢ — 6 | 5.5080e —7 | 1.9504e —9 | 6.7507e — 10
600 | 211 | 155 | 7.6967e — 9 2.1868e¢ — 9 4.7967e — 12 | 2.0018¢ — 12
800 | 328 | 235 | 6.7035e — 11 | 1.2529e — 11 | 4.3429¢ — 14 | 9.4594e — 14
900 | 392 | 280 | 1.3174e — 12 | 2.5990e — 14 | 1.4657e — 14 | 7.8769¢e — 16

Table 3: Example[5.2} pp,m (f,t), p=0,1,2, with t =0.1,0.2,3.5,10

The graphical behavior of the functions ng’lgo(f, t),p=0,1, is shown in Figure 5.

6. The proofs

Proof of Lemma[2.1, We first prove that fP) € Z, (ugP) implies f € Zx,,(u). Since

Q5P (S, 8)u

sP Q;(f(p)7 s)wp

Q:D(f(:ﬂ)’ 8 ) uepr

su < Csu =Csu < +00
s>13 sAFP o s>13 sAFP s>18 st 7
then .
Q5 (f, 8)u
ul| + sup —2=——— < 400, k>A+p,
Il +sup == y

ie., f € Zyip(u). Now we prove that assuming f € Zyi,(u), then f®) € Zy(upP). Since f € Zxgp(u),

it is limy, wg, (f, ﬁ =0, i.e. f € C, and therefore there exists a sequence of polynomials of best

approximation { P, }, such that

lim ||(f — Pp)u|| = lim = 0.

’ (Z(PQ’“rlm - P2km)> u

k=0

Applying the Bernstein and the weak-Jackson inequalities [3, (3.4) and (3.7)]

p
|(Possm = Porm) Pug? || <€ (V2FIm) (Pt = Par)ul

11



- HO, SUO(f't)
tar —Hyaolf0) |
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Figure 3: Example 2
m .7 q ﬁO,m (f7 025) ﬁO,m (fa 2) ﬁO,m (f7 35) pO,m (fa 7)
100 | 96 77 | 6.8668e — 7 5.5415e — 8 7.2331e — 9 1.1894e — 8
200 | 150 | 112 | 1.3653e — 6 1.7428e — 9 6.3430e — 10 | 7.6955e — 10
400 | 215 | 159 | 9.5389¢ — 9 5.8301e — 10 | 4.6992¢ — 10 | 7.8659¢ — 10
600 | 269 | 197 | 6.0573e — 9 2.7446e — 10 | 1.7752e — 10 | 1.9522e — 10
800 | 312 | 228 | 3.4956e — 9 3.3817e¢ — 10 | 3.2248e — 11 | 4.1977e¢ — 11
m j q ﬁl,m (f7 025) ﬁl,m (f7 2) ﬁl,m (f7 35) ﬁl,m (f7 7)
100 | 96 77 | 3.2608e — 5 1.1232e — 6 4.7436e — 7 3.3086e — 7
200 | 150 | 112 | 1.5876e — 5 2.6713e — 8 1.7878e — 8 1.4129e — 8
400 | 215 | 159 | 3.8635¢ — 7 3.3807e — 8 1.1751e — 8 4.9654e — 9
600 | 269 | 197 | 3.9030e — 7 7.6649¢ — 9 1.4749¢ — 9 1.3910e — 9
800 | 312 | 228 | 1.1754e — 6 3.4733e — 10 | 4.4317e — 10 | 9.4341e — 10
Table 4: Example pp,m (fit), p=0,1, with ¢t = 0.25,2,3.5,7
P v [ Q(f,s)
< cC (‘/2k+1m) Eoerny(f)u <C (‘/2k+1m) /\/n12k Helly S 4
0

where C # C(m).

d

Thus, by the assumption on f, we have

QL (S, 8)u

Em(f(p))utpp

1 A
sup
m2k ) s>0

sitp

S

< N = Pa)Prug? | = D I (Porsrn — Porry ) Pui? |
k=0

IN

<

C

12

— (V2R)A T (Vm)N
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Figure 4: Example 3

where C # C(m). Therefore, using the Salem-Stechkin inequality [3 (3.6)]

Qr (P)’S wop
sup —w(f 3 Jup < Csup (\/m)’\Em(f(p))Wp < 400,
$>0 S m>1

ie., f®) € Z(upP). O

Proof of Theorem[2.3. Let P € Pf,. Using [13, Lemma 3.6] (see also [I14, Lemma 2.1]) and the Bernstein
inequality and by [II, Theorem 2.2] under the assumptions (7)), we get

k
1 = B (o, NPl <€ (I = PSP+ m¥ [ L (w, f = Pul])
< C(mogm Bar(fu+ e full + Eoni(F P )
Recalling (4) and by the weak-Jackson inequality [3 (3.7)]

7= QO (f.t
0

the theorem easily follows. O

Proof of Theorem[2.3 By arguments similar to those used in the proof of Theorem 2.2 we get

1(f = L, ) Pekull < € (m¥logm Exr(f)u+ Ems(F®)uge + e~ ful] ).
Therefore by
I(f = Lonsra (w, P < € (log mEnr— i (f*) ) + e’AmIIfUII) (20)

and by the thesis follows.

13



~(1)

~(1)

~(1)

m [ g a [ A5 (£.00) [ a0 (£,025) | &80, (£.7) | oo, (£,15)
10 | 10 | 10 | 2.6095e¢ — 10 | 2.6095e¢ — 9 6.7158¢ — 7 2.3514e — 5
20 | 20 | 18 | 1.7503e — 12 | 9.1273e — 12 | 1.3596e — 9 2.1707e — 8
30 | 28 | 23 | 3.2345e — 14 | 7.6037e — 16 | 1.6405e¢ — 11 | 9.1106e — 10
40 | 36 | 26 | 6.1498e¢ — 16 | 1.0926e — 15 | 8.9550e — 14 | 1.2569¢ — 11
50 | 40 | 30 — — 3.0375e — 15 | 3.8846¢e¢ — 13
60 | 42 | 32 — — — 9.2251e — 15
70 | 48 | 35 — — — —

m | g [ g [0, (£,00) | 5 (£,0.25) | 510 (£,7) | oL (f,15)
10 | 10 | 10 | 6.4807e — 10 | 2.8573e¢ — 8 2.1509e — 7 3.3793e — 6
20 | 20 | 18 | 7.3881e — 11 | 1.6884e — 11 | 1.7380e — 9 1.2558e — 7
30 | 28 | 23 | 6.4410e — 13 | 9.9954e¢ — 13 | 1.2689¢ — 11 | 1.3178¢ — 10
40 | 36 | 26 | 5.3359¢ — 15 | 1.6356e — 14 | 5.3989¢ — 13 | 7.5597e¢ — 12
50 | 40 | 30 — — 1.7459¢ — 14 | 8.1662¢ — 14
60 | 42 | 32 — — 5.2992e — 16 | 2.5294e — 14
70 | 48 | 35 — — — 8.0328¢e — 16

Table 5: Example pp,m (f,t), p=0,1, with t = 0.1,0.25,7, 15

In order to prove Theorem [3.1] we need some lemmas

Lemma 6.1. For a >0, if 0 <t <1 we have

and if t > 1 we

get

wle)
‘7[ e (@O

w(x)
W) gl < cw(t),
|7émt|<1 (xz —t)ptt ()
where in both the cases 0 < C # C(t).
Proof. Set
w(x)
My(t) = ][ ——dx.
»(0) lz—t|<1 (z —t)ptt

Let assume a > 0, since the proof in case o = 0 is easier. At first consider p = 0. For 0 <t < 1

and in the case t > 1

| Mo (1))

% ozt 2% o _ o t+1
- —t
|[Mo(t)] < / €T rodz| 4 et / ’ dx| + / Mda:
0 (.13 — t) 0 T —t 2% T —t
2t t+1 d‘r
< Ctott et / |z — t|*"tdx + w(2t) /
0 o Tt

1
< Ct%log n

IN

z%dx

+et

dz

%t+1 xa

-1 T —1
t+1

) [w(t) + e_t/
t—1

14

/t+1 e T — e—t
-1 (—1)

t+1 .« a
—t
Ce~t <ta + / x
t-1 Tt

IN

dz| ) <C

|z — t|a_1dx} < Cw(t).
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Assume now p > 1 and let 0 < ¢t < 1. We have

Starting from A(t), we get

Since

[A()

IN

* () )
M < —_— — =:|A B(t)]|.
o< | ] | [ M ae] = o+ 80)
T _ 67t 1}2:0 (7161')’C (x B t)k N p e_t 2t %
(@ — typr! otdr +kzzoﬁ 740 T

IN

1
(p+ 1)

p—1 e
Ct* + ) o
k=0

2t
xa
0o T—

and, for any i =1,2,...,

we have

Ag(t)

/Qte
0

2t p e_t
/ e Sx%dx + Z o
0 k=0

—t

t

2t a
X
7£ o @

. 2t et
) Ak = fo mdx

Ax(t)

2t o _ j« 1 1 a_ 1
da::/ ot dx:to‘/ 7( +yy) dy =:
0

r—1 1

Cot®

2t dx

o (z—t)pti=h=s

% 2t o _ 2t o _ N\ a—5S (. _ 4\8 )
L d:c:i!/ i Dr e Gt M
dtt 0 x—1 0 (l‘ — t)l-i—l

ala—1)...(a—s+1
a, =200t e ), @£,
1 dp—k [ g e R I =
o [dtpk/o i Gyt ]+§dst 7[
1 ar=*

15



and then

’Zk(t)‘ < Certk

Thus, combining last inequality with , we can conclude

A(t)] < Cu(t)t . (23)
Since it can be easily deduced that

|B(t)] < Cw(t)t™?,
combining last inequality with and , the lemma follows for 0 < ¢ < 1.

Assume now ¢ > 1. Since
t+1
/ e A
t—1

t+1
7[ %dw
-1 (z—t)ptt

1 —t

| M, (1)) SN CES]

IN

t+1 «
xX
%_ 7x—t)17+1*kdx

i

< Cettr4 et Z |D;c
and
t4+1 . p—k t4+1 da )
Di(t)| <C a-p-lthyg dit*" % — | < Ct*PT
D0}l < /t—l ¢ o ; l i1 (z—t)ypti—hk—i| — ’
it follows that
|M,(t)| < Ce 7P < Cw(t).
So the lemma is completely proved. O
Having set R, (f,z,t) = f(z) — Y. h7_, f(l:!(t) (x —t)*, we recall the Peano form of the Taylor’s remainder
term ) -
Ro(foat) = o [ 590 = 0 0]~ 1 (24
(p—D'J

Lemma 6.2. Let 0 <~ < a, p> 0 integer, 0 < A\ <1 and t > 0. If fP) € Z,(upP) we have

LQ, (@ .
[ ) < o[ 2T b 0o ).

logt™!, a=yand0<t<1
Y(t) = )
1, otherwise

©P(t)

where

and 0 < C #C(t, f).

Proof. We first assume 0 < ¢t < 1 and use the following decomposition

/Ixt<1 Ww {/Qt /2t } (« _fﬁffw(x)dm
= L)+ Lt (25)
Using we get
ho = i t I 10 - 1) - oy tar| e
T . ol / ) { / YO - O] - T)p—ldf} @I_U(f)lﬂdﬂf



and, by the changes of variables z =t — ov/t, T =t — 2/t in the first integral and x =t + oVit,m =t 4 2Vt
in the second integral, we get

_ 1 17 v )y o iy, | W=V

I(t) = (p—l)!/o [/O [FP @) — FP - 2v)]( ) d] ) d
1 e (p) _ £(p) O R M o

+ (p—l)!/o [/0 [FPUt+ 2vt) = FP(1)](0 - 2) d] g} do.

Thus, we obtain

L)) <

QL (fP), 0)ugr [w(t—oVE)  w(t+ovi)
c - {umww> zmwww]“
by which

1

‘ Qu(f®)0)upr

ROl < cetien [ Rl ey,
0 ag

By (24), for x > t,

(z —t)P

z 1 : @) (1) = £ T — P ldr (P) Py || 2 — "/
Ro(fetl < oo [ 00 = 10 = <l e

and therefore

() P t+1
Ll < el w(z)

S 00y w@e ™

Then, since x —t > 5 we have

2 a—vy—1
Jox® 7 e, a>ny

I ()| (¢
OO o et

IN

Cllf P ePulle™ {

CIIF P Pulip(t)- (27)

Combining and with the thesis follows for 0 < t < 1.
In the case t > 1, by similar arguments used in the previous case, we get

/“1&u@ﬁ wmﬂs ¢ /H%u@mnww
t 0

-1 (2 — )P+t er(t) o

which completes the proof. O

IN

I

Lemma 6.3. Let 0 < A< 1,0<y<aand s € INy. If f € Zsy(u) then F(f) € Ws(u) and

IF () ull < CllSllz. ), 0<C#Clm, f). (28)
Proof. First we prove that F(f) € C, and estimate for s = 0. Start from
_ f @) —f @) .
F(f,t) — </|x_t|>1+/z_t|<1> LRI ) = A + B, (29)
We have
+oo
wolael < cuw {isul+150) [ vl (30)

17



and by Lemma for p = 0, which holds under the assumption v < «a, we get

WOIBO| < Cult ( / &l +w()||fu||)-

Consequently, combining and with , under the condition v > 0 we deduce
lim F(f, t)u(t) = 0

t—0t

and
[F(f, )u®)] < ClIfll zyw)-

Similarly we proceed for ¢ > 1, obtaining
B 0u0)] < Clfll s lim F(F u(t) = 0,

Thus we can conclude F(f) € C,,.
Now we prove with s > 1. With R(f,z,t) in ,

s _ Rs(f,l',t) .
FO)(f,1) = { /|mt|<1 ¥ /M>l} BT B (e = 410+ Aa(t)

+(x> Rs(f7 x’ t)
11 (=)t

= Wkl =
¢4 Ifulle*(©ute) + € Yo M=t k(e f e [T e tamyaa,
k=0 ’ t+1

and taking into account that for any function f s.t. || f)pu|| < oo, [, p. 310, Lemma 2.1]

For any ¢ > 0

¢*Qu(®)[A2()] = ¢*(Hult)

w(x)dx‘

IN

Zaij(j)go(j)uH <c (||quOO + ||f(s)<p(s)u||) , aj positive constants,

it follows that
@ (u(t) Ax()] < € {IIfull + 17Dl }

In the case t > 1, we have the additional integral

/ T B(fzt) w(x)dz
0

CEDRE

< c {nfw Z“f el k(t)}gC{Ifu||+|f(S)<psull}7

being > 0. Thus, in all the cases we get

@ (u(t)| Az(1)] < € {ILfull + 17D ull
Moreover, by Lemma [6.2] and Lemma we get
()] 41 (1) < €Il f
Finally, combining and with , follows.

18

¢* ()u(t)

Zoia(u)-

(31)

(32)

(k) t—1 d
<C {||fu||s0 Z I/ SD u” (’5)/0 W

}



Lemma 6.4. Let 0 <y <, 0 <A< 1. If f € Zsy2(u) with s € Ny, then for any fixred m, F,, € Ws(u)
and
[ES) (Fetull < Clogml|f]

Zsya(u)s c 7é C(m7 f) (35)
Proof. To prove with s = 0 we start from

Faht) = [ S + 3 | Lo =T 0, s+ 0, (36)

x —t
[T —t]>1 [Zgm ke —t|<1 mk

‘We have

WO < Cult ||fu||ZAzmk(( ))+|f a®)S Ao
k=1 k=1

< Clifull, (37)

being [I3] Ak ~ Az pW( T k), k = 1,2,...m — 1, with Azy, p = Ty k41 — T k. Denoted by z,, 4 the
closest knot to t, we have

WS < Cllfull Y —Dm (())+|f()|u(t) S me

|,k — 1 |,k — 1
[@yp e —t1<1 LTm.k [, o — <1 m.k
k#d k#d

m Am -
Rl PYVRTCRO e e D D0
m, i=1

|Zm,a — t|

To estimate S; and Sy we use an argument in the proof of [2, Th. 3.1, p. 223], to obtain under the
assumption o > y

Si(t) +52(t) < |[fulw(t)logm.
Taking into account t ~ Xy, 4, ALpm.d ~ |Tm,a — t|, [B, Lemma 4.1] w(xy, 4) ~ w(t), we get
S3(t) + 5a(t) < C[ fulw(®). (38)

with s = 0 follows by combining — with . Now we prove with s > 1. Let 2,0 <t <

Tim,d+1, being x,, 4 the zero of p,, (wq) closest to t. Then, we will use the following decomposition

d—1 d+1 J ) — S8 L)'(t) . —t)J
FO (fw,t) = {Z Z+ > }f( 2 %k_o_t)]s;rl( il mk
k=1 k=d k=d+2
=: A(t)+ B(t) + C(t). (39)

Now we estimate A(t). Using (24), since ), < x4 < t, we have

(1) = fO O — ap)* tdr

D ey —1y| <

flan) =)
=0

t T — s—1
< iyl Md
Hf“)w u|| o g =28
+ / dr <C||f ||7( )u(t)

19



Then, since (see [2 (5.25)])

and t*% ~ 1, we obtain

[A(1)]

||f % I Cufwun
= Cou Tt =S eul)

In order to estimate B(t), making the change of variable 7 = t — zv/t, we get

t—x

(s) (s)
< ||f @ullz ||f sDUH/
t—a:k t—a:

5L #0) _ =
f(xd)*zf -(t)(fﬂd*t)J \/E/O YO — Ot - V(- g - VDN

4! (s—1)!

t—xg

Vit

- vt /O T AL OO (Ou()(t — xa — VT .

(s = Dl (H)u(t)

Since Az, 1 ~ wm L k=1,2,...,7, it results t — g4 ~ Azg ~ N and, then

vm
(¢ . C (t_ﬁd)
It .,( Yaa—19| < o s NAepf gt [ (- wa— Vi
=0 : e (t)u(t) 0<z-L 0
C ( 1
< — 0 f<5>,> t—2q)".
poun e\ )
Therefore,
s @7) :
f(wa) = 3250 T (wa - t)J‘ Amd v o (o L Alq
(t —wq)st T e (Bu(t) VM) e (E— 24)
and by
m f(s) t u
Q¢(f(8>,> <c/r o et gy
under the assumption on 7, we obtain
N ) 7 1
2g) — S LW — 1)\, = QL (O )
f< d) Z]—O J! ( d ) od < Cta—'y—%le—% /\/7 ¥ (f )’UA/?‘S dt.
(t —zq)*t! 0

Since last estimate holds replacing x4 with x441, we conclude

7= Q0 (f@),t
85— m ) s
|B(t)\§Cta_7_Tle_%/ & U 0,pe t et
0

and therefore

77 Qp (F9,1)
t

YTt



It remains to estimate C(t). For t < 2442 < xj, we have

> f(])(t) 7 1 Tk s S s—
N o | 100 - 1@l -
Cll £5) T (g — )5t - If S osul| [ sl
< el [ v S [ e
< Ol B el S

Then, for a > 0,

IfDetull < Azage T D% K A
o Y Y o

c@)] < .

trt3 k-2 (.’Ek — t) gos(t)u(t) Wl (:Ek: . t)
() ps i gee~% (8) s TR p—

< Mgl 7atet I el st
s Td41 x_t) @S(t)u(t) Tai1 (LU —t)
(8) ps - (8), 48 L
77 Bt o ul) e —t

Hf(S)SDSUH ||f(s)g08u||
< C—F1 C————1 .
o t"/"!‘E ogm + (PS (t)u(t) ogm

The thesis follows by combining , and with .

Proof of Theorem[3.1. We consider only the case p > 1, being the case p = 0 simpler. We first prove (14)).

Start from

[ m (LDl (Du(t) < IIF(f) = Limga (w0, ()] o ul|
+ L1 (w, () = Fon() P pPul =: S1 + >,

Since f € Zpir4a(u), by Lemma[6.3]it follows F(f) € Wy, (u). Then, by and
i< e towmlF(llwy o) < et lomllf|
= (V/m)" ) Wppr(u) = (/m)" O MU Zpria (u)-

By the Bernstein inequality [3 (3.4)] and [II, Theorem 2.2]

Sy < C\/W?HLerl(w, F(f) - Fm(f))“” < C\/ﬂ?bgm[EM(F(f))u + EM(Fm<f))u]

Using Lemmas and together with we deduce

So <

C
——log® m| fll z,., r(w)-
(v/m) +ra(u)

follows combining last estimate and with .
Now we prove ([13)). Since

ILE, (0, () Pull < (Fun(f) = Lingr (w, Foa ()P oPull + [FE (f)oPul),

by and , follows.
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Proof of Theorem[3.3 We consider only the case p > 1, being the case p = 0 simpler. We first prove ([17).
Start from

[ppm (£ 07 (Bu(t) < (IF(f) = Linga,1 (w, F(f))]PpPul
+ Lmsra(w, F(f) = Fu(f) PPl = T + T, (45)

By and taking into account that [3| p. 189]

we get

Ty < Clog mEM—p(F(f)(p))ucpP < Clogm (\/ﬁ)p Ex(F(f))u-

Since f € Wpir41(u), by [I8, Lemma 5.4, p. 5674] it follows F(f) € Wy, (u) and, using [I8, Lemma 5.5],
we deduce

T< e orml (16)
By the Bernstein inequality [3| (3.4)] and [1I, Theorem 2.2]
Ty < CViP||Lpg1a(w, F(f) = Fin(f))ull < CVmPlogm[Er (F(f))u + Ear (Fr(f))ul-
Using [I8, Lemma 5.5] we deduce
T, < €5 w0
follows combining last estimate and with ([45).
We omit the proof of , since it similar to the proof of . O

Proof of Theorem[3.3 Start from
0] U (P43 (216 = Lo )P sup B8040, (a7)
k=1 >

Taking into account Theorems [3.1] and 2.2 and Lemma [6.1] the thesis follows. O
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